PHY 712 Electrodynamics
10-10:50 AM MWF Online

Plan for Lecture 14:

Finish reading Chapter 5

1. Recap of hyperfine interaction

2. Macroscopic magnetization density M
3. H field and its relation to B
4

Magnetic boundary values
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Course schedule for Spring 2021

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW|  Due date
1 |Wed: 01/27/2021 |Chap. 1 & Appen. Introduction, units and Poisson equation #1 101/29/2021
2 |Fri: 01/29/2021  |Chap. 1 Electrostatic energy calculations #2 |02/01/2021
3 |Mon: 02/01/2021 |Chap. 1 &2 Electrostatic potentials and fields #3 |02/03/2021
4 Wed: 02/03/2021 |Chap.1-3 Poisson's equation in 2 and 3 dimensions #4 02/05/2021
5 |Fri: 02/05/2021  |Chap.1-3 Brief introduction to numerical methods #95 |02/08/2021
6 |Mon: 02/08/2021 |Chap.2 &3 Image charge constructions #6 |02/10/2021
7 |Wed: 02/10/2021 |Chap.2 & 3 Cylindrical and spherical geometries
8 |Fri: 02/12/2021 |Chap.3 &4 Spherical geometry and multipole moments  [#7 |02/15/2021
9 |Mon: 02/15/2021 |Chap. 4 Dipoles and Dielectrics #8 |02/19/2021
10 Wed: 02/17/2021 |Chap. 4 Dipoles and Dielectrics
11 |Fri: 02/19/2021  |Chap. 4 Polarization and Dielectrics #9 102/24/2021
12 |Mon: 02/22/2021 |Chap. 5 Magnetostatics #10(02/26/2021
13 \Wed: 02/24/2021 |Chap. 5 Magnetic dipoles and hyperfine interaction #11(03/01/2021
14 |Fri: 02/26/2021  |Chap. 5 Magnetic dipoles and dipolar fields
15 [Mon: 03/01/2021 |Chap. 6 Maxwell's Equations
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Your questions —

From Gao -- Is B0 on page 5 the magnetic caused by electron spin? (Self
answered.)

Many questions about HW 10



Comment about HW 10

xz
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Summary of hyperfine interaction form:

Interactions between magnetic dipoles
Sources of magnetic dipoles and other sources of
magnetism in an atom:
* Intrinsic magnetic moment of a nucleus £y,
* Intrinsic magnetic moment of an electron [,
» Magnetic field due to electron orbital current J (r)
Interaction energy between a magnetic dipole m and a

magneticfieldB: F —_m-B ‘r/vﬂe
int
Hy
In this case:  E,, =—u, B, —u,-B; (0)

3r(n -1 —
Hy |3, 3) BN L
4 r 3 ¢

. J

B, (r)=




Hyperfine interaction energy: -- continued

Here we assume that
By =~ Hy °Bﬂe ~ Hy °BJe (0) nuclear position is r=0.

Evaluation of the magnetic field at the nucleus due to the
electron current density:

The vector potential associated with an electron in a
bound state of an atom as described by a quantum
mechanical wavefunction v,,, (r)can be written:

;12

eh : 2 X r’ ‘Wnlml (r )‘

AJ(r):—’uO mlj-aﬂr T
e 47 m, lr—r | »“sin" @

We want to evaluate the magnetic field B =V x A

in the vicinity of the nucleus (r — 0).



Hyperfine interaction energy: -- continued

, 12
' 7 | an(r)
B, (0)=VxA, :_ﬂﬂmljd3rvx Zxr ‘ I, ‘

‘>0 Arm lr—r | r°sin” @
! h Y5 @) [V O ”°
e \F—T )X(ZXTY nilm
Bo(r)—ﬂ—m,jd%( ) (,3 ) ,21, >
47 m, lr—r | r-sin” 6
r—0
eh T X(ZXT anl( )
BO(O)—_ﬂ_mljd3 ( )‘ L ‘
r’sin® 0
r x(Zxr)=2Z(1-cos*0)—Xcosé sin@ cos¢ —ycosO sinf sing ).
;12
Vo, (1) W i, (1)
BO(O)—_&ﬁmzjf  Zr stn<9 1, ‘ My ehmZJ‘aﬁ 1,’3 ‘
r’sin” @ 47 m, r
Note that thls field at the nucleus site is
: My en 1
due to orbital angular momentum. ——4——m z< '3>
7T m r
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Hyperfine interaction energy: -- continued

By =Hyp =—py B, —py-By (0)

int

Putting all of the terms together:

H, = (<3(uN r)(ue;‘) BB 87 D ue53(r)> <L§1N>)
4r m

r 3 r

e

In this expression the brackets ( )indicate evaluating
the expectation value relative to the electronic state.



Macroscopic dipolar effects --
Magnetic dipole moment

m:%jaﬂrrxJ(r)

Note that the intrinsic spin of elementary particles is
associated with a magnetic dipole moment, but we often
do not have a detailed knowledge of its J(r).

Vector potential for magnetic dipole moment

A(I‘) _ Mo MXT Valid outside the
B 477 ‘ 3 extent of J(r)
r



Macroscopic magnetization
M(r)= Zmi53(r -r,)
l

Vector potential due to “free” current Jg,.(r) and
macroscopic magnetization M(r). Note: the designation

Jsee(r) IMmplies that this current does not also contribute
to the magnetization density.

Alr)=-[dr (3 0) ME)x(r-r)

 r-r o

‘r—r'




Vector potential contributions from macroscopic
magnetization -- continued

A(r) = ﬂJ‘a”r' [Jﬁ’ee (l") M(r’)x (1- —l")]

_|_
A ‘l’—r' ‘r—r':;
Note that :
M) (r3— ) =M(r')x V' :
‘r —r' ‘r —r'
— _V'{M(r’)j N V'xM(r’')

r-r r—r'

= Ar)=22 j d’r T oo (1) + VM(r')
4

rr



Vector potential contributions from macroscopic
magnetization -- continued

/ ,M ,
Alr)= £ [y L) VM)

Note that for the casethat V-A =0
V x B(r) =V X (V X A(r)) = —VzA(r)

’UO Id3 (47[53r r') XJ

_IUO(Jfree( ) VXM( ))
= VX (B(r)_ ﬂoM(r)) = :UOJfree (l‘)

free "‘ v XM( ))



Magnetic field contributions
Vx(B(r) - uM(r))=pd . (r)

Define "new" magnetic field vector:
1, H(r)=B(r)— 1,M(r)
= VxH(@r)=J (r)

V X (B(r)_ IUOM(r)) — luOJfree (r)
Note that B(r) = the magnetic flux density
Define H(r) = the magnetic field
1, H(r) =B(r)- ,M(r)
= VxH(r)=J ,,(r)



Energy associated with magnetic fields

Note: We previously used without proof --
the force on a magnetic dipole m 1n an external B field 1s:
F=V(m-B)
This implies that energy associated with aligning a
magnetic dipole m in an external B field 1s given by:

E =-m-B

nt o

Macroscopic energies --

It can be shown that: W, = %jaﬁr B(r)-H(r)

In analogy to: W, :%Ia”r E(r).D(r)



Summary of equations of magnetostatics :

VX B(l‘) = Uod 1 (r)
VxH(r)=J ,,(r)

B(r)= 11, (H(r) + M(r))
V-B(r)=0

_0- 1
For the case that J ree (r) =0:

VxH(r)=0
V-B(r)=0



For the case that J e (r)=0:
VxH(r)=0
V-B(r)=0

At boundary :
H, xn=H,xn

B -n=B,-n




Example magnetostatic boundary value problem

M, M(r) =

VxH(r)=0 = H(r)=-Vo,(r)
B(r)= 4, (H(r) + M(r))

V-B(r)=0= 4V -(H(r)+M(r))

= V@, (r)=V-M(r)



Example magnetostatic boundary value problem -- continued

Mz r<a
Mo M(r) = 0 r>a
V@, (r)=V-M(r)
B, (r)=———[d*F v'M(r)
4 ‘r—f
:_L d3l’" VvLM(r')j_M(rv V' 1
4 ‘r—ﬂ ‘r—f

_Lv. d’r M(r')




Example magnetostatic boundary value problem -- continued

W) =T - Ly MO

0 r>a 47

For this example:

@H(r):—MO g [474;»2 dr' j
Cl
2

4 Oz

For r<a: @,(r) :—MO

For r>a: @, (r)=-M




Example magnetostatic boundary value problem -- continued

M Mz r<a
Vo (r)= 0 r>a
For r=a: ¢H(r)=M;Z H(r)=—V¢H(r)=—%i
3 3 .
For r>a: @H(r):MO%Z H(l‘)=—Vq5H(r):—M0a (Z3_3zsr
3r 3 \r r

B(r) = 1, (H(r) + M(r))

Mz 2M . 7
For r<a: H(r)=- 302 B(r) = 1, 3oZ
M.a’( 7
For r>a: H(r)=- 00(13_3251‘j
3 r v

M@ (z 3zr
B(r) = —u, g (3_ sj



Check boundary values:

M()Z A ~ MO

For r<a: H(r)=- ; H(ar)xr:—Tixf‘
Mya’ (7
For r>a: H(r)=- 0a(z3_3zsrj
3 \r v
. M,a’ zxr
H(ar)xr =— e fo
3 a
2M 7 A 2M, . .
For r<a: B(r)=y, 302 B(ar)-r =y, 302-1‘
3/ A
For r>a: B(r)=—u, Moa (2—32:’)
3 \r r




Variation; magnetic sphere plus external field B,

M, —— B, M, r<a
0O r>a

_— M(l’) — {
By superposition:
For r<a:

2
B(1~)=BO+%§M0

1 1
H(r)=—B,——M
M=LB,-tm,
B(r)+2u,H(r)=3B,
For an isotropic "paramagnetic" material, B(r)= xH(r)

M0: 3 [ ILI_ILIO )BO
Ho \ M1+ 214,




Summary of equations of magnetostatics :

VXB( )_ IUOJtotal( )
VxH(r)=J ,,(r)

B(r) = 41, (H(r) +M(r))

Vv -B(r) =0

For the case that J ﬁ,ee( )

VxH(r)=0

V-B(r)=0 At boundary : 1 T n

H xn=H, xn
B -n=B,-n



Magnetism in materials

B(r)= 4, (H(r)+M(r))
For materials with linear magnetism:
B=uH
U > 1, — paramagnetic material
U< i, = diamagnetic material

For ferromagnetic, antiferromagnetic materials
B=f(H) (with hysteresis)



https://en.wikipedia.org/wiki/Permeability (electromagnetism)

Medium &

Metglas 2714A
(annealed)

Iron (99.95% pure

Fe annealed in H)

NANOPERM®E&!

Mu-metal

Mu-metal

Cobalt-iron (high
permeability strip

material)

Permalloy
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Magnetic susceptibility and permeability data for selected materials

field

At05T

At05T

At 0.002
~

At 0.002

Susceptibility, . ) - .
. Permeability, y Relative permeability, Magnetic
volumetric, Sl, $
(H/m) max., H/Ho
Xm
1.26 x 100 1 000 000L10]
2.5x1071 200 000![1]
1.0 x 1071 80 000[12]
2.5x1072 20 000l13]
6.3 x 1072 50 000l14]
2.3x1072 18 000l1°]
8000 1.0 x 1072 8000!13]
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Mumetal Magnetic Shielding

Mu metal is a soft ferromagnetic alloy that has extremely high initial and maximum
magnetic permeability. It is used in electric transformer, storage disks, magnetic

phonographs, resonance devices and superconducting circuits.

Mumetal alloy generally attributes relative permeability about 80,000 to 100,000 than the
normal steel alloy. It is also called as soft magnetic alloy and offers low magnetic anisotropy
and magnetostriction providing low corceivity to saturate the low magnetic fields. It

provides nominal hysteresis loses when the alloy is employed in the AC magnetic circuits.

Composed of 80% Ni, 15% Fe, 5% Mo+other materials
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Example: permalloy, mumetal p/p,~ 104

Spherical shell a<r<b:

/5

Ho
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Example: permalloy, mumetal p/pu,~ 10% -- continued

g For this case:

> VxH(r)=0
@ " v-B(r)=0

B(r)= £H(r)

Continuity at boundaries :
H xn = continuous

B -n = continuous
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Example: permalloy, mumetal p/pu,~ 10% -- continued

Let: H(r)=-VO,(r)

V-B(r):O

For 0<r<a

For a<r<b

For r>b

02/6/2021

=V®,(r)=0

B,

==

Ho

>

D, (r)= Z o,7' P(cos8)

@, (r) = Z(ﬂﬂ” +—jB(cos9)

B,
®, (r)=——2rcos

Hy
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Example: permalloy, mumetal p/pu,~ 10% -- continued

Applying boundary conditions

(only / =1 terms contribute) :

At r=a 51=i(,81—2%j
a

Ho
aélzaﬂ1+y—12
a
B
At r=b ﬁ(ﬁl—zléj_——kz%l
Ky b Hy b
bﬂ1+£ — B°+a;
b ty b
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Example: permalloy, mumetal p/pu,~ 10% -- continued

G
When the dust clears: Ho

s :L A )BO
1
(21 gy + 10Nt/ 1y +2)=2(al b) (1] 1y =1)" ) s

R ( -9/2 \Boj
w/ py\\1=(a/b)’) o
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