PHY 341/641 Thermodynamics and
Statistical Mechanics
MWF: Online at12 PM & FTF at 2 PM

Record!!!
Discussion for Lecture 35:

Treatment of particle interactions in statistical mechanics;
electron spin effects
Reading: Sections 8.2
1. Effects of spin interactions — Ising model
2. Mean field solution

3. Exact solution for special cases
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28 Fri: 04/09/2021  Chap. 7.3 & 74 |Bose and Fermi statistics 423 0411272021

29 Mon: 04/12/2021 |Chap. 7.3 Fermi examples #24  |04/16/2021

30 (Wed: 04/14/2021 |Chap. 7.5 Bose examples and lattice vibrations

31 [Fri: 04/16/2021  |Chap. 7.6 Bose condensation

32 Mon: 04/19/2021 |Chap. 7.6 & 8.1 |Interacting particles #25  |04/21/2021

33 Wed: 04/21/2021 |Chap. 8.1 Interacting particles #26  |04/23/2021

34 |Fri: 04/23/2021  |Chap. 8.2 Spin magnetism

35 |Mon: 04/26/2021 |Chap. 8.2 Spin magnetism

136 |Wed: 04/28/2021 Review
37 |Fri: 04/30/2021 Review
37 [Mon: 05/03/2021 Review
38 Wed: 05/05/2021 Review

Instead of a HW set, please send me your thoughts on topics,
examples, etc. that you would like to see in our review starting
on Wed. 4/28/2021.

Important dates: Final exams available < May 6; due May 14
Outstanding work due May 14
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Comment on homework (generally and also #26)
=>1t is important to check your units when you are doing
numerical evaluations.

Specifically for #26, you need to evaluate B(T) which modifies
the ideal gas equation of state..

NKT (. B(T)

P: ll
V VIN

What are the units of B?



Your questions —

From Mike -- I'm assuming the Ising model is only an accurate

approximation for ferromagnets. In this case, how do we deal with
antiferromagnets?

From Kristen -- 1. How is it that the system discussed can become
more ordered as the temperature gets higher, doesn't this violate entropy?
2. Could you go over how we get the average expected spin values
(equation 8.49) from the partition function, just in this case especially?



Some results from Friday focusing on multi-electron
atoms with net composite spin S (half integer or integer
values) in the presence of a magnetic field B and nearest
neighbor spin interactions (J) modeled according to the
Heisenberg model:

ﬂ——yZSBJ > S-S,

ij (neighbors)

assuming that B is in the z-direction and also

assuming that the z component of spin dominates

the dot product -- / f
K-, 2 S:B=J ), 8.5,

ij (neighbors) i ]



Review from Friday, continued --

‘% z_luaZ:Siz

:_ZSiz

ij (neighbors)

g

uB+2J > S,

J
\ (neighbors of 1)

-2J > 8.8,

\

y

Note that in some
equations presented
Friday, J should have
been written 2J.
Apologies.

Approximation using mean field approach --

S, <S ].Z> (canonical average)

Mean field Hamiltonian --

%MFZ—yaZSiZ (B+Bneigh) where B

=LY (s,

A,

J
(neighbors of 1)



Evaluating the canonical partition function for N atoms in mean

field approximation:

sinh((S+ 3 B
Z(T,N): (( : Z)ﬂ/’la tot
sinh (3 Ay, B,,)
Helmholtz free energy:

F(T,N) == NkT (In(sinh ((S+4) B, B, ))~In (sinh (4 B, B, )) )
Average magnetic moment along the magnetic field direction:
oF
</U> = _(5_Bj =Ny, ((S T %) coth ((S + %) ﬂﬂaBtot ) _%COth (%ﬂﬂaBtot ))
N

Note that in this approximation the average spin is the same at all sites:

<sz> = j\;:i = ((S +%) coth((S +%) puB, ) —+coth (%,B,uaBm ))

For n neighbors, this can be written

— Bneigh = sz ((S + %) COth ((S + %) IBIuaBtot ) _%COth (%IB/uaBtot ))
H,

neigh

N
)j where B, =B+ B




Comment on n neighbors --

Atoms in a line --

Atoms in a plane --




Solving the self-consistent mean field equations --

B = (8 4 )corn(( +4) A, (BB, )~ ot (3 s, (B 5,.,)

Transcendental equation that can be solved numerically at each B and T.

Note, that for some materials it is possible to find solutions for
zero external magnetic field.

2 (5 4 5)coh (5 +£) BB ) -0t (2B )

Let X = ﬂlua neigh
Equation to solve:

X = 2,BnJ((S +%)coth((S +%)x)—%coth(%x))

In this case, we found that solutions can be found for

— Bneigh

T <T, where the Curie temperature 1s: For T < T, the
material is in a
kT =2y 2D .
‘ ferromagnetic phase.



The Ising model 1s a special case of this treatment
with S =1/2 --
Self-consistent equation:  for x = fu B, ., =2pnJ <SZ.Z>

X = 2,BnJ((S +%)Coth((S +%)x)—%coth(%x))

becomes
x=fnJtanh(Lx) or (S, )= %tanh(ﬂn](Siz»
Notation Here Schroeder

(S.) 15
J 2€



Critical temperature for this case

Using Schroeder's notation 5 = tanh ( Snes )
For small values of the argument of the tanh, the condition becomes
s = [.nes which defines the critical temperature

ne
ne=1 or 7. =—
ﬂc C k

: . _ T _
Alternate form of self-consistency condition: s = tanh (?cs j

_|tanh EF for T<T,
Summary -- 5 =1 T

0 for T >1T,

\



s, tanh (
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Self-consistent solutions to the mean field approximation
to the Ising model in the absence of an external

magnetic field.
1
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How accurate is the mean field approximation?

The Ising model can be solved exactly in some cases and
used to access the accuracy of the mean field
approximation.

Answer — The mean field approximation is generally
qualitatively correct except in certain cases

The following slides use material from previous course notes
based on the textbook Statistical and Thermal Physics by
Gould and Tobochnik



Some exact treatments using the Ising model
Model Hamiltonian with magnetic field H =1 ¢ B

F€ = —€ Z S;S —HZ s, = s, ==*I respresenting up and down spin

Pyt

-&-2H -e+2H & ¢
Canonical partition function
Z(T) =" 4 P2 L e F



Exact solution for 2 particle Ising model -- continued
H=—es;s,—H(s, +5,)

Canonical partition function
Z(T) = e’ 4 P2 L 7P
Calculation of the average spin for this system

1 _ B(e+2H) _ r f(e-2H)
<S> > <S1 + 52> 22(T) (2e 2e )




Exact solution for 2 particle Ising model -- continued

Plots of <s>
1 1
0.6 0.6.
kT/e=1
0.4 0.4
0.2 0.2
0 1 ] ] 0
5 10 15 20 1 2
kT/c H/e
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Now consider an infinite system where we treat N particles with
periodic boundary conditions

...... 0000 --00000000 -

1= 0 N-1 N [N+1

The index i ranges between 1 and N; N+1 maps to 1
O mapstoN
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One dimensional Ising model

One-dimensional system with periodic boundary conditions:
N N
= —gz S8, — HZ S
i=1 i=1

Partition function for 1-dimensional Ising system of N
spins with periodic boundary conditions (Sy.{=S4)

N

Z(T,N)=ZCXP Z(ﬂESl.SHl ﬂzl_[ (S +Sl+1)j
{s} | i=1 _

= 2 S (5205) 0 f (S5 f (S Sy)

81587583 Sy

Clever trick for performing sum over s, — write f factors as 2x2
matrices and perform matrix multiplication



N ﬁH
Z(Ta N) — ZeXp Z(ﬁg‘gi‘giﬂ + ) (Si +Si+1 )j
{S} | i=1

DI CEN VI CHS IRF Y CVIRCR Y CVRCH

where:
N f(lal) f(la_l)
/(58)= (f(—l,l) f(—L—l)j

e(ﬂ8+ﬂH ) e(—ﬂg)
= =T
(-Be) e(ﬂg—ﬂH )

e



1-dimensional Ising system of N spins with periodic
boundary conditions (sy.1=S;) (continued)

Z(T,NY= D, (5055 (5555) [ (S o55)S (Sy> Sy

81582583 Sy

Z S152 S233 5354 §455 SNSN+1

S1582,83° Sy

where:
p\PetpH)  (=Pe)
T =
P8 (Pe=pH)
Because all of the T matrices are identical:

Z(T,N)=Tr(T")



1-dimensional Ising system of N spins with periodic
boundary conditions (sy.1=S;) (continued)

Some tricks from linear algebra :
1. Anysymmetricmatrix T can be diagonalized by a transformation
(A, 0 - 0

0 A ... 0
of the type U'TU=A = ? .

L0 0 0 4,
2. TTT---T =TUU'TUU'TU---U'T
3. Tr(TTT---T)=Tr(U'TTT---TU) = Tr(AA ---A)

S Tr(TY) ="+ + A4, -4



1-dimensional Ising system of N spins with periodic

boundary conditions (sy.1=S4) (continued)
In this case:

BBt )
T =
SBDe (pep)

6 4

e {cosh(BH )+ [ sinh® (BH )+ ]|

A

4
A, =e” {cosh (BH)- [sinh2 (BH)+e T/z}

Z(T,N)=Tr(T") = 4" + 4



1-dimensional Ising system of N spins with periodic
boundary conditions (sy.1=S;) (continued)

Z(T,N)=Tr(T")= 2"+ A4’ = 2" (1+(i—2j }

N
F(T,N)=-kTInZ(T,N)=~-NkT In 4, — kT In 1+£—j

~—NkT'In 4, because j;—z <1

=—Ng—kT'In [cosh (,BH) + [sinh2 (,BH) e e ]1/2:|

M(T,N)z—éF: Nsinh(SH )

OH  [sinh?(pH)+e "]




M(T,N) =

N sinh(SH)

[sinh® (BH)+e |

4/26/2021
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Mean field approximation for 1-dimensional Ising model

Exact model for Ising model

N N
I = —EZ S8, — HZ S,
i=1 i=1

Mean approximate Hamiltonian:

N N
I, = —EZSZ. <Si>—HZSi
i=1 i=1
N

=—(8<Si>+H);Si
= eﬁiisi



Mean field partition function and Free energy:

F=-kTIn(Z,)" =—NkT'InZ, =-NkTIn(2cosh(BH,,;))
H,=¢c(s)+H

Consistency condition:

<Sl.> =ZLZSieﬂHeﬂSi = tanh[ﬁ(g<si>+H)}

1



One dimensional Ising model with periodic boundary

conditions; Mean field solution:
Exact solution:

‘s >:M ) sinh (BH )
BN
syl d =
N e=1




Comment, while the solution for H>0 is qualitatively similar
for the exact and mean field solutions, the solution for H=0
Is qualitatively different.

Exact solution in one dimension has no average spin for
H=0 while the mean field solution has a finite average spin
solution.
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