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PHY 712 Electrodynamics
10-10:50 AM  MWF  Online
Class notes for Lecture 4: 

Reading: Chapter 1 - 3 in JDJ

Electrostatic potentials 

1. One, two, and three dimensions 
(Cartesian coordinates)

2. Mean value theorem for the 
electrostatic potential
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Poisson Equation
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Solution to Poisson equation using Green's function '

' ' '

' ' ' ' ' ' '
4

'

V

S

G

d r G

d r G G

ρ
πε

π

Φ = +

∇ Φ −Φ ∇ ⋅

∫

∫

r r

r r r r

r r r r r r r



02/03/2021 PHY 712  Spring 2021 -- Lecture 4 6

Poisson equation for one-dimensional system
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Example solution:

' ' '    

where   '  where  is the smaller of  and ';
 and C  are constants.
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General procedure for constructing Green’s function for one-
dimensional system using 2 independent solutions of the 
homogeneous equations
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Orthogonal function expansion -- continued

2

2 ( ) ( )

where the functions ( ) also satisfy

Suppose the orthogonal functions satisfy 

 the appropriate boundary
conditions, then

an eigenvalue equ

 we can construct

ation:

 the Green's function

n n n

n

d u x u x
dx

u x

α= −

( )2

2

:
( ) ( ')( , ') 4 .

Check:
( ) ( ')

( , ') 4 4 ( ) ( ')

                                                              = 4 ( )

n n

n n

n n n
n n

n nn

u x u xG x x

u x u xd G x x u x u x
dx

x x

π
α

α
π π

α
πδ

=

−
= = −

′− −

∑

∑ ∑



02/03/2021 PHY 712  Spring 2021 -- Lecture 4 12

Example
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Example -- continued
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This form of the one-dimensional Green's function only allows us to find a
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Some details --

0

0

   

0 for  
for 0

( )
for  0

0 for  

x a
a x

x
x a

x a

ρ
ρ

ρ

< −
− − < <= + < <
 >

2
0

[2 1] [2 1]sin sin
4 2 2( , ') .

[2 1]
2

n

n x n x
a aG x x

a n
a

π π
π

π

∞

=

′+ +   
   
   =

+ 
 
 

∑

2
0

3 3
0 00 0

[2 1] [2 1]sin sin
1 2 2( , ) ( ) 16 ;   ( , ) 16

4 ([2 1] ) ([2 1] )

Na

a
n n

n x n x
a a adx G x x x S x N

n n

π π
ρρ

πε π π

∞

−
= =

 + +   
       ′ ′ ′  = ≡

+ + 
 
 

∑ ∑∫ 

( , )S x a N= −



02/03/2021 PHY 712  Spring 2021 -- Lecture 4 15

Example -- continued
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Is the eigenfunction expansion for constructing Green’s 
functions unique?

a. Yes
b. No

Assuming that there are more than one possible 
eigenfunction expansion, how do you choose?
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Orthogonal function expansions in 2 and 3 dimensions
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Example:

b

a
Two dimensional box with sides a and b with boundary 
conditions:   Φ(0,y)=Φ(a,y)=Φ(x,0)=Φ(x,b)=0

Details of a two-dimensional example --
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Two dimensional example continued --
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Example two-dimensional system continued -- Two 
dimensional box 
with sides a and 
b with boundary 
conditions:   
Φ(0,y)=Φ(a,y)=
Φ(x,0)=Φ(x,b)=0

By design G(r,r’) vanishes on boundary.



02/03/2021 PHY 712  Spring 2021 -- Lecture 4 21

0

0

3

0

)

Example #1:      sin sin

Exa  

( , )

(mple #2:    

'

, )
1( ) ( ) ( ,

4

 

' '
V

a b
x yx y

x y

d r G

π πρ ρ

ρ ρ

ρ
πε

   
   =
   

=

Φ = ∫r r r r

2 2

2 2
0

2 2 2
0

' 'sin sin sin sin
16( , ', , ')

For example #1:   ( , ) sin sin
(

For this case:

)

lm

l x l x m y m y
a a b bG x x y y

ab l m
a b

a b x yx y
a b a b

π π π π

π

ρ π π
π

       
       
       =

   
   
   

   Φ =    

+

+    

∑





02/03/2021 PHY 712  Spring 2021 -- Lecture 4 22

Combined orthogonal function expansion and 
homogeneous solution construction of Green’s function

in 2 and 3 dimensions.

1

An alternative method of finding Green's functions for a second order
ordinary differential equations (in 1 dimension) is based on a product of 
two independent solutions of the homogeneous equation, φ
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For the two and three dimensional cases, we can use this 
technique in one of the dimensions in order to reduce the 
number of summation terms.  These ideas are discussed in 
Section 3.11 of Jackson.
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Green’s function construction -- continued

2

2 )

For the two dimensional case, for example, we can assume that the 
Green's function can be w

( , ', , ') ( ) ( ') ( , '

ritten in the form:

r)  (e )wh e  (n n nn
n

n n
dG x x y y u x u x g y y u x u x
dx

α= = −∑

1

2

2 ( , ) 4 ( ),

(

The  dependence of this equation will have the required 

behavior, if we choose:   

which in turn can be expressed in terms of the two independent
solutions  ) an

n n

n

y

g y y y y
y

v y

α πδ′ ′ ∂
− + = − − ∂ 

2

1 2

2 1

2

2

d ( ) of the homogeneous equation:

( ) 0,

and the Wronskian constant:  

i

n

n n

n n
n n n

v y

d v y
dy

dv dv
K v v

dy dy

α
 

− = 
 

≡ −



02/03/2021 PHY 712  Spring 2021 -- Lecture 4 24

1

1 2

2

2

1

2

1

2

2

2

2

( , ) 4 ( ),

4( , ) ( ) ( )

where:       ( ) 0,

and   

For example, choose sinh( )    and   sinh( ))

   where

( ) ( ) (

i

n n

n n n
n

n n

n n
n n n

n n n n

g y y y y
y

g y y v y v y
K

d v y
dy

dv dv
K v v

dy dy

v y v yy y b

α πδ

π

α

α α

′ ′

′
< >

 ∂
− + = − − ∂ 

=

 
− = 

 

= −

≡ −

=

   sinh( )        
          using the identity:  cosh( )sinh( ) sinh( )cosh( ) sinh( ) 

n n nK b
r s r s r s

α α
+

=

= +



02/03/2021 PHY 712  Spring 2021 -- Lecture 4 25

Example:

b

a
Two dimensional box with sides a and b with boundary 
conditions:   Φ(0,y)=Φ(a,y)=Φ(x,0)=Φ(x,b)=0
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Example:

b

a
Two dimensional box with sides a and b with boundary 
conditions:   Φ(0,y)=Φ(a,y)=Φ(x,0)=Φ(x,b)=0

For this type of problem, it is necessary to construct ( , ', , ')
so that it vanishes on the boundary:
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Green’s function construction -- continued
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Example:      sin sin( , )
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∫



n' ')si (hy b y
b a

π    
       

−
 

2 2
0

2 2 2
0

When the dust clears:       ( , ) sin sin
)

 
(

b x y
b

y ax
ba a

ρ π π
π

   
   


=

+ 
Φ

 
*a lot of dust!
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Summary:   Mean value theorem

2
2( )  ( )1

4 uR
R d

π
Φ = Ω Φ +∫r r u

r
u


	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33

