PHY 712 Electrodynamics
10-10:50 AM MWF Online
Discussion for Lecture 28:
Start reading Chap. 14 —
Radiation by moving charges
1. Motion in a line
2. Motion in a circle

3. Spectral analysis of radiation
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21 |Mon: 03/22/2021 |Chap. 8 EM waves in wave guides
22 \Wed: 03/24/2021 |Chap. 9 Radiation from localized oscillating sources |#15 |03/26/2021
23 |Fri: 03/26/2021 Chap. 9 Radiation from oscillating sources #16 03/29/2021
24 Mon: 03/29/2021 |Chap.9 & 10 Radiation and scattering #17 |03/31/2021
25 Wed: 03/31/2021 |Chap. 11 Special Theory of Relativity #18 |04/05/2021
26 |Fri: 04/02/2021 Chap. 11 Special Theory of Relativity
27 [Mon: 04/05/2021 |Chap. 11 Special Theory of Relativity #19 |04/09/2021

Wed: 04/07/2021 |No class Holiday
28 |Fri- 0470972021 Chap. 14 Radiation from accelerating charged particles [#20 [04/12/2021
29 |Mon: 04/12/2021 |Chap. 14 [Synchrotron radiation | |
PHY 712 -- Assignment #20

April 9, 2021

Start reading Chap. 14 in Jackson .

1. Consider an electron moving at constant speed B¢ = ¢ in a circular trajectory of radius p. Its total energy is E= y m ¢2.
Determine the ratio of the energy lost during one full cycle to its total energy. Evaluate the expression for an electron with

total energy 400 GeV in a synchroton of radius p=103 m.
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Your questions —

From Gao -- Do different frequencies stand for different wavelengths?
How can it produce lots of wavelengths in a single process?

~/

()= J;? [ara(r)e
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Radiation from a moving
charged particle Variables (notation): R, (¢, )= =v

,}Z

X
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Lienard-Wiechert fields (cgs Gaussian units):

o= g (-8 () e ((n) )]

(19)
— 2 - .
Blr.f) = ¢ vag(l‘bﬁsz)‘ Roxvie | (o)
I A
In this case, the electric and magnetic fields are related according to
B(r.1) = Z X 21
R
: dR |t 7R (¢
Rq(tr)z dq(r)EV R(tr)zr_Rq(tr)ER V= dqz(r)
[, 3
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Comment --

B(r,t) = 4
c

P f'f2 Y . y
v Rj}:’)g (1 -+ "CQR) - (;{ X:’}/{‘;Ql Qo)

In this case, the electric and magnetic fields are related according to

~ R x E(r,t)
— =
Note that (21) can be demonstrated by evaluating R x E(r,{)

B(r,t) (21)

Other helpful identities: ax(bxc)=b(a-c)-c(a-b)
a-(bxc) = b-(cxa) = c-(axb)



Electric field far from source:

()= { {(R_ﬂjxi}}
R C C
( j Note that all of the variables
RxE(r, on the right hand side of the
B(r,1)= > equations depend on ¢, .
~ R \% .V
Let R=— =— = —
: R b C b
E(r,1)=— 1 Rx|[R - ﬁ)x ]
cR( —B- R)3

B(r,)= RxE(r,?)
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Poynting vector:

S(r.1)=,—(ExB)

cR(l—B-IA{)3 }
B(r.t)=RxE(r;t)  Ex(RxE(r,r))=R[E[ ~E(RE]
S(r.1)=—R[E(r.1) = 473;2 R RX;(R_BA)XJ}]
1P R)

Note: We have used the fact that

R-E (r, t) =0 which follows from the vector 1dentities.



Power radiated

S(r.7) :iR E(r,) = 4ch2 R (I—B-ﬁ)6
el

%ZS'RRZ B 4qﬂc (I_B.f{)6

In the non-relativistic limit: S <<1

Zg ] 4q7z2c Rx[ﬁxﬁ]z } 4j]z2c3 ¥ sin*®



Radiation from a moving charged particle

Variables (notation) :
Rq(tr)z dRQ(tr) =V
Iy 4 dt .

When v<<c:

P ¢’
dQ 4720 M sin® ®
>

/ ’

X
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Radiation power in non-relativistic case -- continued

dP ¢’

aQ 47zc s|¥f"sin”®

p=[aodf 24 i
i 3¢°



Radiation distribution in the relativistic case
dP A g’

i [RARP)B]
d Q) 4rc (I_B‘R)

This expression gives us the energy per unit field
time t. We are often interested in the power per
unit retarded time t=t-R/c:

dP (t) dP(t) dt dr . 5.R
dQ  dQ dt dt.
() o [Rx[(R=p)<B]

dQ drc (l—ﬁ-ﬁ)s

t.=t—R/c



Some details —

The power derived from the Poynting vector in terms of the field

times is given by:
2
2

()
aQ Are (1_ﬁ,ﬁ)6

dP—S.RRz— q

t.=t—R/c

The integrated power would.be given by
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More comments

~ F-R,(1)
t=t—
C
k=R ()
t=t +
C
di (LRG| PR
dt, cdr ‘r -R,(t,)
L ) g [Re[(Rp)<B]

t.=t—R/c



Why do you think it useful to measure the power as
energy per unit retarded time P.?
1. Jackson likes to torture us.

2. There should be no difference.
3. 777



Radiation distribution in the relativistic case -- continued

ar. (1) _ ¢’ Rx|(R-)<B|
dQ _472'6 (l_ﬁ,ﬁ)s
For linear acceleration: BxB=0
d])r(tr)_ q2 R x (Rx[i)
iQ e (1-p )5

t.=t—R/c

t.=t—R/c




Power from linearly accelerating particle

d})r(tr) _ qz R (Rxﬁ) _q “-,‘2 sin” ¢
iQ ( )5  4nc (1-fScos 6?)5
t.=t—R/c
T\ o
p=0

T T T T | T
0 20 40 60 80 100 120 140 160



Polar plots:

Note — two separate plots are introduced in order to see
the drastic change of scale at values of 3 close to 1.
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Power from linearly accelerating particle
2

d})r(tr)_ q’ ﬁx(ﬁx[}) ¢ “-,‘2 sin”
dQ  4rc (l_ﬁ.f{)s 4zc’ " (1- fecosh)
t.=t—R/c
dP.(t,) 24° . p 1
Pr(tr):_“ s dQ:?cTM y®  where y = 7
P.(7)
£ (1)

"ullllli.n"zllzlnn""
E mc



Power distribution for linear acceleration -- continued

d})r(tr)_ q’ ﬁX(RXﬁ) ¢ M sin”
dQ  4zc (l_ﬁ.f{)s Az (1- Bcos@)
t.=t—-R/c
2
Pr(tr):_“dp”(t”)dﬂzzq V| y°  where y= :

dQ) 3¢ 1-



Power distribution for circular acceleration

A

Z
r
0 >~ n 12
P ()¢ Rx[(R-B)<b]
X dQ) 4c (l—ﬁoﬁ)s

g B(-pR) - (Rep) (1-47)
drrc (1_B,f{)5

t,=t—R/c
dP.(t.) 24

B(n)=[d0 00 =3

12 4
A4




Summary of results --For linear acceleration --

X
VAN
r() g RARB)| g sinte
dQ  4xc (l_ﬁ,f{)s 47zc (1—,6’(:086’)5
t,=t—R/c
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Power distribution for circular acceleration

Z

t.=t—R/c

7 Mz . cos” @sin’ ¢
drc’ (1—,6’(:03(6’))3 y (1—,3005(‘9))2



Angular integrals for the two cases —

Linear acceleration

B(¢)=Id3( )

2Sln 60 dsin@ 2q ‘ ‘

dQ) = 27[-.-47%' (l—ﬂcos )

Circular acceleration

:jd}’r(tr) Q= [dg dsing q23 \ik i cos’ Osin’ ¢ 2
dQ) 4re” (1- S cos(6)) 7> (1— Bcos(9))

2
:gq—gMz v



Power distribution for circular acceleration

Z

t.=t—R/c

7 Mz . cos” @sin’ ¢
drc’ (1—,6’(:03(6’))3 y (1—,3005(‘9))2



Spectral composition of electromagnetic radiation
Previously we determined the power distribution from

. ] . C 12
a charged particle: R x [(R B [5) o B}

dP(t) =S-IA{R2 B q2
dQl drrc (l—ﬁ'ﬁ)6

t.=t—R/c

R x ﬁ—B xB
where  ((¢) 4q7w (E(ﬁﬁ))3 }‘

t.=t—R/c

Time integrated power per solid angle:

d—W T dP( sz\a [ dold( i




Spectral composition of electromagnetic radiation -- continued

Time integrated power per solid angle :

o0

j joo dfae) = Oj;da)‘d ()

Fourier amphtude ;

~~/

(l(a))zﬁj} dr dt) e [dor @(w) e

1
U\t)= ——
(¢) ;rd
Parseval’'s theorem

Marc-Antoine Parseval des Chénes 1755-1836

http://Iwww-history.mcs.st-andrews.ac.uk/Biographies/Parseval.html



http://www-history.mcs.st-andrews.ac.uk/Biographies/Parseval.html

Spectral composition of electromagnetic radiation -- continued

Consequences of Parseval's analysis:

Gl jd jd\a :wa‘éi(w){z

Note that: (a)) =" (- o)

0= ol aoftof o

0

2\ % 0%l
=\|d
)j J Y 00w

0

82
0Qow

= 2‘&((0)‘2




o0°1
Qow

?

What is the significance of

1. It is purely a mathematical construct
2. It can be measured



Spectral composition of electromagnetic radiation -- continued

For our case: a(t)= 4q7:0 RX([(RIA}); B}‘
I-B-R

t.=t—R/c

Fourier amplitude'

d(w)= joodt e (1)

\/7 j dt &

Rx| —p)x[}]
1 B R)

t.=t—R/c



Spectral composition of electromagnetic radiation -- continued

Fourier amplitude::

n~~/

a(a))zL Tdt at)e”

N2 2,

2 00

= 87qz—2c_-[odt

ﬁx[(ﬁ—ﬁ)x [3] ,
(l—l}li)z t.=t-R/c

_ q T 7 dt ‘ﬁx[(ﬁ_B)XB] il R, )e)
87° " dt, (_B.f{)3

t,=t—R/c

it

e
‘Rx R- [ix[i]
Y,

io(t, +R(t.)/c)

j dt

8

t,=t—R/c



Spectral composition of electromagnetic radiation -- continued

Exact expression :

t ﬁx[(ﬁ—ﬁ)xﬁl ol +R () c)
2 J d (1_'31,\{)2

Recall: R_(z,)

i
i
<
re
—~~
=~
~—"
Il
=
I
re
Q
~—~
=~
~—
Il
7o

For r>>R (t) R(t.)=r-rt-R_(t,) where p=l
r

N

At the same level of approximation: R =r



Spectral composition of electromagnetic radiation -- continued

Exact expression:

~ 2 @ R x [ R- B x[}] |
a(w) — ‘]2 J‘ dt ( )2 SR )fe)

e * 1_B'ﬁ)

t.=t—R/c

Approximate expression
d(w) _ qzz eia)(r/c) T dtr rx':(r_ﬁ)jl}:” eia)(tr—f'-Rq(tr)/c)

8r°c (I_B,f.)

t.=t—R/c

Resulting spectral intensity expression:

0’1 _ q2 ]?dl‘ f'x[(f‘—ﬁ)x[}]‘ eia)(l‘r—f'-Rq(tr)/c)
0woQ)  4r’c|? (1_B.f)2

t.=t—R/c




Example — radiation from a collinear acceleration burst

0’1 _ q2 Tdf f'x[(f'—[})xﬁ] eia)(tr—f'-Rq(tr)/c)
0woQ) 4r’c|? (1 _l}.f-)z
t.=t—R/c
bav 0<t <1

Suppose that p={ ¢;

0 otherwise

\

227 e f’x[f‘xﬁ] Av
0wdQ 47’ | (1-B-i) e

2

2
T

J‘dtreia)(tr —i-pt,.)

0

Letp-r= [ cosb

2
0’1 B q ( Avsin@  sin(wr(l1-fcosf)/2)
0woQ  4Ar*c’ \ (1- Bcos 6?)2 (wt(1— Bcosb)/2)




Example:

(A

| BAv O0<t <7
Suppose that B =4 7 ’

0 otherwise

2
o'l ¢ Avsin@  sin(wr(1- Bcosd)/2)
0woQ) 4Arn’c (1- Bcos 9)2 (wt(1— Bcosb)/2)

Av

Example: “Bremsstrahlung” radiation
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Spectral composition of electromagnetic radiation -- continued

Alternative expression --

It can be shown that:

Fx| (F—B)xp ] dr(f'X(f‘xﬁ))

(1—B‘f’)2 dt

Integration by parts and assumptions about the integration
limit behaviors shows that the spectral intensity depends on

the following integral:

82 ‘0’| T A A io(t, -1-R_(t,)/c
e s
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