PHY 712 Electrodynamics
10-10:50 AM Online

Discussion for Lecture 20

Review for mid-term
1. Comments on exam and schedule
2. Your suggestions

3. Review of Chapters 1-7
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Schedule

20 [Fri- 0311212021 |Chap. 17

Review

Mon: 03/15/2021 |No class

APS March Meeting

Take Exam available
Home
E

xam by 9 AM

Wed: 03/17/2021 |No class

APS March Meeting

Take
Home
Exam

Fri: 03/19/2021  |No class

APS March Meeting

Take
e Exam due

Exam/ at 5 PM

21 Mon: 03/22/2021 |Chap. 8

EM waves in wave guides

Note that mid term grades are due at
12 noon on Monday, March 22, 2021

“Due” means receiving your exam submission electronically by
that time. If you prefer paper submission, please slide the
exam under my office door and let me know that you have

done so.

03/12/2021
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Comments about exam —

According to the honor code, your exam submission must be
your own work. In completing this take-hnome exam, you may
consult your textbook, and other course materials, particularly
those posted on the class webpage. You may consult other
texts (within reason) as long as these are acknowledged and
documented. Should questions arise about the exam, please
email natalie@wfu.edu but no one else.

Exams will be graded on the basis of correct reasoning as well
as correct answers. It is expected that you will use Maple,
Mathematica, or Wolfram and these should be included in your
exam submission.


mailto:natalie@wfu.edu

Suggestions —

From Nick —

permittivity and permeability

Electric fields and forces

Coulomb's Law

Poisson Eqgn

Green's relation

when to use the Wronskian

numerical evaluation (esp. if on exam)
Method of Images (definitely this)

. Bessel Functions

10. Spherical Harmonics & Legendre relation
11. multipoles

12.Magnetic fields and fluxes

13.scalar and vector potentials

14.useful mathematical tricks (definitely this)
15. Maxwell's equations and what each means
16. Poynting vector? | don't know why it's important
17.Drude summary
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Some useful
Identities —
(not complete)

03/12/2021

Vector Formulas

a-(bxc}=h-[cxl]=t-(lxh}
ax(bxc)=(a-c)b—(a-b)e
(axb)-(exd)=(a-c)b-d) ~ (a-d)b-c)
VxVy=0
V.-(Vxa=0
Vx(Vxa)=V(V-.a) - Va
v-(wa}=--vw+¢v-.
Vx(ya)=Vyxa+yVxa
Via:b) =(a-V)b + (b-?)n+tx{fxb}+hx(7xn}
‘F-(nxh)=h-(?x.}—a-(‘?xh]
‘E’x{axh)=:(‘\?-h)—h(?fn}+{b-7)n— (a+V)b
If x is the coordinate of a point with respect to some origin, with magnitude

r = |x|, m = x/r is a unit radial vector, and f(r) is a well-behaved function of r,

then
V.x=3 Vxx=10

Vol =2 f+ 2V x(af() =0

ar
af
- ) = L2 fa — na- )] + na-w) 2
Vix-a)=a+ x(V-a) + i(L x a)
where L = E (x x V) is the angular-momentum operator.
4
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Theorems from Vector Calculus

In the following &, &, and A are well-behaved scalar or vector functions. V' is a
three-dimensional volume with volume element d’x. § is a closed two-
dimensional surface bounding V, with area eclement da and unit outward normal

n at da.
"
L V-Adx= ) A-nda (Divergence theorem)
r
f VYéd’x = | ynda
v Js
r
J.?J-cAd"‘x= n X A da
v Js
r
L (V¢ + Vo« Vi) d°x = Js ¢n -« Vi da (Green’s first identity)
s
L (dV — V) d’x = s (dVy — YVeé) +n da (Green’s theorem)

In the following § is an open surface and C is the contour bounding it, with line
element dl. The normal m to § is defined by the right-hand-screw rule in relation

to the sense of the line integral around C.

L (VX A)-nda~= i A - dl (Stokes’s theorem)
I nx Vjyda = § yr d
5 C
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Let e, e;, &, be orthogonal unit vectors associated with the coordinate directions
specified in the headings on the left, and A, A;, A, be the corresponding com-
ponents of A. Then

. .

Vi=e,— +e;,— +e;—

:‘f ax, ax; x5

5: V.A =24 04 oA

B dr;  dxy  axs

I Tanpen e

R A A o R )
ro-ialy) pa ¥
Pasbens o dmm s Lt

ié-:, "[r;nE%_%a%(’”’)]*'&[%"Aﬂ'%

1oL\, 1 af. ), 1 ¢
' (Har)**ﬂsinaaa(““” )+

PHY 712 Spri[ﬁglg%?]i %egtt(r,ez&) =1Z {,.,.)_]
or oar



Transformation between coordinate systems

For example spherical polar <> Cartesian

r
0
@ =—XSin@+Yycose

X sin dcos@ +y sin fsing + Z cos 6

X cos fcos@ +y cos Ising —Zsin 0



Special relationships and identities

vﬁ( ! )_—4w53(r—r’)_

r—1

Useful expansion:

=Y RG

1=0 13

Another useful expansion:
/

F(r-r A')—zl 12 Y, (0, (')

=—/




Legendre polynomials --
m=0: B((x)=1
m=1: Bx)=x
. RN
m=2: Pz(x)—§(3x —1)
1
m=3: P(x)=—(5x"-3x
() = )

m=4: ﬂ(x):é(35x4—30x2+3)

j dxP (x)P, (x) = 2z o

2m+1 "



Some spherical harmonic functions:
1

Yoo(f')zﬁ

Yien(B)=F 2 Sing et
T
. 3
Y, (F)=.—cos@
T
. 15 2204
Yy (F) = e ——sin* @ e
o |15 . +ig
Yz(ﬂ)(r) =F < sinf cosf e

Y, (F)= iﬂ(% cos’ & —%j



One of Natalie's favorite equations

1 4 ’
_ _1221742-1 rl+1 (6 (0) (9 ’gﬂ')




Application — crystal field splitting — combining quantum
mechanics with electrostatics

Atom in a Atom in a crystal,
spherical surrounded by
environment lons

I

9

J

J
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Maxv equatio

Including displacement field D and magnetic field H --

Coulomb's law : V-D=p,.
oD
Ampere- Maxwell'slaw: VxH - R =d free
[
Faraday's law : VXE+ Z—B 0
[

No magnetic monopoles: V-B=0
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Maxwell’s equation

Microscopic or vacuum form (P —O, M —O):

Coulomb's law : V-E=p/g,
1 OE
Ampere-Maxwell'slaw: VxB-—— P Ud
c- Ot
Faraday's law : VxE+ E;—B =0
[
No magnetic monopoles: V:-B=0

1

oy
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Formulation of Maxwell’'s equations in terms of vector and
scalar potentials

V:-B=0 — B=VxA
VxE+a—B—O :>V><(E+8—Aj 0
Ot Ot
E+a—A VO
ot
or E——VCI)—G—A

Ot



Formulation of Maxwell’'s equations in terms of vector and
scalar potentials -- continued

V-E=pl/g,:
o(V-A)
—V'OD - =plé&
Py P&
1 OE
VxB-— = .J
c* Ot Ho

1 (o(VD) 0°A
VX(VXA)+62[ (& )+ atzj:,qu



Formulation of Maxwell’'s equations in terms of vector and
scalar potentials -- continued
Review of the general equations:

o(V-A)
—-V°® - =ple
Py P&
1 (0(VDP) &°A
VX(VxA)+ + = u,J
( ) cz( ot aﬁj Ho
. 1 0D
Lorentz gauge form -- require V- A, +— a@tL =0
C
1 O°®
2
-V CI)LJrC2 ('BtzL =plé&,
1 0’°A
-V°A, + ¢ L= u,J

¢t Ot



Summary -- By considering a complete system involving self-
contained sources and fields, we examined the energy and
force relationships and introduce energy and force equivalents
of the electromagnetic fields

. . 1
Electromagnetic energy density:  u = E(E -D+H- B)

Poynting vector: S=ExH

ou

Differential relationship: ’n +V-S=-E-J,,
!

Maxwell stress tensor (for vacuum case):

T = (EE +c2BB 51

y UZ(E-E—H:ZB-B)j



Maxwell’'s equations at boundaries --

Many materials are polarizable and produce a polarization field in the

presence of an electric field with a proportionality constant y. :
P(r)=¢,x.E(r)
D(r)=¢gE(r)+P(r)=¢,(1+ x. )E(r)=¢E(r)

g represents the dielectric function of the material

Boundary value problems in dielectric materials

For meI’IO (r) — O
V-D(r)=0 and VxE(r)=0
= At a surface between two dielectrics, in terms of surface normalr :

N

t-D(r)= continuous = #xE(r)



Boundaries in electrostatics

€1 U

For -2 =2

For P (r)=0:  V:D(r)=0 and VxE(r)=0
—> At a surface between two dielectrics, in terms of surface normal r:

r-D(r)=continuous = rxE(r)

For isotropic dielectrics: D, D




Reflection and refraction of plane electromagnetic waves at a
plane interface between dielectrics (assumed to be lossless)

U E




Analysis of Maxwell’'s equations without sources in each medium
Summary of plane electromagnetic waves:

B(l‘, t) _ m[ nk x EO eik-ria)tj E(l', t) _ ER(EOeik-r—ia)t )

C

2 2
‘k‘z = (gj = (@j wheren= |-+ andk -E, =0
v ¢ Ho&

Poynting vector and energy density:

1
p

(S) L ‘e[ &
“¢ D ye 2\ u 0 AEO

| 2
<u>avg :EE‘EO‘ B
/\




Reflection and refraction -- continued

\Z Snell’s law — matching phase
factors at boundary plane z=0.

[
|
: 0 a i%(n'l;'-r—ct)

X e =e°

z=0

_ ei%(nlA(R -r—ct)

z=0

matching plane: r =xX+ yy+0z
K'r=xsin6

N N

K, - r=xsmi=Kk,-r=xsimR =i=R
n'k'r=nk, -r = n'xsinf =nxsini

Snell's law : n'sin@ = nsini

iQ(nﬁi -r—ct)

z=0



Reflection and refraction -- continued

Continuity equations at boundary with no sources :

VxH—a—D:O VXE+8—B=O
ot ot

Matching field amplitudes at boundary plane :
D-z, B-Z continuous

Hxz,ExZ continuous



Fresnel equations for reflectance and transmission of plane
polarizes electromagnetic waves --
For s-polarization (E perpendicular to plane of incidence)

ncosi— n'cosd ' ,
Egp u' E', 2ncosi

01 ncosz+’u'n'cos€ 0 ncosz+’u'

JZ H

Note that : 7'cos@ =+/n—n?sin?i

n'cos@

For p-polarization (E in plane of incidence)

H 17 cosi—nn'cosd ' o
E,, u E', 2nn'cosi
E. . 2 : E . 2 :
0i ﬁ'n' cosi+nn'cosd 07 ﬁ'n' cosi+nn'cosd@
M M

Note that: 7'cos@ =n"—n’sin’i
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