PHY 712 Electrodynamics
10-10:50 AM MWF Online
Discussion on Lecture 22:
Sources of radiation
Start reading Chap. 9

A. Electromagnetic waves due to
specific sources

B. Dipole radiation patterns
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03/12/2021

19 |Wed: 03/10/2021 |Chap. 7 Optical effects of refractive indices #14
20 [Fri- 03/12/2021  |Chap. 1-7 Review
Take
Mon: 03/15/2021 |No class APS March Meeting Home
Exam
Take
Wed: 03/17/2021 |No class APS March Meeting Home
Exam
Take
Fri: 03/19/2021  |No class APS March Meeting Home
Exam
21 Mon: 03/22/2021 |Chap. 8 EM waves in wave guides
22 Wed: 03/24/2021 |Chap. 9 Radiation from localized oscillating sources  #15  (03/26/2021
23 |Fri: 03/26/2021  |Chap. 9 Radiation from oscillating sources
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PHY 712 -- Assignment #19

March 24, 2021
Start reading Chapters 9in Jackson .
1. Work problem 9.10(b) in Jackson.
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PHYSICS THURSDAY

COLLOQUIUM MARCH 25, 2021

4 PM online

“You Have Your Physics
Results. Now What”

In a talk that | am hoping will quickly morph into
a free-flowing Q and A session, | will discuss the
roles of journals in general and PRL in particular
in disseminating physics results through o
cascading sequence involving journal editors,
referees, conference chairs, journalists,
department chairs, deans, funding agencies,

and others. While some of the essential tools of . .
physics dissemination are in essence Samindranath Mitra, PhD

unchanged the arrival of social media, search Editor
Y : .
engines,ond electronic repositorigs have usin, . Physical Review Letters ;

American Physical Society



Your questions —

From Tim -- So is it a good approach to first figure out if the charge is
moving, hence we would use the vector potential because of the current
density term in the integrand. If the charge is stationary then we should use
the scalar potential. Can you have a combination of both? Or are these just
two different ways of looking at the same source. Do the spherical Bessel
functions arise because the potential of a point charge is spherically
symmetric?

From Nick -- | was following okay until slide 15/16. \tilde{\phi} is defined

with \tilde{\rho} on 15 but no tilde on 16. Why the change? And can you
elaborate more on the integral form of \rho?

From Gao -- Why do you put scalar potential and vector potential in the
same form differential equation not in two separate equations? What
conclusion will it lead to or what benefits will it bring?



Maxwell’s equation

Microscopic or vacuum form (P —O, M —O):

Coulomb's law : V-E=p/g,
Ampere - Maxwell'slaw: VxB - 12 %E = 1,d
c- Ot
Faraday's law : VxE+ E;—B =0
[
No magnetic monopoles: V:-B=0

1

oy
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Formulation of Maxwell’'s equations in terms of vector and
scalar potentials

V:-B=0 — B=VxA
VxE+8—B—O :>V><(E+8—Aj 0
Ot Ot
E+a—A VO
ot
or E——V(I)—a—A

Ot



Formulation of Maxwell’'s equations in terms of vector and
scalar potentials -- continued

V-E=pl/g,:
o(V-A)
—V°O® - =ple
Py P&
1 COE
VxB-— = u,J
¢’ Ot o
VX(VXA)+1 8(V(D)+52A = 11,J
c’ Ot ot* o

Complicated coupled mess!



Formulation of Maxwell’'s equations in terms of vector and
scalar potentials -- continued

. 1 0D
Lorentz gauge form --require: V-A, +— 6&tL =0
C
1 0°D,
VO, + 7o L=plg, This choice decouples the
! equations for the scalar and
) 1 0°A, vector potentials.
—V7A, +— = 1,J
¢ ot
General equation form:
(v _Lﬁj\y .
2 A2 - ’
c” ot (D(r,1) p(r,t)/ (4re,)
J (r,t)/ (4
W= HED fep =t AT
’ A (r,0) Ho, (x,0) / (47)
A (r,1) |/ (x,t) ] (47r)




Solution of Maxwell’'s equations in the Lorentz gauge -- continued

G(r,t;r',t'): ‘ : ' /c))
r—r

St —r—v

Solution for field ¥(r, 7):
LP(r,t): Y ., (r,t)+

j 43 j dt ; _1 " 5(r'—(r —%‘r _r

Df(r',r')




Electromagnetic waves from time harmonic sources
Charge density: p(r,t) =R (,5(1', ) e‘l”t)

Current density: J(r,z)= SR(j(r, o) e—ia)t)

Note that the continuity condition applies:

EENIS
Generalsource: £ (r,¢)=R(7(r,0)e )
For f(ro)= 4;(90 plr, o)
or 7 (r.0)=22J (r.0)

4r



Electromagnetic waves from time harmonic sources —
continued:

P(r,t)="VY,_,(r,1)+

jaﬂr'jdt' ‘rir' 5(1’—(t—é‘r—r'

Df(r',r')

CP(I‘, a))e—ia)t _ {Pf:() (l‘, a))e—ia)t n
J'Clﬁl”'j dt’' 1 é(t'_(t_l‘r_r'jjf(r',a))eia)ﬂ
‘r —r C
y | S| |
=¥, (r,w)e"™ + Id3r' flr', ™

‘r—r'



Electromagnetic waves from time harmonic sources —

continued: For scalar potential (Lorentz gauge, k = 2)

C

ik|r—r'|

O (r,)=d,(r,0)+ 1 Id?’r'e

dre, r—r plrio)

'

2
where (Vz + %)@O (r,0)=0

For vector potential (Lorentz gauge, k = Q)
C

ik|r—r'| N

A(r,m)=A, (r,a))+f—;’z_‘-d3r"i — J(r'\m),

2
where [Vz - C;)—zj A,(r,®)=0



Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :

ik|r—r'|

— =ik j (ke oy (ke )Y, (B)Y " ()

Im

Spherical Bessel function : j, (k)
Spherical Hankel function : &, (k) = j,(kr)+ in, (kr)

&)(r, a)) = (IN)O(r, a))+ Z%m (r, a))Y,m (f‘)

¢lm(r W Id3r'pr a))]l(kr )h (kr) (')



Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :

=ik Y ji (ke o (ke )Y, (B)Y "1 ()

Im

ik|r—r'|

4ﬂh—r'
Spherical Bessel function : j, (k)
Spherical Hankel function : &, (k) = j,(kr)+ in, (kr)

m~~/

A(r,a)): Ko (raa))"' zalm (r,a) Im (f)
Im

a, (r,0)=iku, j d*r'I(e', o), (ke Y, (ke )Y i (£)



Forms of spherical Bessel and Hankel functions:

()= S ()=
X ix
i (x) _ smgx) B cos(x) i (x) _ _(1 N i j o
X X X)X
j2 (X) _ ( 33 B 1 jSiIl()C)— 3003(36) h2 (X) _ l(l N 3i B 32 j e
XX X X X)X
Asymptotic behavior:

()

vl =) 5

x>l =k (x)x ()" E



Digression on spherical Bessel functions --

Consider the homogeneous wave equation
2
2, W | =
(V +C—2jq)o(r,a)) =0

Suppose D, (r,®) =y, ()Y, (F)
= i, (r) must satisfy the following for k = w/c:

(d_ergd I(+1) j%m(") 0

dr* v dr r

General Bessel function equation:

(dz 2d I+

4 2d 10 +1jwl(x)=0 = 1 (1) = w, k)

dx’®  x dx X



Electromagnetic waves from time harmonic sources —
continued:

B(r.0)= B (r.0)+ X (0¥, )

Girs0) === [ Bl o) o ()
K( ) K (r @ +Zalm v, @ Zm(f')

a, (r,0)=iku, j d*r'I(e', @), (ke Y, (ke )Y i (£')
For r >> (extent of source)

Girs0) = S k) @7 3l ) W e )

0

a, (r,0)~ikuh, (kr)j d’r' j(r' @), (k)Y 1 (F')



Some detalils:

~

O (r,0)=0,(r,0) +Zg7)lm (r,o)Y,, (F)

@, (7, 0) Id3r p(r'o)j, (k)b (ke )Y, (F')

=%de’Y*zm(f")(hz(kr)jr'2dr'j,(kr')ﬁ(r'»w)ﬂ'z(kr)j'” ar (k) (" w)j

0

For r >> (extent of source)

s 0) = ) d*r B0 o) 6

0

a, (r,0)~ikuh, (kr)j d’r' j(r' @), (k)Y 1 (F')



Electromagnetic waves from time harmonic sources —
continued -- some detalls:

@, (7, 0) Jd r'p(r,) j, (k)b (k)Y (F')

lk
80
' — 12 (g o] 4 Z

where p,, (r',0) = [dQH(r',®)Y,, ()
note that for » > R, where p(r,w) =0, > R
ik

[h (kr)j redr p,, (r', w»,(krm,(kr)j rdr p,, (v, o) (kr >]

A

&y, () = h(kr)j r2dr'p, (r', o)), (kr')

€9

Similar relationships can be written .y

for a,, (r,®) and J(r', @). \
X




Electromagnetic waves from time harmonic sources —
continued:

For » >> (extent of source)

é, (r,o)= ;ih (kr) jd3r'pr ®)j,(kr' )Y im (")

a, (r,a))z kb (kr)jd3r'j( )]z (kr) ( ')

Note that p(r',w)and J(r', @) are connected via the

continuity condition: —ie pl(r, w)+V-j(r ®)=0
¢lmra) —hkrjdrpr ®)j,(kr')Y 1 (£")
k

= hl(kr)jd3r'J(r',a)) (Jl(k”) ('))

wE,




Electromagnetic waves from time harmonic sources —
continued:

Various approximations:

ikr
[+1 €

k | h(kr)=~(—i
r>> = hy (kr)~(—i) .

. P ()
kr'<<l = j(kr )~(21+1)!!
Lowest (non-trivial) contributions in / expansions:
s k N kr' « .
gglm(r,m)z;_hl(kr)j d3r'p(r',w)?’”ylm(r')

0

a,, (r,a)) =ik u,h, (kr)jd3r'j(r',a)) Y, (f")



Some detalils -- continued:  (3ssuming confined source)

Recall continuity condition: —iw p(r,®)+V-J(r,0)=0

—ior p(r,w)+rV -j(r,a))

1 5
d’rr p =—|d’rrv-J
J. rrp(r,0) ia)j rrv-J(r,o)
1 ~
——— \d*»J —
ia)j r J(r,0)=p(»)

Here we have used the 1dentity:
V- (yV)=Vy -V+y(V-V)
We have also assumed that

lim (xJ(r,)) =0

ry—>0



Electromagnetic waves from time harmonic sources —
continued:

Lowest order contribution; dipole radiation:

Define dipole moment at frequency w:

p(w) Ejd3r rp(r,m)= —% d’r J(r,0)

- ik X i e
d —_ 11
(r,a)) 47zgop(w) r( +krj a

Note: In this case we have assumed a restricted extent
of the source such that kr’<<7 for all r’ with significant
charge/current density.




Electromagnetic waves from time harmonic sources —
continued:

E (r,o)= VO (r,m)+ ia)A(r, )

) 47;0 e: Ekz ((f'xp(w))xf)+£3f‘(f'-p(a)))—p(w)

~

B(r,0)=VxA(r,o)
ikr

__ 1 e kz(f‘xp(a)))(l—i%j

dre,c’ 1

Power radiated for kr >>1:

~ ~

dP . e 3
d—Q:rzr-<S>avg - 2 14, r-iR(E(r,w)xB (r,a)))




Example of dipole radiation source

J(r,o)=2J """ plr,m)= ol

—r/R
cosBGe"’

— iR

o0

n~~/

A(r,w)=12J, (iky, )j rdrte " hy(kr. )j, (kr.)

0

D(r,m)=— ok COS Hj rdrte” " (kr. )j (kr.)
£, WR g
Evaluation forr» >> R :

N X ikr 2R3
Ar,0)=2J 41, er (1 N szz)z

ikr . 3
D(r,w)= Jok cos6 = (1+ l j 215 —~
N r kr (1+k R )




Example of dipole radiation source -- continued
Evaluation for » >> R :

N i ikr 2R3
A(l‘, Cf)): zJ,u, er (1+k2R2)2

ikr . 3
D(r,w)= J—kcosé? (1+ l j 2K

&y r (1+k2R2)2
Relationship to pure dipole approximation (exact when kR=>0)
1 ~ 87R’J
=|d’r rp(r,0)=——|d’r J(r,0)=- 07
[ () ==L 0 ) =28

ikr

Corresponding dipole fields: A (r,w)=- Ly p(w) ‘

4 v

- ik X i e

0 _ 1
(r,a)) 47zgop(a)) r( +krj v
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