PHY 712 Electrodynamics
10-10:50 AM MWF Online

Discussion for Lecture 26:

Continue reading Chap. 11 —
Theory of Special Relativity

A. Lorentz transformation relations
B. Electromagnetic field transformations

C. Connection to Liénard-Wiechert potentials
for constant velocity sources
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In this lecture, we will continue our discussion of Special Relativity. In particular, we will
discuss how the E and B fields transform between two relatively moving reference frame.
Using a particular example, we will be able to show that our results for transformed fields
are consistent with the results we obtain using the analysis using the Lienard-Wiechert

potentials discussed earlier.



21 [Mon: 03/22/2021 Chap. 8 EM waves in wave guides

22 [Wed: 03/24/2021 Chap. 9 Radiation from localized oscillating sources  |[#15 |03/26/2021
23 [Fri: 03/26/2021 Chap. 9 Radiation from oscillating sources #16 |03/29/2021
24 [Mon: 03/29/2021 Chap. 9 & 10 Radiation and scattering #17  03/31/2021
25 Wed: 03/31/2021 Chap. 11 Special Theory of Relativity #18 |04/05/2021
26 |Fri: 04/02/2021  |Chap. 11 Special Theory of Relativity

PHY 712 - Assignment #18

March 31, 2021
Begin reading Chapter 11 in Jackson .

1. Derive the relationships between the companent of the electric and magnetic field components E4, Eg, Es, By, By, and B3
as measured in the stationary frame of reference and the components E'y, E'y, E's, B'4, B'y, and B's measured in the
moving frame of reference. Note that the reverse relationships are given in Eq. 11.148.
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The homework #20 assigned last lecture is due on Friday. No new homework has been
assigned.



Your questions — (from lecture 25)

From Nick -- What exactly does \theta represent in the slides (especially circa the
doppler effect). Can you go over the proof of the relationships on slide 22 lecture 25?7
I'm not sure where you are starting from and also what is the point of those

particular relationships?

K w Wave vector and
| | - ; frequencies in two
; reference frames
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04/02/2021 PHY 712 Spring 2021 -- Lecture 26 3




v

According to the Lorentz tr¥nsformation:
@' = yo(l—- f cosO)

@' cos @' = yaw(cos 6 — 5) For6=0=60

@'sin@' = wsin @ @' =yo(l-[)
. | —

tanH':% 0= p

y(cos€~p) 1+p
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Velocity relationships

Consider: u =& u =u—'y u = u',
R R N }/V(l+vu'x/cz) ’ yv(1+vu'x/cz).
) = 1 _ l+wu' /c?
' \/1—(u/c)2 \/1—(u'/c)2\/1—(v/c)

= yuc = 7/v(yu'c + vyu'u'x)
= yu X = yv(yu'u 'x+ yu'v) = yv(yu'u 'x+ vyu'c)

Note that

== 7v;/u,(1 +vu' / cz)

= yuuy = yu'u 'y yuuz = yu'u 'z
}/uC ]/u,C
9 7/qu _ .B ]/u'u 'x
'
7uuy Vult y
714“2 7/u'u 'z
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. Convenient notation :
Lorentz transformations
v
B, =—
y = 1
1-p
y y’ Stationary frame Moving frame
A
ct = ylct'+px')
= y(xt+fer)
= v =
X =)
@ \
SO z = z
vy
: < ¥’
¥ —> X
X
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We will continue to use the stationary and moving reference frames introduced in the

previous lecture.

In this case, the relative motion is along the x-axis. Of course, there is

nothing special about this choice, but we will use it throughout this lecture.



Lorentz transformations -- continued
For the moving frame with v =vx:
7. B 00 v —rvnpB 00
0 0O - 0 0
BV: yvﬂv 71/ Bv—l: yvﬂv 71}
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
ct ct' ct' ct
1 xl |
= 'Bv ' ' = 'Bv
Yy
z z' z' z
Notice:
C2t2 _x2 _y2 _Z2 — CZth_XIZ_yVZ_ZvZ
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This slide reviews the transformations of the time and position 4-vector.



More questions —

From Gao -- How can we deduce that the field strength tensor transforms
as a tensor with a Lorentz transformation sandwich?

04/02/2021
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Special theory of relativity and Maxwell’'s equations
. . op
Continuity equation: ’ +V-J=0
.\ 1 00
Lorenz gauge condition: — aa— +V-A=0
c ot
: : 1 oD
Potential equations: — =5 — VO =47p
¢ Ot
1 0°A 4
e) ‘ - VA= -
c- Ot c
Field relations: E=-VO- 1A
c Ot
B=VxA

This slide reviews the relevant equations for the continuity of our sources, and for
Maxwell’s equations in terms of the scalar and vector potentials, and for the relationship of
the E and B fields to the scalar and vector potentials.



04/02/2021

More 4-vectors:

Time and position :

Charge and current :

Vector and scalar potentials :
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ct

N

S~ .S

<

<

N

SN N

(04

=X

=J¢

{0,1,2,3}

Here we identify 4-vectors of time-position, charge and current sources, and scalar and

vector potentials.
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Lorentz transformations 7o 1A 00
p VB 7 00
' 0 0 10
0 0 0 1
Time and space: X =Lx*=LPx”
Charge and current : JO=LJ=LP I

Vector and scalar potential : 4% = £ 4" = £7 4"

1 )

3

Notation: LPxP = Z LBy Repeated index
B=0 summation
convention
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It is reasonable to postulate that each of these three 4-vectors transform from one
reference frame to another with the Lorentz transformation.
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4-vector relationships

ct A°
Al
= P & (AO,A): upper index 4 - vector A“ for (a = 0,1,2,3)
Y
z A°

Keeping track of signs - - lower index 4 - vector 4, = (AO ,—A)

Derivative operators (defined with different sign convention):

(5] olde
cOot cOt
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In addition to the 4-vectors we have defined up to now, which are written with an upper
index alpha, we will also need to define a lower index version of the 4-vector which just
means that the space part is taken with a minus sign. We also need a notation for
derivatives with respect to time and space given with the partial symbol. It turns out that
for consistency, the upper and lower signs needed for the derivative operator, the upper
and lower signs must be given as indicated. While Jackson’s conventions are consistent
throughout his text, other textbooks may use other sign conventions.

12



Special theory of relativity and Maxwell’'s equations
Continuity equation: ?3_/; +V-J=0 > 0.J°=0
.\ 1 00 o A% =0
Lorenz gauge condition: T +V-A=0 > ad =
c
2
Potential equations: iz a@? ~V’® =47p
¢ t 4r
2 0,0°4" =—J*
1 OA gp_97, ¢
c- ot c
Field relations: E=-VO - 1A
C 6t > 2?2?
B=VxA
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Here we exercise our new notation to write the important equations.

| have to admit the

new notation looks quite compact, (pretty, intriguing?) But what about the E and B fields,

how does the new notation work for them?
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From the scalar and vector potentials, we can determine
the E and B fields and then relate them to 4-vectors,
finding --
Eo ve loA g _ 00 04 —~(6°4'-0'4°)
c Ot ox cot
0A
; :_62_ y :_(aoAz —82A0)
oy cot
E = 0P o4, _ —(0"4'-0°4")
Oz cot
B=VxA Bx:%_aAy:_(azAtamz)
oy Oz
B =% O _ (4 _oy)
oz Ox
04
B. = y_%:_(alAz_azAl)
ox Oy
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Writing out the 6 equations for all of the E and B field components, we see that the new
notation has a very nice pattern, but each field component has two indices!!! We can
thus conclude that the 6 E and B field components are part of a 4x4 matrix or tensor.
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Field strength tensor ~ F = (aaAﬂ _5ﬂAa)
For stationary frame

0 -E -E, -E,
E 0O -B. B

F“ﬁz x y
E, B. 0 -B,

y

E. -B, B, 0

z X

For moving frame

Fnzﬁ = x
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Therefore we can define the field strength tensor and assign each of the 6 field

components and their negative values to an entry in the 4x4 field strength tensor.
this logic, we can then deduce that the field strength tensor transforms as a tensor with a
Lorentz transformation sandwich. Evaluating the multiplication of the three matrices, we
obtain the result given on the last line.  This is related to your homework problem due

Friday.
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Summary --

Field strength tensor ~ po = (aaAﬂ _5/3Aa)

0 -E -E, -E 0

_ E'

e | B0 =B Bl | E
E, B, 0 -B £,

E. -B, B, 0 £
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=>» This analysis shows that the E and B fields must be
treated as components of the field strength tensor and that in
order to transform between inertial frames, we need to use the
tensor transformation relationships:

Transformation of field strength tensor

7. 1B, 00
F? =R % g | PP 00
v v "o 0 10
o 0 0 1
0 ~E' ~n(E+8B.) -y(E.-BB)
S I
y(E+5B.) 7B +BE) 0 -B,
y(E.-pB,) -7(B,-BE.) B, 0
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Therefore we can define the field strength tensor and assign each of the 6 field

components and their negative values to an entry in the 4x4 field strength tensor.
this logic, we can then deduce that the field strength tensor transforms as a tensor with a
Lorentz transformation sandwich. Evaluating the multiplication of the three matrices, we
obtain the result given on the last line.  This is related to your homework problem due

Monday.
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Inverse transformation of field strength tensor
e =nB, 00
Frb _ play s p 16 plo ~7.B, Yy 00
b Y ) 0 0 1 0
0 0 0 1
-E, ~7,(E,~B.B.) -7.(E.+BB,)
it _ E, 0 ~7.(B.-B.E,) 7.(B,+BE.)
v(E,~BB.) 7.(B.~BE,) 0 -B,
v.(E.+BB,) -7,(B,+BE.) B, 0
Summary of results:
E ’x = Ex B 'x = BX
E' =7,(E -BB.) B',=7,(B,+BE.)
E'.=y,(E.+5B,) B'.=y,(B.-BE,)
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Using the same logic, it is possible to evaluate the inverse transformation. The last result is
the same as given in Jackson Eq. 11.148.



Comparison of the two transformations

v nB 00
Fab _ par s p b p - nB, 7, 00
” 1o 0 10
0 0 01
0 -2, -p(E+8B.) -y (E.-58)
| B o nlesE) s
(B +pB.) 7.(B+BE,) 0 -8,
r(E.-BB,) ~7,(B,-BE.) B, 0
v, B 00
F' = p -\ prp -1 pio| WP 000
v ' ' 0 0 10
0 0 01
—E 7 (Ey—ﬂBZ) _K'(EZJrﬂvBy)
r_ : 0 ~v.(B.-BE,) 7B, +BE.)
»(E,~BB.) 7(B.-BE,) 0 -B,
v,(E.+BB,) -7,(B,+BE.) B, 0
04/02/2021 PHY 712 Spring 2021 -- Lecture 26

Comparing the various transformations.
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Example: Fields in moving frame:

B4 (rgeyy) LR EE)

A 3 7"3 12 2 32
y |V ((—vt ) +b )
ey B'=0
|74
b
q
= Gt x’
2 /7 Fields in stationary frame:
E.X = E'.X BX = B'X
E =y, (E+BB") B,=y,(B',-BE")
Ez:yv(E'z_ﬂvB'y) Bz:j/v(B'z-’-ﬁvE'y)
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Now, consider a particular example discussed in Section 11.10 of Jackson. A particle sits
at the origin of the moving frame. The E and B fields are measured at the point b yhat in
the stationary frame. What are the values of the fields measured in the stationary frame?



Example: Fields in moving frame:
. R —vt'X+ by
" : E' =h(x'k4y)= 2 5 i)
y | Y r (v +8?)
f— B'=0
v
b s i sta ,
q ields in stationary frame:
> X XE _g q(—vt')
X X 3/2
2 /7 ((—vt '’ +b2)
Ey=7v(E'y): q(j/Vb) 302
((-vey+)
B, =7, (/BVE 'y): q(7VﬁVb) 302
(v +8?)
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It is easy to write the fields in the moving frame, since the particle is stationary in that
frame. Then we use the transformation equations to find the fields in the stationary

frame. We are not quite done, because the expressions involve the time measured in the

moving frame.



Example: Fields in moving frame:
1 y y’ E':%(x'fﬁy'f’): ((q(_;,})tz'i;f)};/)z
-V
f— B'=0
v
b s i sta ,
q ields in stationary frame:
> x’ _
X Ex :E‘x = q( V}/Vt) 3/2
z /7 ((—v;/vt)z +b2)
b
EyZVV(E'y): Q(Zv ) 32
Expression in terms of ((—vyvt) +b2)
consistent coordinates
_ o 9(nBD)
" _ Bz_yv(ﬁvEy)_ 5 3/2
=yt ((—v;/vt) +b2)
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Using the time-coordinate transformation we can then write the fields measured in the
stationary frame in terms of the time appropriate to that frame.
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This plot shows the y component of the electric field as measured in the stationary frame

plotted as a function of time. For large gamma, there is a large peak at t=0.
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Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials (temporarily keeping Sl units)
; . 5 . dR (1)
pr,t)=qo"(r—R (1)) J(r,1)=¢qR (1)0°(r—R_ (1)) Rq(;)qut
D(r,1) = ! r'dt'M5(t'—(t—|r—r'|/c))
4re, lr—r'|
SJ(r! t‘)
A(r,t)= d’r dt t'—(t—|r-r'|/c
()47;60” o Sl lrrlfe)
Evaluating integral over ¢':
* /@)
dt' f(t"Yolt'-(t—|r—R _(t")|/c))= L ,
[ a3 (e=@=lr =R, @) /o)) AR W)
clr-R, ()]

Do these results make sense? In order to check the results, we can calculate the fields
directly in the stationary frame using the methods we discussed several lectures ago using
the Lienard-Wiechert potentials. Here we review some of those equations.



Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (SI units)
q 1
O(r,t) = —
dme, o _V'R
C
q \4
A(r,t) =
®.1) drec’ p_V'R
C
dR (1)
where R=r-R_(z,) v=—o
dt,
E(r,t) =-VO(r,?) _OAwY
B(r,7) =V xA(r,?)
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More equations.
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Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (SI units)

-R > VR RxV/
B(r,1) = 1 2 — 3 l_V_2+V2 - a c2
4re,c v-R c c R v-R
C C
t
B(r.() = RxE(r, )‘
cR
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Finally the E and B fields obtained from that analysis.
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Examination of this system from the viewpoint of the
the Liénard-Wiechert potentials — (Gaussian units)

—Rxv vv Vv-R Rxv/c
B(r:t)zg R 3(1_6_2+ o j_ RV
(== [+
C C
B(r.() = RxE(r,t)‘
R
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E(r,z)=%KRE)@_Q}(RX{R_&)X%
V-Rj c c c c

i

27

Here are the equations in cgs Gaussian units that we are now using.
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Examination of this system from the viewpoint of the
the Liénard-Wiechert potentials — continued (Gaussian units)

2
E(r,t):%{(lz_ﬂ} 1_"_2}} ‘
v-R c c For our example:
k= j R,(,)=v,% r=by
| R=bj—vtk  R=\VE+b
-Rxv v
Br=| R () ok
et -
R-—1=
c -~
This should be equivalent to the result given in Jackson (11.152):
E(x. y,2.0) = E(0,0,0,1) = g— L5 70Y_
(” + ()
B(x, y2,1) = B(0,6,0,1) = g— P2
(5> + (1))
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Now to evaluate the equations, we need to consider the constant velocity trajectory of our
example. We will continue this discussion on Friday.



q

Transformation equations:

E =FE'

E,=y,(E\+fB")
E.=y,(E.~BB,

04/02/2021

X

X

)

’

B.=B'
B, =y,(B,~BE")
B.=y, (B +BE")

For our example, B'=0 and £', and F£ 'y are nontrivial

The nontrivial fields in the stationary frame are

E =E'
Ey = J/VE'y
Bz :7vﬂvE'y

PHY 712 Spring 2021 -- Lecture 26

29

29



