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PHY 742 Quantum Mechanics 
1:00-1:50 AM  MWF  Olin 103

Plan for Lecture 16:

Chap. 16 in Professor Carlson’s text:

The Dirac equation for a hydrogen-like ion

1. Angular and spin components

2. Radial components

3. Comparison with non-relativistic hydrogen-like ion
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Dirac equation for Fermi particle in a scalar potential field
2

4

2

2
4

2

( )

0 0
where:                             and where:

0 0

0 1 0 1 0 1 0
            

1 0 0 0 1

 

0

 

 

1

0
 

0

x y z

H c mc V I

I

I

i
I I

i

I
I

I





  

   

   
       

       
                  


 
 
 

p α r

σ
α

σ

Additional references –
J. J. Sakurai, Advanced Quantum Mechanics
Hans A. Bethe and Edwin E. Salpeter, Quantum Mechanics of one and two 
electrton atoms

1

2

3



2/19/2020

2

2/19/2020 PHY 742  Spring 2020 -- Lecture 16 4

Dirac equation for electron in the field of  a H-like ion
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For H-like ion with nuclear charge :
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Dirac equation for electron in the field of  a H-like ion -- continued
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and have simultaneous eig

( )

envalues:

0

0

0

0

( )

z z
z

z z

mc c
H

c mc

L
J

L

V

I

I

K

r

V r









 
    

 
   
  

  
   




p σ

p σ

L σ L
J

L σ L

σ L











2

2

0

0

I

I


  

 
 
 σ L




2/19/2020 PHY 742  Spring 2020 -- Lecture 16 6

Dirac equation for electron in the field of  a H-like ion -- continued
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More details about spin-angular functions:

Eigenfunctions
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Dirac equation for electron in the field of  a H-like ion -- continued
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Dirac equation for electron in the field of  a H-like ion -- continued
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More relationships between the operators
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Summary of allowed combinations of eigenvalues
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Dirac equation for electron in the field of  a H-like ion -- continued
Note that for stationary state solutions to the Dirac eq
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Coupled differential equations for radial functions:
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Coupled differential equations for radial functions:
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Digression – how are these equations related to non-relativistic limit?
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Non-relativistic connections -- continued
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Non-relativistic connections -- continued
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Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)
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Resuming analysis of solution of Dirac equation for H-like ion:
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Continued analysis of this case:
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Exact solution of Dirac equation for H-like ion:
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Comparison with Schroedinger equation --
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Dirac equation for electron in the field of  a H-like ion
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Some details
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More details about ground state of H-like ion from Dirac 
equation
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Coupled differential equations for radial functions:
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Practical solution of radial portions of Dirac equation
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