PHY 712 Electrodynamics
10-10:50 AM Online

Discussion for Lecture 21:

Chap. 8 in Jackson — Wave Guides
1. TEM, TE, and TM modes

2. Justification for boundary conditions;
behavior of waves near conducting
surfaces
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13 [Wed: 02/24/2021 [Chap. 5 [Magnetic dipoles and hyperfine interaction |11 |03/01/2021
14 |Fri: 02/26/2021 |Chap. 5 Magnetic dipoles and dipolar fields
15 [Mon: 03/01/2021 |Chap. 6 Maxwell's Equations #12 |03/08/2021
16 Wed: 03/03/2021 |Chap. 6 Electromagnetic energy and forces
17 |Fri: 03/05/2021  |Chap. 7 Electromagnetic plane waves
18 [Mon: 03/08/2021 |Chap.7 Electromagnetic plane waves #13 |03/10/2021
19 Wed: 03/10/2021 |Chap. 7 Optical effects of refractive indices #14 |03/12/2021
20 |Fri: 03/12/2021  |Chap. 1-7 Review
Take
Mon: 03/15/2021 |No class APS March Meeting Home
Exam
Take
Wed: 03/17/2021 |No class APS March Meeting Home
Exam
Take
Fri: 03/19/2021  |No class APS March Meeting Home
Exam
21 |Mon: 03/22/2021 |Chap. 8 EM waves in wave guides
22 \Wed: 03/24/2021 |Chap. 9 Radiation from localized oscillating sources
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Your questions —

From Gao -- How do we know what kinds of mode(TE, TM, TEM, or
others) a guide will have at a first glance?

Comment -- In general TEM modes propagate in free
space while the possible modes associated with media
with one or more metallic surface are more complicated.



Maxwell’s equatio

For linear 1sotropic media and no sources: D=¢E; B=uH

Coulomb's law: V.-E=0
OE
Ampere-Maxwell's law: VxB - ue e =0
[
Faraday's law: VXE+ 6@—B 0
[

No magnetic monopoles: V-B=0
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Analysis of Maxwell’'s equations without sources -- continued:
Coulomb's law : V-E=0

Ampere-Maxwell'slaw: VxB-— ,ug%—lf 0
Faraday's law : V><E+%—]t3 0
No magnetic monopoles: V:-B=0
E VxE
VX(VXB ,uga—j —VzB—,uga( . )
ot ot
0°B
=-V’B+ us =(
H e
W(V><E+8Bj v+ OVxB)
Ot Ot
2
—V2E+,ugaE 0

ot’



Analysis of Maxwell’'s equations without sources -- continued:
Both E and B fields are solutions to a wave equation:

2

V'B ia?:o
v: Ot
2

V°E ia?zo
v: Ot

y
where vzcﬂoozz

ue n

Plane wave solutions to wave equation :
B(r,t)= iR(Boeik"'_i“”) E(r,t)= m(EOeik"'_i“”)



Analysis of Maxwell’'s equations without sources -- continued:
Plane wave solutions to wave equation :

B(r,t)= %(Boeik'r_ia’t) E(r,t)= %(Eoeik'r_i”t)

2 2
p @ nao &
‘ =| — | =| — where n = K

v c Ho&
Note: ¢, 1, n, k can all be complex; for the moment we will
assume that they are all real (no dissipation).

Note that E, and B, are not independent;

B
from Faraday's law : VxE+88—t 0
kxE, nkxE, __Forreal
=B, = - = y g 1, N, K

alsonote: k-E,=0 and k-B,=0 —



Analysis of Maxwell’'s equations without sources -- continued:
Summary of plane electromagnetic waves:

B(l‘, t) _ m[ nk x EO eik-ria)tj E(l', t) _ ER(EOeik-r—ia)t )

C

2 2
‘k‘z = (gj = (@j wheren= |-+ andk -E, =0
v ¢ Ho&

Poynting vector and energy density:

1
p

(S) L ‘e[ &
“¢ D ye 2\ u 0 AEO

| 2
<u>avg :EE‘EO‘ B,
/\k>




Transverse electric and magnetic waves (TEM)

B(l‘,t) _ m[nk X Eo eik-ria)tj E(l‘,t) _ m(Eoeik-r—ia)t)

C

2 2
‘k‘z = (gj = (@j where n= |-~ and k- E, =0
v c Ho&

A

TEM modes describe E,

electromagnetic waves in lossless
BO/\
k

media and vacuum

For real
g 1, N, K



Effects of complex dielectric; fields near the surface on an
ideal conductor

Suppose for an 1sotropic medium: D=gE J=0FE

Maxwell's equations in terms of Hand E :

Vsz—,uﬁ—H VxH=c7E+gba—E

Ot Ot

", 0
V:’—uo——-us,— |F=0 F=EH
[ e baﬂj
Plane wave form for E :

iK-r—iot . @ -~
E(r,7)= m(EOe ) wherek = (n, +in, ) —k
c

— E(r, t) _ e—l%-r/&g%(EOeinR (w/c)ﬁ-r—iwt)



Some detalils:

Plane wave form for E :

E(r,t)= ER(EOe"k""i””) where k = (7, +in])QlA<
C
0 0’
V2 oL E=0
[ THO S T e j
. uoc’

—(nR +in[)2 +1 +pg,c’ =0

Q



Fields near the surface on an ideal conductor -- continued
For our system:

( > \1/2
QnR:a) ﬂTgb \/H(ij +1
C W&
\ SO
/ > \1/2
P, =, | L \/1+Ei) 1
C 2 e,
\ J
1
Forg >> ] QnR zﬂn[ ~ |22 .1 ,
@ C C 2 S4€@m “skin depth

:H(r,t)zil;xE(r,) ;ilA{XE( )
cl 710,



Some representative values of skin depth

Ref: Lorrain? and Corson

) ) uow 1
— N, ®—N, R, |——— =—
C C 2 o Note that frequency given in
units of Hz = -
2
7 6 (0.001m) 6 (0.001m)
o (107S/m) Hho at 60 Hz at 1 MHz
Al 3.54 1 10.9 84.6
Cu 5.80 1 8.5 66.1
Fe 1.00 100 1.0 10.0
Mumetal 0.16 2000 0.4 3.0
Zn 1.86 1 15.1 117
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Relative energies associated with field
Electric energy density: &, ‘E‘z

Magnetic energy density: y‘H‘z

2
e, |E 2 Q2
Ratio inside conducting media: ”‘ — = & _ = E, L) O
1/H p 141 2
P 2rc ¢ Su®
w f 26 M 52
£y Moy A
&, ‘E ? . |
For ‘ > << 1 = magnetic energy dominates
uH

&, E‘

Note that 1n free space,
Hy H‘




Fields near the surface on an ideal conductor -- continued

o 0, 0, cw |
For—>>1 —n,~=—n, a
0, C C 2 %)

Q
Il

o ]
In this limit, iy, UE =N, +in, =£—(1+i)
Ho&y O

E (l', t) — e—f(-r/ém (Eoeiﬁ-r/é—iwt )

h

n - 1+7 ~
(r,z‘) ” % (r,t) S X (r,t)
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Fields near the surface on an ideal conductor -- continued

E (l', f) _ e—ﬁ-r/ém (Eoeif(-r/é—ia)t )

n - 1+7 ~
(r,t) ” X (r,t) S >< (r,t)

0 Z
Note that 1t 1s convenient to express the EM fields

in terms of the H amplitude:
H (I', t) _ e—f(-r/5m (Hoeif{-r/§—ia)t )

E(r,t)= 5ya)%f<xH(r,t)
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Boundary values for ideal conductor

At the boundary of an

Inside the conductor : ideal conductor, the E
ks kv | 5—icot and H fields decay in the
H(r,t) —¢ ER(HOQ ) direction normal to the
1_i - .
E(r,t)= 5,ua)TZk xH(r,¢) interface.

Ideal conductor boundary conditions:

=0 n-H

S

ﬁxE = ()

S
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Wave guides — dielectric media with one or more metal boundary

Ideal conductor boundary conditions:

ﬁxE =() le =(
S

S

Waveguide terminology
« TEM: transverse electric and magnetic (both E and H
fields are perpendicular to wave propagation direction)
« TM: transverse magnetic (H field is perpendicular to
wave propagation direction)
« TE: transverse electric (E field is perpendicular to wave
propagation direction)
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Analysis of rectangular waveguide

Boundary conditions at surface of waveguide:
Etangentia|=0, Bnorma|=o

Cross section view
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Analysis of rectangular waveguide

X

7z —>

B = SR{[BX (o, ¥ )X + B, (x,»)§ + B, (x, y)i)eikz_iwt }
E=R{(E, (x, y)k + E, (x,»)§ + E, (x. )z )|

Inside the dielectric medium: (assume & to be real)

VxE+a—B =0 VxB — g,ua—Ezo
Ot Ot
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Solution of Maxwell’'s equations within the pipe:

Combining Faraday's Law and Ampere's Law, we find that each field

component must satisfy a two-dimensional Helmholz equation:

o> 0
Léxz + o —k’ +,uga)2j E (x,y) = 0.

For the rectangular wave guide discussed in Section 8.4 of your

text a solution for a TE mode can have:

E (x,y)=0 and B_(x,y)=B5B, cos(mﬂxjcos(nzyj,
a

2 2
with k> =k’ = pew’ —Km—ﬂj +(ﬂj }
a b




Maxwell’s equations within the pipe in terms of all 6 components:

OB
m%+ ~+ikB_. =0.
ox 0y
O, OF

+——+iffy =0.
ox Oy ﬁz

OF.

¢

IkE —% =iwB,.
X

—IkE, =iwB..

OE
r_CE, =iwB..
ox 0y

For TE mode with £_ =0
k

B,=——E,
a
%zﬁg
)]
B
%5, — kB, = —ipeok..
Oy
OB
kB ——= =—iusok .
P M y
0B, 0B,

— =—lucokl .
ox Oy HEER:
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TE modes for rectangular wave guide continued:

E (x,y)=0 and B_(x,y)=B,cos ( mmcjcos (mTyj’

a
. B . |
EX:QB =— o - o8, = e nﬂBocos(mﬂxjsm(nﬂyJ,
- _I_ -
a b
5 :_QBX _ o 0B, i mm B sin(mﬂxjcos(nﬂyj.
Yk a b

k> - uew® ox (MJZJF(MT a
a b

Check boundary conditions:

E peenia =0 because:  E_(x,y)=0, E (x,0)=E (x,0)=0
and E£,(0,y) =E, (a,y) = 0.
B ma =0 because: B (x,0)=B8 (x,b)=0

and B _(0,y) =B_(a,y) = 0.



Solution for m=n=1

B.(x,y)=B, COS(Mj cos(

a
: /b
R ;
a b
a b

iEy (x,y)
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Solution for m=n=1

2 2
2 _ 12 2 mit nmw
k"=k =pco” —||—| +| —
a b
18 -
16 -
14 -
k 12 4
10 -
S_
6_
_L_
2_
Ve | | |
0 10 15 20
0,
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Resonant cavity

X

zZ—

B = ER{(Bx (x, ¥, z)ﬁ +B, (x, ¥, 2)37 +B. (x, ¥, z)i)e_i”t }

E = ER{(EX (x, ¥, Z)f( +E, (x, ¥, Z)SI +E. (x, ¥, z)i)e_i”t }

In general: E.(x,y,z)=E.(x,y)sin(kz) or E.(x, y)cos(kz)
B, (x, ¥, Z) =B, (x, y)sin(kz) or B, (x,y)cos(kz)

:>k:p—7z
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Resonant cavity

03/22/2021

PHY 712 Spring 2021 -- Lecture 21
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Wave guides — dielectric media with one or more metal boundary
e

Coaxial cable

Simple optical pipe
TEM modes

TE or TM modes

k
—ZH

E

Waveguide terminology
« TEM: transverse electric and magnetic (both E and H
fields are perpendicular to wave propagation direction)
« TM: transverse magnetic (H field is perpendicular to
wave propagation direction)
« TE: transverse electric (E field is perpendicular to wave
propagation direction)
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Wave guides
T Y

Top view:

Inside medium,
u € assumed to
be real

Coaxial cable _ _
TEM modes (following problem 8.2 in

Jackson'’s text)
Maxwell's equations inside medium: fora < p <b

VxE=iwB V-E=0
VxB = —ioE V-B=0
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Electromagnetic waves in a coaxial cable -- continued

Top view: Example solution fora < p <b
E _ ﬁ% an eikz—ia)t Flnd
Jo, k = @\ ue
. B
B = (fl\)m[% elkz la)tj EO — 0
P VHE
p=cospX+singy
@ =—singX+cosgy

Poynting vector within cable medium (with u, €):

(S =, HEXE)- ZLJ‘? ( j
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Electromagnetic waves in a coaxial cable -- continued
Top view:

Time averaged power in cable material :

j d¢z ol -2)= 2oL ™ ln(éj

A
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