PHY 712 Electrodynamics
10-10:50 AM MWF Online
Notes for Lecture 23:

Continue reading Chap. 9 & 10

A. Electromagnetic waves due to
specific sources

B. Dipole radiation examples

C. Scattered radiation
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Important results from last time — EM waves from time
harmonic sources — open isotropic boundaries

For scalar potential (Lorentz gauge, k = 2)
C

p(rio),

zk|r r |

- 3.6
O(r,m)=D,(r,w)+ rpm jd

r-rf”
2
where (Vz + C:—z)cf)o (r,0)=0

For vector potential (Lorentz gauge, k = 2)




Useful expansion :

— = ki ok )1, ()Y ()

Spherical Bessel function : j, (kr)
Spherical Hankel function : 4, (kr) = j,(kr )+ in, (kr)

» &)(r, a)) = &)0 (r, a))+ Z %m (r, a))Ylm (f‘)

zk|r r|

¢lm(r W _[d3’”',0 r a))]l(kr )hz(k >)Y*lm(f')

» A(r,a))zgo(r,a) +Zalm 0] lm(f‘)

Im
a,,(r,m)=iku, [ d*r I(c', @)j, (k) (ke )Y i ()
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Example of dipole radiation source

"~~~/

J(r,a)):i]oe"’/R ,5(1'950): ~

Note that the continuity of charge and current must be

satisfied.  For the Fourier amplitudes, the relations are
as bellow:

Jy

—7r/R
cosBe™”

Recall continuity condition: —iw p(r,@)+V-J(r,@)=0

~ior p(r,0)+rV-J(r,0) Jackson’s clever trick!

1 N
d’rr p =—\|d’rrV-J(r,
J. ’r p(r,a)) ia)j rr (r a))

_ I 5. 3 _
= icojd J(r,0)=p(o)



Example of dipole radiation source

j(r,w):iJ ek plr,m)= Y0 cosGe "
— IR
p(w) = —za)R I d’r rcos(@)(cos(@)e_”/ R)
3
_5 J, 472'de 3 _F/R—ZJ 87TR
—iowR 3 —i@

1 N
= —\d’rd
—ia)I y (r,a))

From the analysis valid for kr>>1 and kR<<T.:

N . W ikr A ikr

A(r,a)):—l’;l‘;z p(a))er s 0y02R3er
. . ikr 3 . ikr

O (r,m)=- ik p(co)-f'(1+ : je _J2R (1+L)e—cos9
dre, kr ) r &,C kr ) r



Example of dipole radiation source -- exact results for r>>R:
°]b
— 1R

—r/R

n~~/

J(r,o)=2J """ plr,m)= cos Oe

o0

K(ra a)) =1/, (ik:uo )J""'2 dr'e”"" h, (k’@ )]0 (kr<)

0

~ J k ( .
D(r,w)= -2 COSHI rdre”" h (kr))j, (kr.)
E,WR g
Evaluation for » >> R : Agrees with dipole
N ok 7R3 approximation for

KR<<1.

A(r,a)):ifoyo B, (1—|—k2R2)2

ikr . 3
D(r,w)= Jok cosf = (1+ l j 2K
Ey@ r kr (1 + k2R2)2




More details --

n~~/

J(raa)): 2J,e'" ﬁ(r,a)): Jo

— iR

cos@e 'R

o0

A(r,0)=12J, (iku, )j rdrte " hy(kr. )j, (kr.)
0
i~ J k f 2 —r'/R .
D(r,w)=——2 COSﬁj rdrte” " (kr. )j (kr.)
£, WR g

- A ikr 1 | . . k 0 | N
A(r,w)=1J ,u, [e—jr'dlf e sin(kr") + sn(kr) jr'dr o Rk
k?' 0 kl/' p

T i e  2Rk’R*
~ L oM
r>R kl/' (k2R2_|_1)2




Example continued
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Continued review of dipole results --
Power in the dipole approximation; Section 9.2 of Jackson

Here we use our notation ~ with mn—>rand Z, = ai)
€
dP r’ . A\ \[|?
10 = > (r-(ExH ))
Using the expressions for the dipole fields far from the source:
H—i(rx )eikr E=ZHxf
4 P r ’
P ’Z 2
The power can be written =— 0 k*((rxp)xt
P dQ 3277 ‘(( p) )
Defining the angle 8 by p-r = |p| cosd,
dP Cz O 4 . . . Cz 2
k*|p| sin®@ integrating over solid angles P =—2fk"
dQ 3277 |p| . . . 127 |p|



Review:

Electromagnetic waves from time harmonic sources —
continued:

Dipole radiation case:

Define dipole moment at frequency w:

1 .
=|\d’rro(r,o0)=——\|d’r J(r,
p(w) I rrp(r,m) ia)j rJ(r,m)
For fields outside extent of source and A7’ << 1 within the source:

~ NING, e
A(r.o)=-212p ()




Review:
Electromagnetic waves from time harmonic sources — continued:

E(r,a)) = —ch)(r, ®)+ ia)A(r,a))

_ 1 eikrLkz((f‘xp(a)))xf')+(3f(f.p(a)z))_p(w)}(l—ikr)]

dre, 1

B(r,»)=Vx A(r,a))
ikr

__1 e k2(fxp(w))(1—ﬂ(lrj

dre,c v

Power radiated for kr >>1:

d—P:rzf‘-<S> = - f‘-iR(E(r ®)x B (r a)))
ple) avg 2;“() ’ ’

zczk4 Hy
327°\ g,

(f‘xp(a)))xf‘



Properties of dipole radiation field for kr >>1:

ikr

B(r0)= e (Expl)<b)
Blr.) - (o)

Power radiated for kr >>1:

274
d_P:,,2f.,<8> :Ck2 Hy
dQ) v 32T\ &,

(Fxp(w))xF|

Note that vectorsr, E, B
Y are mutually orthogonal
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Alternative approach
Fields from time harmonic source:
ik|r—r'|

' ,5(1",(())
j(r',a))

& (r,0) = 47; [ar f -

A(ra) ,Uoj'aﬁv

Forr >>r': r-r'j~r—r-r'+..
_ 1 eikr
O(r,w) =

de. 1 .d3 e ,5(1",60)
0

A(r,a))%f;; e; J'd3 ' —zkrr j(rv,a))




For our example:

n~~/

J(r,w)=2J """ plr,m)=—

Forr>>r'": r-r'|xr—-r-r'+..

1 eikr .

~

O(r,m)~

drre, 1 °

ikr
A(r,w)z Zl;; er Id3r' e—ikf'-r' j(rv,a))

=>» Results equivalent to Bessel function expansion
In the limit kr =2 ©°,



Other radiation sources using

““alternative approach”
y

Linear center-fed antenna ™~

~

A(r,a)) X

ikr
Z‘o e J‘dsr. kT j(r',a))
T 7

J(r',w)=1,sin (% —k|z |j 5(x)8(»)2

03/26/2021 PHY 712 Spring 2021-- Lecture 23 16



Alternative approach — linear center-fed antenna continued

_ A ] eikr d/2 y o kd
A(r,o) s 2205 [ gz O sin| =~k |z

dr r _3, 2
( (kd j (kdj\
4. | cos| —cos@ |—cos| —
:i IUOIO € 2 2
2 kr sin” @

Time averaged power:

(kd j (kdjz
cos| —cosf@ |—cos| —
7) /,uo 1 2 2

0

aa g, 87° sin 0




Alternative approach — linear center-fed antenna continued

Time averaged power:

(kd j (kdjz
cos| —cos@ |—cos| —
dP=12 /,uo 1 2 2

&

dQ "\ g, 87’ sin @

S 7T
P | COS (2cosé’j
for kd=n: —=1 /,uo -
&, 87T

dQ sin” @

/1
P 4 COS (200&9)
for kd =27: —=1 /ﬂo .
g, 87T

dQ sin” @



Alternative approach — linear center-fed antenna continued

Time averaged power:

kd kd
Cos| —cos@ |—cos| —
2 2

iQ " \eg, 87° sin &
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Some details --

Polar plot:
Angle indicates
values of theta

Radius indicates
value scaled to 1.
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Another source of radiation —
Radiation due particles reacting to incident
electromagnetic waves — scattering processes
Chapter 10 in Jackson



Dipole radiation in light scattering by small (dielectric) particles

/

>
2 @ ~ E.
l — Hsc
Einc
Hinc
A ikk -1 |
Einc = EOEOQ ’ Hinc = —kO X Einc
HoC
In electric dipole approximation :
1 ikr A X 1 X
E_=—k’ e—((rxp)x f) H_=—7%xE_

SC 4
e, F L4, C



Dipole radiation in light scattering by small (dielectric) particles

/

>
2 @ ~ E.
l — Hsc
Einc
Hinc
Scattering cross section :
2 A
dG AR A r r.<SSC>avg
d_Q r,g;ko,so = l,; S
0 < inc>avg
7'2 é . Esc ? k4 R o)




Estimation of scattering dipole moment:
Suppose the scattering particle is a dielectric sphere
with permittivity € and radius a:

p _ 47Z_a380 8/80 _1 Einc Einc — éOEOeikkO-r
El&y+2
Scattering cross section :
— 1\, &K, &) )=— = Ep
dQ 80 ) Einc 2 (47T80E0 )2
Je,—1|
E1&y—1] |~ A
=k*a° 0 &8,

1&g, +2



Scattering by dielectric sphere with permittivity € and radius a:

A A For E;, . polarized in scattering plane:
k
0
0
~ 2
r do A gle,—1 >
,—(r,s,ko,ao):: k*a® 0 £-&,
0| & dQ glgy+2
g " Ve, 1|
ElEy—
= k*aq®|—=0 cos” @

glgy+2



Scattering by dielectric sphere with permittivity € and radius a:

AA

k()
0
r A

g

e

>

For E;, .
scattering plane:

0 &K,, &

da(r ~ ) 146 /g, —1

polarized perpendicular to

2

N N

€&,

gl&y+2

gleg,—1
El&y+2

4 6
k'a

Assuming both polarizations are equally likely, average

cross section 1s given by :

do A
o ik

)

k*a®|e/eg,—1

2 |elgy+2

2

(0052 0 + 1)



Scattering by dielectric sphere with permittivity € and radius a:

Tk
0 . 4 6 .
d—a(f‘,é;ko,éo) _ka’jele -] (00329+1)
0 d() 2 |elg,+2
r A
8() R 2.|:|'—-
/ g .
0
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