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PHY 712 Electrodynamics
10-10:50 AM  MWF  Online

Plan for Lecture 7:

Start reading Chapter 3

Solution of Poisson/Laplace equation 
for special geometries –

A. Cylindrical

B. Spherical
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Tomorrow’s colloquium 
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Solution of the Poisson/Laplace equation in various 
geometries -- cylindrical geometry with no z-dependence 
(infinitely long wire, for example):
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ρ
φ

Cylindrical coordinates with trivial z-dependence –
some details:
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Solution of the Poisson/Laplace equation in various 
geometries -- cylindrical geometry with no z-dependence 
(infinitely long wire, for example):
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Comments and details Change notation
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Note that:    For this extended charge distribution, 
Coulomb's law in its original form diverges:     
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Some details
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Example continued -- m=0 only --
Top view:

a
b

0
(

0
)

0

r a
D a

r b
r r bρ

< <


 >

= ≤



≤

( )

( )

( )

2 2 2 2 2 2

0

2 2 2 2 2 2

0

2 2 2

0

ln( ) ln( )
4

( ) ln( ) ln( )
4

ln( )

0D b a b a ab r a

b aDr b r b a r r b

D a r bb r


− < <


 −



>


− +

Φ = − + ≤ ≤

−








( ) ( )( )2

1

2

00 0

1, ', , ') ln 2 cos '

),1( , )) (,' ' ' ,
4

' , '

m

m

rG

r

(r r  r m
m

rr r d

r

Grd (r
π

ϕ ϕ ρ ϕ
π

ϕ ϕ ϕ ϕ

ϕ ϕ

∞
<

=

∞

>
>

 
= − +

′

− 

Φ =



′


∑

∫ ∫



02/10/2021 PHY 712  Spring 2021 -- Lecture 7 11

Example continued -- m=0 only --
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Solution of the Poisson/Laplace equation in various 
geometries -- cylindrical geometry with z-dependence
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Cylindrical geometry continued:

( ) ( )kρNkρJ    Rmk
d
dR

d
Rd

eQQm
d

Qd

ekzkzzZZk
dz

Zd

mm

im

kz

,   01

)(            0

),cosh(),sinh()(            0

2

2
2

2

2

2
2

2

2
2

2

⇒=







−++

=⇒=+

=⇒=−

±

±

ρρρρ

φ
φ

φ

ρ
φ

z

( ) ( ) ( ) ( )
:ypossibilit One

,,
 0             :equation Laplace 2

zZQRz φρφρ =Φ
=Φ∇



02/10/2021 PHY 712  Spring 2021 -- Lecture 7 14

Cylindrical geometry continued:
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

( )

( )

( )

,

2

0 0

2

( , , ) ( , )
( , , ) 0   on all other boundaries
( , , ) ( )sinh( )sin

If ( , ) is an even function of  so that / 2 :

cos ( ) ( , )

sinh( ) cos

mn m mn mn mn
n m

mn
a

m mn

mn

mn

z L V
z
z A J k k z m

V

d m d J k V
A

k L d m

π

ρ ϕ ρ ϕ
ρ ϕ
ρ ϕ ρ ϕ α

ρ ϕ ϕ α π

ϕ ϕ ρ ρ ρ ρ ϕ

ϕ ϕ

Φ = =
Φ =

Φ = +

=

=

∑

∫ ∫
2

2

0 0

( )
a

m mnd J k
π

ρ ρ ρ∫ ∫



02/10/2021 PHY 712  Spring 2021 -- Lecture 7 17

( )∑ +













=Φ

=Φ
==Φ

mn
mnmmn m

L
zn

L
nIAz

z
zVza

,
sinsin),,(

boundariesother  allon    0),,(
),(),,(

αφππρφρ

φρ
φφρ

Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at ρ=a

kρ

)( ρkIm m=0

m=1 m=2



02/10/2021 PHY 712  Spring 2021 -- Lecture 7 18

( )

( )

,

2

0 0

( , , ) ( , )
( , , ) 0   on all other boundaries

( , , ) sin sin

If ( , ) is an even function of  so that /2:

cos sin ( , )

mn m mn
n m

mn
L

mn

m

a z V z
z

n n zz A I m
L L

V z α

n zd m dz V z
L

A
n aI

L

π

ρ ϕ ϕ
ρ ϕ

πρ πρ ϕ ϕ α

ϕ ϕ π

πϕ ϕ ϕ

π

Φ = =
Φ =

   Φ = +   
   

=

 
 
 =



∑

∫ ∫

( )
2

2 2

0 0

cos sin
L n zd m dz

L

π πϕ ϕ  
   
   ∫ ∫

Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at ρ=a



02/10/2021 PHY 712  Spring 2021 -- Lecture 7 19

Green’s function for Dirchelet boundary value 
inside cylindar:
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Comments on cylindrical Bessel functions
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Comments on cylindrical Bessel functions
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Some useful identities involving cylindrical Bessel 
functions
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Poisson and Laplace equation in spherical polar 
coordinates

http://www.uic.edu/classes/eecs/eecs520/textbook/node32.html
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Properties of spherical harmonic functions
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Useful identity:
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Example  -- continued
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Useful identity:
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Some spherical harmonic functions:
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