PHY 712 Electrodynamics
10-10:50 AM  MWF Online

Notes for Lecture 25:

Start reading Chap. 11
A. Equations in cgs (Gaussian) units
B. Special theory of relativity

C. Lorentz transformation relations
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In this lecture we will jump to Chapter 11 of Jackson and the special theory of relativity.
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“From Fukushima to the
Future: Lessons Learned and
New Developments”

The day before a huge tsunami hit the coast of Japan on
March 11, 2011, nuclear power appeared to be poised
for a "renaissance” in much of the world. However, the
tsunami resulted in a major accident at the Fukushima
nuclear power plant, causing the world to hit the pause
button on nuclear power development. In the 9 years
since that accident, the industry has focused on
understanding the underlying causes of the accident
and modifying current nuclear plants and operations Dr. G a|| Marcus
based on the lessons learned. Now, new nuclear power
plants are being built in several countries, and more are

Independent Consultant

being planned. This talk will address the accident and its Nuclear Plower Technology
aftermath, including major changes that have been and Policy
made at existing plants, as well as the status of nuclear Washington, DC

power today in different countries, and how advanced

nuclear reactor concepts might affect the future of
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21 |Mon: 03/22/2021 |Chap. 8 EM waves in wave guides
22 |Wed: 03/24/2021 |Chap. 9 Radiation from localized oscillating sources  [#15 |03/26/2021
23 |Fri: 03/26/2021  |Chap. 9 Radiation from oscillating sources #16 03/29/2021
24 |Mon: 03/29/2021 |Chap.9 & 10 Radiation and scattering #17 03/31/2021
25 Wed: 03/31/2021 Chap. 11 Special Theory of Relativity #18 |04/02/2021
126 [Fri: 0410212021 (Chap. 11 |Special Theory of Relativity

PHY 712 - Assignment #18

March 31, 2021
Begin reading Chapter 11 in Jackson .

1. Derive the relationships between the component of the electric and magnetic field components Ey, Ey, E3, By, By, and B3
as measured in the stationary frame of reference and the components E'y, E'y, E's, B'y, B', and B'y measured in the
movina frame of reference. Note that the reverse relationshios are aiven in Ea. 11.148.
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Units - SI vs Gaussian
Below is a table comparing SI and Gaussian unit systems. The fundamental units for each system are so
labeled and are used to define the derived units.
Variable SI Gaussian SI/Gaussian
Unit Relation Unit Relation
length m fundamental cm fundamental 100
mass kg fundamental gm fundamental 1000
time s fundamental s fundamental 1
force N kg -m?/s dyne gm-em?/s 108
1
current A fundamental statampere | statcoulomb/s 106
c
1
charge C A-s statcoulomb dyne - em? 10e
c
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Now — jumping to Chapter 11 of Jackson.  Fortunately/unfortunately Jackson decided to
use cgs Gaussian units starting in Chapter 11. Here is a table of comparison.
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Basic equations of electrodynamics

| CGS (Gaussian) SI |
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More tables of comparison of the two unit schemes.




More relationships

CGS (Gaussian)
D=E+47P =cE

H=B-47M=_B

Y7,
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c ot
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More relationships.




Notions of special relativity

» The basic laws of physics are the same in all frames of
reference (at rest or moving at constant velocity).

» The speed of light in vacuum c is the same in all frames
of reference.
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Now — jumping into the story of special relativity. The black frame corresponds to a
(stationary) frame. The purple coordinate system is moving relative to it along the x axis at
aspeed of v. The red dot is measured differently in the two frames of reference.



Lorentz transformations Convenient notation :
Y%
c
y= 1
1-p*
y y’ Stationary frame Moving frame
A
ct = ylct'+px')
= 7/(x'+ ,Bct')
_ Vo y = )
O z =z
Y
: <y’
¥ —> X
X
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The notation with beta and gamma is defined.  The question is how the four parameters,
ct, x,y,z measured in the stationary reference frame are related to the corresponding four
variables ct’,x’y’,z’ measured in the moving frame and vice versa?  The consensus is that
the Lorentz transformation is the correct correspondence.



Lorentz transformations -- continued p=r =1
c 1-4°
For the moving frame with v =vX:
y W 00 y - 00
0 0 - 0 0
po|B Y pi| TP Y
0O 0 1 0 0 0O 1 0
0O 0 0 1 0 0 0 1
ct ct' ct' ct
1 xl .
=L NEP4
Y
z z' z' z
Notice:
c2t2_x2_y2_z2:C2tv2_xv2_yv2_zv2
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The Lorentz transformation expressed in matrix form. Also note that the four variables have
an invariant.



Examples of other 4-vectors
applicable to the Lorentz transformation:

For the moving frame with v=vX: B= v y= 1
y 7B 00 y ~n 00 ¢ -5
00 - 00
p |7 pi| 7B 7
0 0 10 0 0 1 0
0 0 0 1 0 0 0 1
w/c a'/c a'lc wlc
kr k'x k'x 1 k):
=L =L Note: wt—k-r =0't'—k'r'
k, k' k' k, .
y y y y In free space:
k, k', k', k, ) 2
E E E' E (QJ —k2=(£j ~k”=0
c c
c ‘¢ ‘¢ c
Pl gl P Pl P Note: B2 = pe? = 2= p? 2
p,c p,c pc p.c
p.c p.c p.c p.c
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Other 4 vectors that obey the Lorentz transformation --

10



The Doppler Effect
For the moving frame with v=vX:
y 1 00 y - 00
|\ r 00 pi_| v 00
0 0 10 0 0 1 0
0 0 01 0 0 01
w/c a'/c o'/ c w/c
kvc k'x k"c 1 k)c
=L D=L Note: wt -k -r =w't'-k'r'
k, K, k', k,
k. k. K. k.
w'lc=ylo/c—pk,) k. =yk, —polc)
k', =k, k' =k,
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Some details about the frequency/wavevector 4-vector and the Doppler effect for
electromagnetic waves.
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The Doppler Effect -- continued

w'lc=y(w/c— pk,) k' =y(k, - pwlc)

k', =k, k. =k,
More generally :
y o'lc=y(w/c—B-kK)= y(w/c—pkcosd)
Yy a

k'-fi :}/(k-ﬁ—ﬂa)/c)z k'cosé”:}/(kcos&—ﬂa)/c)
K k'xﬁ:kxfi
# v For6=0:

(k=w/c)

w'=oy(1- ) > o'=0 1=/

1+
—> x’ For0=0: (k=w/)
X tan@'=— 07 0
leoso— )
03/31/2021
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Doppler effect continued.




Electromagnetic Doppler Effect  (6=0)

CU' = 1 B ﬂ IB ~ vsource _ vdetector
1+ c
MOI'C precisely. ﬂ — vsource B vdetector
(Thanks to C(l _ vsourcevdetector )
2
E. Carlson) c
Sound Doppler Effect  (6=0)
I+v /c
0)' - detector s
1 + Vsource / Cs
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Discussion about the Doppler effect for electromagnetic waves and sound waves.
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Lorentz transformation of the velocity

Stationary frame Moving frame
ct = 7(ct'+ ,[)’x')
X = 7(x'+ ,Bct')
y = )
z = Zz

For an infinitesimal increment:

Stationary frame Moving frame
cdt = ylcdr'+pdx')
dx = y(dx'+ Bedt’)
dy = d
dz = dz
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Now consider the measurement of velocity in the two different reference frames.
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Lorentz transformation of the velocity -- continued

Stationary frame Moving frame
cdt = ylcdr'+pdx')
dx = ydx'+ Bedt’)
dy = dy'
dz = dz'
Define: uxzﬁ u Eﬂ uzzﬁ
d 7 dt dt
u' = d—x u' = d_y L— dZ

Ta T a T ar
dx y(dx' + pedt’) u' +vo
dt yldr+pax'/c) 1+w' /> .
dy _ dy' _ u', _
dr y(de'+pdx'/c) 7/(1+vu'x /cz) —
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Evaluating the infinitesimals to determine the velocity relationships.
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Summary of velocity relationships

'
l/lx+V

o1+’

u u

r )/(l—i—vuy'x/cz) yv(l+w;'x/cz)

' '
z/lZ z/lZ

z

7/(1+vu'x/cz) yv(1+vu'x/cz)
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Example of velocity variation with j3:
(u’/e= u’/c=0.5)
1_
0.8_ UX/C
0.6+
0.4_ U/C
0.2
0 T T T T
0 0.2 0.4 0.6 0.8
B
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Numerical evaluation of the velocity relationship.
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Extention to tranformation of acceleration
3/2
2
i %
2
C !
1= 3
v-u
1+ >
C
V2
I==
a ¢ a' +l><(a'><u')
1 = N3 1
v-u C
1+ 5
C
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It is possible to take the derivatives of the velocities to get the accelerations.

these results are left for you to fill in.

The proof of

18



Comment —

The acceleration equations are obtained by taking the
infinitesimal derivative of the velocity relationships and
simplifying the expressions. (See Jackson Problem 11.5.)
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Velocity transformations continued:

' ' '
. u _+v u u
C0n51der: l/lx =—> u. = _ u. = =

1+wu'/c’ g yv(1+vu'x/cz) : W
) = 1 _ 1+wu'/c’

' \/l—(u/c)2 \/l—(u'/c)z\/l—(v/c)z
= =7 (ne+Byu',)

=y, =7, (ru'+7,v) =7, (pu'+ By,c)

Note that

= 7v7/u.(1+vu'x/02)

= YU, =y,u, yu, =y,u'
]/MC 7/u C
'
u U
Velocity 4-vector: Vs =L Vull s
v '
Y, yu',
!
u U
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It is apparent that the velocity 4 vector itself does not obey the Lorentz transformation.
These identities show that we can construct a related 4 vector that does obey the Lorentz
transformation.



Some details:

2 12 2 2
' 2 v u _ u uxv
R I (B o O

'
u' +v u, U,

2 2 2 2 ' 2 12 2 2
u u, u uyv u Y u u v
e el | e B e e e e e N
c c c c c ¢ c c c

2
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1+wu' /c? uy:;/V(H—vu'x/cz) ’ )/V(l+vu'x/c2).

Some identities that can be proven...
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When the dust clears, the related physical parameters are the energy-momentum 4

vector.

Significance of 4-velocity vector: Yu€

VU
j/uuy
V.U,
Introduce the “rest” mass m of particle characterized
by velocity u: 7,c . mc? E
7uux j/umuxc pxc
mc = =
V.U, y,mu c p,c
7uuz j/umuzc pzc

Properties of energy-moment 4-vector:

E E' E' E
p.c p.c pc 1| Px€ 2 22 222
=L D=L Note: E-—pc"=E"-p“c
pyC 4 ¥ C 4 y C pyC
p.c p.c p.c p.c
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Properties of Energy-momentum 4-vector --

yumuzc

2 2 2 2
e ] (2] (o] et
l_ﬂu c c c

Notion of "rest energy":

Define kinetic energy: E, = E—mc’ =4/ p°c’ + m’c* —mc’

2
Non-relativistic limit: If -2 << l, E,=mc 1+( P j -1

y.m e continued

Y mu,c

y,mu,c

For p=0, E=mc’

mc mc
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In order to relate the equations to the non-relativistic treatments, we must use the same

zero of energy for both.
energy E-mc?.

The kinetic energy of a relativistic free particle is related to the

23



Su?mar of re2l tivistic energy relationships

y.mc
p.c| | ymuc
p,c ¥, muc
p.c y,mu_c

E=4p’c’+m’c* =y mc’
Check: /p’c® +m’c* = mczwlyfﬁuz +1=y,mc’
Example: foranelectron mc® =0.5MeV

for E=200GeV
E

5

7, =—=4x10
mc
1 1 -
B, = 1-— ~1-——5~1-3x107"
2
714 yl{
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This slide gives some numerical relationships for a highly accelerated electron.



Special theory of relativity and Maxwell’'s equations
o . op
Continuity equation: o +V-J=0
Lorenz gauge condition: 1 682 +V-A=0
c ¢
2
Potential equations: Lz 0 ? ~V’O =4np
¢ ot
2
1 OA gp 47,
c- Ot c
Field relations: E=-VO- 1A
c ot
B=VxA
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All of the previous equations represent relativistic mechanics. Now we want to relate the
ideas to electromagnetic theory.  We have said that Maxwell’s equations already are
consistent with the theory of relativity. But we still have some work to do in order to
relate the measured fields and sources in two different reference frames. The idea is to
guess the correct 4 vectors.



More 4-vectors:

Time and position :

Charge and current :

Vector and scalar potentials :
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ct

N

S~ .S

<

<

N

SN N

=X

[24

=J

26

Here are our guesses.
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Lorentz transformations 7o 1A 00
p VB 7 00
' 0 0 10
0 0 0 1
Time and space: X =Lx*=LPx”
Charge and current : JO=LJ=LP I

Vector and scalar potential : 4% = £ 4" = £7 4"
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These 4 vectors obey the Lorentz transformations. Here we use the notation that repeated
indices should be summed over the 4 components. In this case beta is the summed index.
Next time we will see how the E and B fields are represented in terms of the Lorentz
transformations.
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Summary of results --
Time and space: X =Lx =L VX"
Charge and current : Je=LJ =L7P
Vector and scalar potential : 4% = £ 4" = £ 47

Here, the notation varies among the textbooks.
In general, it is convenient to use the matrix multiplication

conventions to multiply our 4 x 4 matrices and 4 vectors
y B 0 0\ ct'

5 0 0 '

For example: £“x" = Z LDy = By
=l 0 0 1 0 '
0 0 0 1){z
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