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PHY 742 Quantum Mechanics II
1-1:50 AM  MWF  Olin 103

Plan for Lecture 5

1. Continue reading Chapter 14 – Analysis of scattering phenomena
a. Notion of scattering phase shifts  
b. Relationship of scattering phase shifts and differential and 

total scattering cross sections 
c. Examples    
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Introduction to scattering theory for quantum particles  -- Chap. 14 of textbook; 
also see Merzbacher’s textbook 
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Geometry of ideal 
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Scattering geometry
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Representation of scattering in terms of probability amplitude
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What we will 
show for 
spherical 
target
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Continuum solutions of the time independent Schrödinger equation.
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Representation of a free particle in quantum mechanics --

Potential interaction due to spherical 
target for 0  r D
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If the system has spherical symmetry about a given origin,

it is then convenient to expand the eigenfunctions into 
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0 :
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How to determine phase shifts 
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Continuity conditions at     continued:
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Some identities:
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Differential scattering cross section

Probability of particle scattering

Incident flux of particles
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What we want to show, is that the scattering phase shift  is a measure of the 
quantum mechanical scattering cross section:

1/24/2020 PHY 742 -- Lecture 5 11

* ˆ ˆ( ) ( ) ( )It can be shown that:   4 l
l lm l

i

lm
me i Yj kr Y  k r k r

Some details:

   

1

2

0

3cos 1 1

2 3!
(cos ) :     (cos ) 1

                                                        (cos ) cos

                      

Note that:     1 cos cos cos ...

Legendre polynomials 

r

l

i ike e ikr ik

P

P

r ikr

P

   

 
 

 



   



k r

2
21

2

2

3

1

31

0 6

1 1
30  

                                  (cos ) (3cos 1)

Spherical Bessel functions ( ) :   ( ) 1 ( )

( ) (

...

                                                      ..) .

l

P

j kr j kr kr

j kr kr kr

  

 

 

*

Legendre polynomials vs spherical harmonics --

ˆ( )
4

ˆ ˆ ˆ( ) ( )
2 1

l

l lm lm
m l

Y YP
l




 
 y x yx

1/24/2020 PHY 742 -- Lecture 5 12

2 2

0 * 0 *

0

P

)

ˆ ˆˆ( ) ( ) ( ) ( )       ( ) 4 ( ) ( )

ˆ 

b

          =   ( ) (

ro ability amplitude for free particle of wave vector  and energy 
2

   4 l l
E l m

i
l lm El l lm

El lm

lm

lm

k

j kr Y R

m

r i j kr Y

R

E

e i Y

Yr

    



 



k rr k r k

k

r

More details:
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More details:

In presence of spherically symmetric interaction potential ( ) :
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Even further from the target, the asymptotic forms of the 

spherical Bessel functions are relevant:
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More details:
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More details:

   

   
 

 

2 2

2 2 2

* 2

2
*

(

2

)

*

( )

( )

sin( ( ))ˆ( ) 4 ( )

ˆ             =4 ( )
2

ˆ             =4 ( ) 1
2 2

       

l

l l
l

l l l

l

E

E

l
il l

El lm

i kr i kr
l

lm

i kr i kr i kr
il

lm
E

kr E
R r i Y e

kr

e e
i Y

ikr

e e e
i Y e

ikr ikr

 

  














   

   

    
 
  
 
 
   
 
 

k

k

k

 2* 2

0

( )sin( )ˆ      =4 ( ) 1
2

             = ( ) ( )

l

ikrl
il l

lm

scatt
El

E

El

kr e
i Y e i

kr ikr

R r R r


  

  
 



k

13

14

15



1/24/2020

6

1/24/2020 PHY 742 -- Lecture 5 16

When the dust clears:

( ) * ˆ ˆsin( ( )) ( ) ( )
4ˆ ˆ( , ) li E

l lm lm
lm

f e E Y Y
k

   kk r r

 

2

2
2

ˆ ˆDifferential cross section:   = ( , )  

4
Total cross section: ( ) 2 1 sin ( ( ))l

l

d
f

d
d

d E l E
d k



  



   
 

k r

  
Note that:

ˆ ˆ ( )
4

k
f E


  k r

Imaginary part of forward 
scattering is proportional to 
the total scattering cross 
section.
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Example – scattering from an impenetrable spherical hard wall of radius a
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Example – scattering from an impenetrable spherical hard wall of radius a
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Different from classical case!
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Example – scattering from an impenetrable spherical hard wall of radius a
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Partial wave contributions to cross section
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