PHY 712 Electrodynamics
10-10:50 AM MWF Online
Class notes for Lecture 4:

Reading: Chapter 1 -3 in JDJ
Electrostatic potentials

1. One, two, and three dimensions
(Cartesian coordinates)

2. Mean value theorem for the
electrostatic potential
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Online Colloquium: “ALIX in Wonderland: Multivalency,
Phosphorylation-mediated Amyloids, Autoinhibition, and
Endosomal Membrane Interactions” — February 4, 2021
at4 PM

Lalit Deshmukh, PhD

Assistant Professor

Department of Chemistry and Biochemistry

University of California, San Diego

Thursday, February 4, 2021 4:00 PM EST

Via Video Conference (contact wfuphys@wfu.edu for link information)
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PHY 712 Electrodynamics

|MWF 10-10:50 PM |0n|ine http://www.wfu.edu/~natalie/s21 p_hy?12!‘

Instructor: Natalie Holzwarth |Office:300 OPL

e-mail:natalie@wfu.edu ‘

Course schedule for Spring 2021

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW Due date
1 |Wed: 01/27/2021 |Chap. 1 & Appen. Introduction, units and Poisson equation #1 01/29/2021
2 |Fri: 01/29/2021 |Chap. 1 Electrostatic energy calculations #2 02/01/2021
3 |Mon: 02/01/2021 |Chap. 1 & 2 Electrostatic potentials and fields #3 02/03/2021
4 |Wed: 02/03/2021 |Chap.1-3 Poisson's equation in 2 and 3 dimensions #4 02/05/2021
9 |Fri: 02/05/2021 |Chap.1-3 Brief introduction to numerical methods
6 [(Mon: 02/08/2021 |Chap.2 & 3 Image charge constructions

.............. [~ ~ o - [ ' ' f . . ' e [
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Spring 2021 Schedule
for N. A. W. Holzwarth

Tuesday Wednesday Thursday
9:00-10:00 PHY712
Discussions
10:00-11:00 | Electrodynamics PHY341/641 Electrodynamics Electrodynamics
11:00-12:00
12:00-12:30 | Thermo & SM Thermo & SM Thermo & SM
12:30-1:00 | pHy341/641 PHY341/641 PHY341/641
1:00-2:00 Office hours Office hours Office hours
2:00-3:00 Thermo & SM Thermo & SM Thermo & SM
PHY341/641 PHY341/641 PHY341/641
3:00-4:00
4:00-5:00

Additional schedule items

¢ One-on-one PHY 712 and 341/641 meetings -- 0.5 hr
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Poisson Equation

V2O ,(r) = - p(r)
€0

Solution to Poisson equation using Green's function G(r,r'):

j d’r' p(r"G(r,r'") +

b= dre,

[ GOV IO - )V ()]
T



Poisson equation for one-dimensional system

D ,(x) _ p(x)

. dx’ &,
Example solution:

D, (x) = 4;5 J: G(x,x)p(x")dx'+ C, + C,x
0

where G(x,x")=4zx_ where x_ 1s the smaller of x and x;

C, and C, are constants.

Check:
D, (x)= f{jxoox'p(x')dx' + xjjp(x')dx'} +C +C,x
0
2
dCDP(X) — 1 J. p()C')dX'-FCz — d CDPz('x) — _,O(X)
dx Ey ¥ dx &,



Note that

4 o dB(x) dA(x) "¢ of(x,x")
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Question

Example solution:
1

dre, *-

(Dp(x):

Why these extra terms?
- &

joo G(x,x)p(x"Ydx'+ C, +C,x

where G(x,x")=4rx_ where x_ 1s the smaller of x and x;

C, and C, are constants.

I, () plx),

dx’ &,
Checking:
2 2
d Cz’1 0 d C22x 0
dx dx
2 '
4G6x) —4ro(x—x")

dx’

d2 > ! ! !

7 | G, x)p(xyx
= —472]1 o(x—x"p(x"dx'
=—47p(x)



General procedure for constructing Green’s function for one-
dimensional system using 2 independent solutions of the
homogeneous equations

Consider two independent solutions to the homogeneous equation
V2§(x) = 0

wherei=1or 2. Let

G(x,x') = %ﬁl (), (x).

This notation means that x_ should be taken as the

smaller of x and x' and x_ should be taken as the larger.

= S (5) - 0 22

"Wronskian":

Beautiful method; but only works in one dimension.



Orthogonal function expansions and Green’s functions

Suppose we have a “complete” set of orthogonal functions {u,(z)} defined in the

interval r; < x < x5 such that

L (@)t (2) d = O

1
We can show that the completeness of this functions implies that

>

Z Uy (2) Uy (2) = 6(x — 2).

n=1

This relation allows us to use these functions to represent a Green’s function for our

system. For the 1-dimensional Poisson equation, the Green’s function satisfies

82 ! !
ﬁG(m.}m ) = —4nd(x — x').
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Orthogonal function expansion -- continued

Suppose the orthogonal functions satisfy an eigenvalue equation:
2

@, (6) =0,

dx’

where the functions u (x) also satisfy the appropriate boundary

conditions, then we can construct the Green's function:

G(x,x") = 47ZZM (x)u (x)
Check:
d_xzzG(x,x') _ 472_2 (—Olnun (0):))“” (X') _ _472'274” ()C)I/ln ()C v)

=—4xo(x—Xx")



Example

For example, consider the previous example in the interval

—a<x<a:
0

px)=1 "
+0,
0

\

for x < —a
for —a<x<0
for 0<x<a

for x> a

We want to solve the Poisson equation with boundary condition
d®(—a)/dx=0and dd(a)/dx=0. We may choose

1 .
u (x)=,/—sin

a

G(x,x") = 4r

HZ_:? ([2;1 +17 jz
2a

a

[2n +1]7x

> j and the corresponding Green's function
a

Sin([zn + 1]7zxjsm([2n + l]ﬂx'j

2a 2a




Example -- continued
This form of the one-dimensional Green's function only allows us to find a

solution to the Poisson equation within the interval —a < x < a from

|
D(x) =
(x) dre

([2;1 +1]7 j
_ P’ N 1
=P = €, Z; 20417y 2

choosing C, so that ®(—a) =0.

e

0 for x <—a
&(era)z for —a<x<0
2¢,

Exact result: ®(x) =1 _&(x —a)’ + £ic for 0<x<a

2¢, )
&az for x>a




Some details --

(0 for x < —a . ([2n+l] ) ([2n+1] j
w Sin Sin

—p, for —a<x<0 Gux)=2" Z 24 2a__J,

n=0 2 | ?
+p, for O0<x<a (Mj

2a
[2n+1]7x j Sm([zn + l]ﬂxj

Lol 2a ) _ 2a
R T e e O S (E T s

p(x) =+

\

0 for x> a
Sln(

0 2 4 6 8 10

-0.498 -

-0.500- —

-0.502-

S(x=-a,N) -0.504-
-0.506-

-0.508-

-0.510-

-0.512-

-0.514-

-0.516 .
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Example -- continued

. ([2n+ l]ﬂxj
) _ sin 5
O(x) =27 16— =%
€ =  ([2n+1]7)
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Is the eigenfunction expansion for constructing Green’s

functions unique?
a. Yes
b. No

Assuming that there are more than one possible
eigenfunction expansion, how do you choose?



Orthogonal function expansions in 2 and 3 dimensions

V20 (r) = 82;)6(1‘) 821;(1*) 822(1") o) /e,

Let {u,(x)}, {v,(»)}, {w,(2)} denote complete orthogonal

function sets in the x, y, and z dimensions, respectively. The

Green's function construction becomes:

G(xax'ayay'az,Z') = 47[2 ul(x)ul (‘x )Vm (y)vm (y )Wn (Z)Wn (Z )
Imn al + IBm + ?/n

b

where

j_uz(x)_ alul(x) d_v (y)_ ,Bmvm(y) and d_w (Z)——]/an(Z)
X y dz’

(See Eq. 3.167 in Jackson for example.)



Details of a two-dimensional example --

Example:

b—<

—

\ )

la
Two dimensional box with sides a and b with boundary
conditions: @(0,y)=d(a,y)=d(x,0)=d(x,b)=0

0’ D(r) 82CD(r)

V’®(r) = =—p(r) /¢,
ox” 8)/
G(x,x',y,y") = 47zz “ (x)“z(;): ﬂ(y)v 2 ().
d’ 4’

where —-u,(x) = —ou,(x), —V W (X)==L,,(y)
dx’ dy”
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Two dimensional example continued --

a

u,(x)= gSin(lﬂ—xj v (y)= %Sin(mzyj with anz(l—ﬂ

a a

G(x,x',y,y) =41y " ()uy (;C '):m’;y)vm ()

My

. (Zﬂx) . (lﬂx'). (
sin| —— |[sin sin
_ 16 Z a a b

N OO
a b
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dimensional box
with sides a and
b with boundary

conditions:
D(0,y)=d(a,y)=
‘ | @(x,0)=d(x,b)=0
I'a
1 3.1 ' '
O(r) = A de r'p(rG(r,r') +
E | )
Don’t know this term’ ' Know this term=0
1 2 ! ! ' 99 |
. e r'[Gr,r)V'O(r")-d(r)V'G(r,r")]-r'.
T

=By design G(r,r’) vanishes on boundary.
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Example #1:  p(x,y)= posm(ﬂxjsm(?/j
a

Example #2:  p(x,y)=p,

j d’r' p(r"G(r,r")

o) = 4re

For this case:

[ lnx [rx"\ . (mry mmry'
16 sin . sin . sin . sin f
G(x,x,y,y") =

ﬂab Im (ij N (mj2
a b

232
For example #1: ®D(x,y) = ,200a2b 5 Sin(ﬂxjsin(ﬂyJ
€7 (a”+b7) a b




Combined orthogonal function expansion and
homogeneous solution construction of Green’s function
in 2 and 3 dimensions.
An alternative method of finding Green's functions for a second order
ordinary differential equations (in 1 dimension) 1s based on a product of
two independent solutions of the homogeneous equation, ¢ (x) and ¢, (x):

4r
aé 4 _
’» ¢, — ¢

where x_ denotes the smaller of x and x'.

G(x,x") = K¢ (x )9, (x.), where K = %9

dx

For the two and three dimensional cases, we can use this
technique in one of the dimensions in order to reduce the
number of summation terms. These ideas are discussed in
Section 3.11 of Jackson.



Green’s function construction -- continued
For the two dimensional case, for example, we can assume that the

Green's function can be written in the form:

d2
Gxx', 1,y = T, (D, ()2, (1,3 Where 1, (x) = ~t,u, (+)

The y dependence of this equation will have the required

2

behavior, if we choose: {—an + ?} g (y,y)=—4n5(y—),
Y

which 1n turn can be expressed in terms of the two independent

solutions v, (y) and v, () of the homogeneous equation:




0’ : ,
|:—0(n +—2}gn(y,y ) :—4775()/_)/ )9

oy
. 4r
g,(,y)=—v, (v, (1.)
Kl’l
d2
where: {—2 - an}vn, (y)=0,
dy !
dv, dv,
and K =—v_-v, 2
dy ' dy

For example, choose v, () =sinh(,/a,») and v, (y)=sinh(\/a, (b))

where K = \/OTn sinh(\/OZ D)

using the 1dentity: cosh(7)sinh(s) + sinh(7)cosh(s) = sinh(7 + s)



Example:

b—<

—

\ )

la
Two dimensional box with sides a and b with boundary
conditions: @(0,y)=d(a,y)=d(x,0)=d(x,b)=0

D(r) = —j d’r' p(r"G(r,r') +
Dor11t kn82w'th|s term' ' Know this teAr'm
s d'r [G(r rYV'o")-or")\V'G(r,r )]

G(x,x',y,y") =D u,(X)u, (x ')z—ﬂvnl (v, (3.).
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Example:

b —

—

la
Two dimensional box with sides a and b with boundary
conditions: @(0,y)=d(a,y)=d(x,0)=d(x,b)=0

For this type of problem, it is necessary to construct G(x,x',y, ")

so that 1t vanishes on the boundary:
G(x,x,y,0)=G(x,x,y,b) =G(x,0,y,y)=G(x,a,y,y")=0
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G(x,x',y,y") = Zu (xX)u, (X)—vnl (Y, (1.).

d_zu (x)=—a u, (x) where u (0)=u(a)=0

dx?
2 . ( nrx nix ?
=>u (x)=,|—sin| — a, =|—
a a a

{% - (%j }Vn, (»)=0
v, () =sinh (Eyj v, (¥)= smh(

K, = Esmh(rmbj

a a

a

(5-2))



Green’s function construction -- continued

G(x,x',y,y") =D u,(X)u,(xNK,v, (¥ v, (1.).

For example. a Green's function for a two-dimensional rectangular system
9

with 0 < x < a and 0 < y < b, which vanishes on the rectangular boundaries:

. sin(mjsin(nﬂx jsinh(’my< jsinh(m(b —y>)j
a a a a

G(x,x',,5") =8 n7h
n=l1 n sinh()

a

la
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P

D(r) = e a’3r p(r"G(r,r") + =0

1 21 " — "WV' '
G F) —O(r)V'G(r,r)]

sin| 222 [sin| 222 |sinh| 222 |sinh (b )
, : a a a
- nsinh| ——
a
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. sm(@jsin(nﬂx jsinh Y. )sinh(ﬂ(b—)g)j
' ' a a a a
G(xaxayay)zgz n7Z'b )
n=l1 nsinh —j

Example:  p(x,y) = p,sin ( el j sin ( iy j
a

D(r) = — j d*r' p(r\G(r,r")

In this example, only n=1 contributes because
j dx' sm(ﬂx jsin(nﬂx j = g51,1
a a 2

D(x,y) = 5P, a sm(ﬂxjx
47e, 2sinh(7a/ b) a

(sinh(ﬂ(b_y)jj.dy'sin(szinhﬁﬂyvj+sinh(wjidy'sin(ﬂy')sinh(ﬂ(b_y')j]
0 b a s b a

a a

j *a lot of dust!

212
When the dust clears: D(x,y) = Po a’b > sm(ﬂ * jsm(ﬂ
7’ (a’ +b%) a b

PHY 712 Spring 2021 -- Lecture 4
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A useful theorem for electrostatics

The mean value theorem (Problem 1.10 in Jackson)

The “mean value theorem” value theorem (problem 1.10 of your textbook) states that the
value of ®(r) at the arbitrary (charge-free) point r is equal to the average of ®(r’) over
the surface of any sphere centered on the point r (see Jackson problem #1.10). One way
to prove this theorem is the following. Consider a point r’ = r + u, where u will
describe a sphere of radius R about the fixed point r. We can make a Taylor series

expansion of the electrostatic potential ®(r’) about the fixed point r:

! (u-V)S@(r)-I—L(wV)’q”‘I)(r)—F* ce

3!
(1)

According to the premise of the theorem, we want to integrate both sides of the equation

¢(r+u) = ®¢(r)+u-Ve(r)+ ;!(u-V)Z@(r)+

1 over a sphere of radius R in the variable u:

2m +1
/ dS, = R? f do,, / d cos(8,,). (2)
sphere 0 ~1
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Mean value theorem - continued

We note that
27 +1
RQ/ dc;i-u/- dcos(0,)1 = 4T R?,
0 -1

27 +1
sz dqbuf dcos(fy)u-V =0,
0 -1

A7 R*

v?
3 ’

2 +1
R? / depu, / dcos(f,)(u-V)? =
0 —1

2 +1
sz dc;buf dcos(0,)(u-V)* =0,
0 -1

and

47 R® ot

2w +1
RZ/ déuf dcos(fy)(u-V)?* =
0 —1

Since V2®(r) = 0, the only non-zero term of the average is thus the first term:

27 +1
R? / du, / d cos(0,)®(r + u) = 47 R?®(r),
0

-1

or
1

27 +1 1
RQ/ do / dcos(0,)P(r +u) = / dS.,®(r + u).
47 R? 0 ) (6u)2( ) 47 R? Jsphere « M )
Since this result is independent of the radius R, we see that we have the theorem.
02/03/2021 PHY 712 Spring 2021 -- Lecture 4
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Summary:. Mean value theorem

D(r) =

y szR dQ O(r +u)
7T

¢
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