PHY 341/641 Thermodynamics and
Statistical Mechanics
MWF: Online at12 PM & FTF at 2 PM

Record!!!
Discussion for Lecture 34:
Treatment of particle interactions in statistical mechanics;
electron spin effects
Reading: Sections 8.2
(also, part of Section 6.2 concerning spin)
1. Simple model of magnetism without interactions

2. Effects of spin interactions — Heisenberg model

3. Effects of spin interactions — Ising model
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Fri- 04/09/2021

04/12/2021

Chap. 7.3 & 7.4 |Bose and Fermi statistics #23
29 Mon: 04/12/2021 |Chap. 7.3 Fermi examples #24  |04/16/2021
30 (Wed: 04/14/2021 |Chap. 7.5 Bose examples and lattice vibrations
31 [Fri: 04/16/2021  |Chap. 7.6 Bose condensation
32 Mon: 04/19/2021 |Chap. 7.6 & 8.1 |Interacting particles #25  |04/21/2021
33 Wed 04/21/2021 |Chap. 8.1 Interactlng partlcles #26  |04/23/2021

35 Mon 04/26/2021 Spin magnetism
36 (Wed: 04/28/2021 Review
37 |Fri: 04/30/2021 Review
37 Mon: 05/03/2021 Review
38 |Wed: 05/05/2021 Review

Important dates: Final exams available < May 6; due May 14
Outstanding work due May 14
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Comment on homework assignment from Monday’s lecture

Based on Lennard-Jones interaction:  for parameters 7, and @,

r;

12 6
N 0 _ "o
n-nh =y [ | -2l o]

1, (Py/kT) = qudu (e_b(ulz_2u6) — 1) where b = Lo
kT

pair
0

For practical calculations we can write

Bpair (

u max

Ipair (CDO /kT) — j uzdu (eb(u o ) _lj umin ~ 0019 Z/tmax ~ 100

Umin



Your questions —

From Mike -- I'm assuming the Ising model is only an accurate

approximation for ferromagnets. In this case, how do we deal with
antiferromagnets?

From Kristen -- 1. How is it that the system discussed can become
more ordered as the temperature gets higher, doesn't this violate entropy?
2. Could you go over how we get the average expected spin values
(equation 8.49) from the partition function, just in this case especially?



Note: Your textbook focuses on the magnetism due to
the intrinsic spin of an electron with spin s=%. Certainly,
the magnetic phenomena are generally traced to that
basic physics. However, very interesting magnetic effects
are due to atoms which have multiple electrons in
localized quantum states which can be well modelled in
terms of a total electron spin which we will call S with the
knowledge that S can have values larger than .
Interesting magnetic materials can be described as
paramagnetic or ferromagnetic and other more
complicated phenomena such as anti ferromagnetic, etc.



Pierre Curie 1859-1906

His name is associated with his
work on magnetism at low
temperatures

In 1903 he shared the Nobel Prize
for work with Marie Curie and Henri
Becquerel on radioactivity
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Elemental ferromagnetic materials

26 5D4 27 4FE|."2 28 SFJ.
Fe | Co Ni Multiple electrons
Iron Cobalt Nickel available to make a net
95.845 58.933 58.693 .
(Agad®as® | [anad’as’ | [Anadas? total spin S
LR AL Lo Note that many other atoms have
60 °,| [64 ‘b net total spin, but these materials
N d G d also have an interaction energy
Neodymium | | Gadolinium for nearest neighbor atoms which
Dfo_elof‘;ﬁf [Keﬂz"aﬁf can be approximated (in the

Heisenberg model) according to

I, =—J Z S-S j
ij (neighbors)
/ J

Here J is an interaction energy
determined from quantum mechanics.
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First, consider the effects of a magnetic field B on a
single atom with spin S. The eigenvalue of the quantum

operator S$2 is S(S+1). (Here we define spin to be the
actual intrinsic spin divided by h/27.) Since the atom may

have multiple electrons involved, and because some
orbital angular momentum may be involved, S may be a
half integer or an integer.

The magnetic moment associated with the total spin S 1s
n=x S where p 1s an atom dependent constant. For
the pure electron spin case, u, = u, =-9.2847647043x107J T~
In the presence of a magnetic field B, the Hamiltonian

due to spinis FH,=—u S-B



Continued analysis for non-interacting case —
paramagnetic system

‘%B - /LlaS ) B

Without loss of generality, we can take the magnetic field along

the z-axis so that the eigenvalues of the Hamiltonian are
F,|SM)y=—pu BM|SM) for M=-S,-S+1...5-1S

Evaluating the canonical partition function for the single atom:

S o BM e—ﬂﬂaBS _ eﬂﬂaB(SH) 1
ZI(T):MZ_:SQ = Ty whereﬂzE
N
7 (1) = sin (( +3) By, ) for N atoms: Z(T. N) = sin (( +1) Bu, )
sinh (4 Su,B) sinh (% By, B)



Continued analysis for non-interacting case —
paramagnetic system

sinh (S +1) ,ByaB)]N
sinh (1 Bu,B)
Helmholtz free energy: F(T,N)=—-kT'InZ(T,N)
F(T,N)=— NkT(ln(sinh((S +1) Bu,B))~In(sinh (4 ,ByaB)))
Average magnetic moment of sample along the magnetic field direction:
OF (S+%)cosh((S+%)Bu,B) Lcosh(LBu,B)
()= _(a_BjN =V ( sinh((S+1)u,B)  sinh(1pu,B) j

Z(T,N) = [




Average magnetic moment along the magnetic field direction:

~((S+1)cosh((S+1)Bu,B) Lcosh (4 Bu,B)
<'u>_N’ua[ Sinh((S‘F%),B/JaB) - Sil’lh(%ﬂ/uaB)

S=3/2

S=1/2

| | | | - | - - B
0 1 2 3 4ﬂﬂa

X
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Average magnetic moment along the magnetic field direction:

(U)=N [(SJ“é)COSh((SJF%),BﬂaB) Lcosh (4 fu,B)

sinh ((S +1) Bu,B) ~ sinh (1 Bu,B)
For small B and/or large T (fu, B <<1):

<,u>=(N,u§ S(S+1)jB:NZB

3kT
, S(S+1)
Y 3kT

Curie susceptibility: ¥y = u



Now consider a system in which the spins interact with an
external magnetic field and also interact with neighboring
spins according to the Heisenberg model

ZSBJ > S-S,

ij (neighbors)
Note that depending upon the / f
material, J>0 when spin alignment
is favored (ferromagnetic case) or : j

J<0 when spin anti alignment is
energetically favored
(antiferromagnetic case).



ﬂ——yZSB J > S,-S,

ij (neighbors)

The exact treatment of this system is difficult. We will make
several approximations.

1. Assume that the spin contributions along the B field
direction (z) dominates

2. Treat the neighboring spins in an average (mean field)
approximation

96:2561 H~—p,S.B-2J5, Z SJZ

J(neighbors)



Approximation continued --

"761' ~ _lLlaSiZB o 2JS1'Z Z sz

Jj(neighbors)
Suppose that for each site 1, the neighbor spins contribute

an effective magnetic field parallel to the external field
such that x4 B, ., =2J Z S

j(neighbors)

Then «%, =S, (B + Bneigh)



Calculating the partition function for this approximation

3 ~-u,S,(B+B,,,) DenoteB, =B+B

neigh

Evaluating the canonical partition function for the single atom:

S . e—ﬂﬂaBth _ eﬂﬂaBt(,,(SH) |
Z,(T)= MZSe o = Y where S = T
N
7 ()= sin (( +3) By, toz) for N atoms: Z(T.N) = sin (( +1) Bu, mt)
sinh (%IgﬂaBtot) sinh (%ﬂﬂaBtot)

F(T,N) == NkT (In(sinh ((S +4) BB, ) )~ In(sinh (4 B, B, ))

Average magnetic moment along the magnetic field direction:

(1) = —(2—];) =Nu ((S +4)coth((S+%) Bu,B,, )—+coth (£ Bu,B,, ))



How can we determine B,,,,?

Recall that  u B, ., =2J Z A

J(neighbors)

Make the further approximation that
/uaBneigh = 2J< Z sz>
J(neighbors)
using averaging consistent with canonical distribution.
(S:)= fv% =((5+5)coth((S+) B, B,, ) ~Feoth (3 fu,B,,))

2nJ

— Bneigh — Iu_<(S+%)00th((S+%)lB:uaBtot)_%COth(%ﬂﬂaBtot))

Here n denotes the number of neighbors.



How can we determine B,,,,?

S+4 )coth((S+%),5ﬂa3m)_%00th( PH, fof))
,Ua

where B, =B+ B

— Bneigh

neigh

Obviously, B, depends on B and T and must be
determined numerically.

Consider the case where the external field is 0.

— Bnezgh

2nJ
A
Let X = ﬂlua neigh

Equation to solve:

X = Z,BnJ((S +§)coth((S +%)x) —%coth(%x))

S +%)coth (S +4) A1, B, )~ +coth (4 5, B, )



X = 2,BnJ((S +%) coth((S +%)x)—%coth(%x))
S=1/2

10
| Note that for fixed nJ,
871 there is a minimum
value of 3 for which
<£ 61 there is no solution. 26nJ=10
m J
4_
' 2/nJ=4
2_
' 2pnJ=1
0 . . .
0 2 4 6 8 10
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For 2pnJ> 2p.nd  Solutions exist
For 2pnd< 28.nd  No solutions

This behavior is determined by the linear behavior
of the right hand side of the equation

RHS (x) = 2,BnJ((S +%) coth((S +%)x)—%coth (%x))

N 2IBHJ(S(S+1) xj
3
Therefore, 1n order for x=2p(nJ ( S(S3+ D xj :
2ﬂan(S(S3+ l)j =1 =kl = 2nJ(S(S3+ l)j



In the absense of an external magnetic field, at temperatures

below the "Curie temperture" k7, =2nJ ( S(S3+ ) j ;

the material has a ferromagnetic configuation.

I T

Fe 1043
Co 1388
Ni 627
Ga 293
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