PHY 712 Electrodynamics
10-10:50 AM MWF Online
Class for Lecture 9:
Continue reading Chapter 4
Dipolar fields and dielectrics
A. Electric field due to a dipole
B. Electric polarization P

C. Electric displacement D and
dielectric functions

02/15/2021 PHY 712 Spring 2021 -- Lecture 9



Course schedule for Spring 2021

(Preliminary schedule -- subject to frequent adjustment.)
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PHY 712 Spring 2021 -- Lecture 9

Lecture date JDJ Reading Topic HW Due date
1 |Wed: 01/27/2021 |Chap. 1 & Appen. (Introduction, units and Poisson equation #1  01/29/2021
2 |Fri: 01/29/2021 |Chap. 1 Electrostatic energy calculations #2 02/01/2021
3 [Mon: 02/01/2021 |Chap. 1 &2 Electrostatic potentials and fields #3  102/03/2021
4 |Wed: 02/03/2021 |Chap.1-3 Poisson's equation in 2 and 3 dimensions #4  02/05/2021
5 |Fri: 02/05/2021  |Chap.1-3 Brief introduction to numerical methods #5 102/08/2021
6 [Mon: 02/08/2021 |Chap.2 & 3 Image charge constructions #6  102/10/2021
7 |Wed: 02/10/2021 |Chap. 2 & 3 Cylindrical and spherical geometries
8 |Fri: 02/12/2021  |Chap. 3 & 4 Spherical geometry and multipole moments  #7  02/15/2021
9 [Mon: 02/15/2021 |Chap. 4 Dipoles and Dielectrics #8  02/17/2021
10 Wed: 02/17/2021 |Chap. 4 Polarization and Dielectrics
11 |Fri: 02/19/2021  |Chap. 5 Magnetostatics
12 Mon: 02/22/2021 |Chap. 5 Magnetic dipoles and hyperfine interaction




Your questions —

From Gao -- About boundary value, assuming the screen is the boundary

surface, and for E1t=E2t, if E1t is in x direction and E2t is in y direction, of course E1t

and E2t are in the same plane, the screen surface. Will the equation E1t=E2t still be
correct?



Review: General results for a multipole analysis of the
electrostatic potential due to an isolated charge distribution:

General form of electrostatic potential with boundary value ®(» — o) =0
for confined charge density p(r):

jd3r' p(r')

(D(r): |r—r'|

47[50

' 472. rl ' '
el LA )[zzl Lo (00))

Im

Suppose that p Z ,0[

:>(D(l‘): | Z 1 Y (g’gp)E%J‘orerHdrvplm(rv)_i_rl-":orvll drvplm(rv)j

g5 20 +1 "

1 1 | \
For r — oo CD(r):g Zzl_i_lY,m(@,go)rm jo #1250 g, sz(”)
0 \ J

'qlm




Comment --
Acts like a projection

o (r) = jd3r' p(r') operator
dre, |r—r'
jdvp ) T "y (60
"4z, 2+1p "
Suppose that ,0 Z sz 6" ')
] 1 1 o . RS '
= O(r)= 5_0%:2l+1 ((9g0)( jor'2 ‘dr'p,, (r )+rlL r' dr'p,, (r ))

Why? -- Recall that
Jaoy, (0291, (029)=0

[A,mu
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The the multipole analysis has the following general behavior
for r=>infinity:

For r outside the extent of p(

o) = L5 A2 Ll 1 oty (0, 0)0(0)

4rze, m 2l+1

1 4 q, Y, 0,0 _ [P+ g '
" 4re ZZ 2+l Zr(z+1 ) %m—jo’”zld’” P (')
0 Im

In terms of Cartesian expansion ;
| p r

472'80
Here q, p;, and Q; are linearly proportional to the q,
multipole values.




The multipole analysis also can be used to analyze the
the electrostatic fields for r>0 as needed in the following
example involving a very localized charge density p(r) in
a electrostatic field ®(r) (such as a nucleus in the field
produced by electrons in an atom).

charge density

within nucleus electrostatic potential

due to electrons near
W= jd3r p(r)(r)  the nucleus.




Consider the following example of a charge distribution

2
p(r)= 1 3 (ij e”*sin’ @
a

64

Note that : 1/4?”}’20(6?,¢)=écosz 9—% :1—%sin2 0

2

. 2 214 2 /4 2 /4
sz‘gzg_g ?ﬂY20(99¢):3 TﬂYOO(es¢)_§ 57[20(6’ ¢)

:>p(l‘) :Ooo( ) 00(99¢)+:020( )Y (‘9’ )

D) = Doy (7)Y (6: )+ Dy ()12 (6, 6)

4r
Pin = 47ng 20+1 ”1

' dr O (r') 47! ro p dr'p, (r')j
2
Poo (r ) = V4

(_j e—r/a 0 () z 4 q (sze”a
3 647za 20 3V 5 647’ L a




Writing out the details of the potential from evaluating integrals
q -rla 3 2 1”3
D, Ndr—=|1-e 1+
o(r)= 47ng [ ( da 4 24a3D
2 2 3 4 5
D, (r)=- 6 ‘/477 el A [ L O L I R, A
dre, NV S r a 2a° 6a 24a° 144a

For r — oo; in terms for Legendre polynomials:

P (r)—>— (1—6&10 (Cosé’)j Y, (6,4)=

47e, 4

21 +1

4

B(cosO)

For r — 0;1n terms for Legendre polynomials :

R P )

dre,\ 4a 120a




More details continued --

For r — 0;1n terms for Legendre polynomials :

q 1 r
® - P,(cos@
(r)_)47zgo(4a 1204’ : (cos )}

Implications for electric quadrupole interaction :

82CD P 2 2
W — Z 0, arar) . P, (cosf)=3cos* 0 -1 2;(32 r)

For » — 0;1n terms of Cartesian coordinates

q 1 227 —x>—y°
(D(l‘) — N 3
e, \ 4a 240a

o’®(0) _o’@(0)  18°®(0) ¢ 1
x> ot 2 o 4re, 120a




Another example of multipole distribution -- continued

Electric quadrupole interaction:

=—Z fa;j)ar) 1£Qxxazq>(o)+Q azq>(o)+Q @@(0)]

irJ 6 Ox” Yoy -
. . 1 1
For symmetric nuclei, O_=0q = —EQxx - _5 »y
2
UL R 3
4rg, 240a

Here g stands for the elementary charge
q=e=1.602176634x10-1°C



Notion of multipole moment:

In the spherical harmonic representation - -

define the moment g, of the (confined) charge distribution p(r):
jd3 ' vl )p(r )

In the Cartesian representation - -

define the monopole moment ¢ :
= [d’r'p(r')
define the dipole moment p :
p= [dr'v p(r')

define the quadrupole moment components Q,; (i,j — x,y,z)

O = jd3r' (3r'l. r'j—r'z o, )p(r')



General form of electrostatic potential in terms of
multipole moments:

For r outside the extent of ,0(

ofe) = L5 A7 Lul00Nj iy, (o)l

4re, “m 21+1

1 Z 4z qlm Im (9’¢)

dre, 4= 20+1 7'

In terms of Cartesian expansion ;

(r) = 1 [q P ) J

4re,



Focus on dipolar contributions:

For r outside the extent of p(r):

Electrostatic potential:

o0 - {E

dre, \ r

Electrostatic field:

5

(1) 1 [3r (p-r)—rp _4372p53(r))

N 47e, r
. 2

Poorly defined for r — 0

*

Correct value forr = 0
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“Justification” of surprizing d-function term in dipole electric
field -- Assuming dipole is located at r=0, we need to need to
evaluate the electrostatic field near r=0:

We will use the approximation:

E(r ~ 0) ~ ( [ E(r)d3r)53 )
sphere
First we note that:

3., p2 ~
LRE(r)d r=—R LRcD(r)rdsz.



Some details:
j _EMdr=-R*|  d(r)idQ.
This result follows from the divergence theorem:

urface

In our case, this theorem can be used for each cartesian coordinate

if we choose V = x®(r) for the x component, etc.

| _vomdr=i] V-G®)’r+§| V-GO)dr+2[ V-(@d)d'r,
which 1s equal to:

| OORAQ(G DI+ (G- DI +@-7) = [ OEORIOF

Therefore --

LRE(")‘Z r = ‘LR VO (r)d’r = -R’ jR O (r)tdQ.



More details

3., p2 ~
LRE(r)d r=-R LRcD(r)rdsz.

Now, we notice that the electrostatic potential can be determined

from the charge density p(r) according to:

O(r) = [d'r L - S0 o) Y O, )

4re, lr—r | 4dre, 5 20 +1

>

We also note that the unit vector can be written in terms of spherical harmonic functions:
sin(6) cos(@)X + sin(8) sin(@)y + cos(H)2

E (Y () "jz’y +Y, (F >"‘j§’y ¥ Ym<f~>ij

4r . X+ 1Y . —X + 1Y . A
[ @(r)rdsz——jd3r'p<r>— —[Ym) A y+Ym<r>zj

>

-
Il
N

vV
=—[d’r' p(r) =<1
3goj P

>



More details continued --

When we evaluate the integral over solid angle €2, only the

[ =1 terms contribute, and the result of the integration reduces to:

1 4zR’ Y
r p(r
drre, 3 j [ ) v

~R’ j _ D(r)EdQ = -

The choice of 7. and 7, 1s a choice between the integration variables
r' and the sphere radius R. If the sphere encloses the charge distribution,
p"), thenr. =r' and . = R so that the result 1s:
1 4zR* 1 o
d’r p(r )rt'=———.
dre, 3 R’ j pr) 3¢&,
Otherwise, 1f the charge distribution p(r') lies outside of the sphere, then

P

~R’ j _ D(r)EdQ = -

r.=Randr, =r'and the result is:

2 ' 3
1 4xR RJ‘d3r' p(r)f'z47rR

2 - —_
R L:R(I)(r)rdﬂ = - .

41e,



In summary --

Electrostatic dipolar field for dipole moment p at r=0:

E(r) = (31‘ (p.r)—rzp_47zp53(r)]

- 47e, 7 3

Note: The lecture ran out of time at this slide. The
discussion will continue on Wednesday.



Summary of key argument:

z 3 3 _
E(r)~— | JRd r E(r, +1)=E(r,)
(Mean value theorem for Laplace equation)
r 3 3
E(r)~— | JRd r E(r, +r)
y <
X S 3 . P :—L53(r—rl)
47R°\  3e, 3¢,
Summary:

E(r) =] (31‘ (p-r)—rzp_4ﬂp53(r))

- dre, 7’ 3



Coarse grain representation of macroscopic distribution
of dipoles:

Electric polarization P (r) due to collection of dipoles :
P(r)=2.p0 (r-r)
Monopole electric charge density p, ., (r):

Prono () = Zqﬁ (r-r)

Electrostatic potential for a single monopole charge g

and a single dipole p :
O(r) = 1 (ngp;rj
dre,\r r



Coarse grain representation of macroscopic distribution
of dipoles -- continued:

Electrostatic potential for a single monopole charge g

and a single dipole p :
1 (g p-r
D — 4
(r) 472'80(1’ * P j
Electrostatic potential for collections of monopole charges g,
and dipoles p, :
(D(l') — 1 J-aﬂl/"pmono(r)+J-d3I/"P(r).(r3_r)
4re, r—r/| r—r
P(r')-(r-r') 1 V'.P(r')
Note: |d°r' =|d’r' P(r')-V' =—|d°r'
o I ' ‘r—r"3 J‘ ' (r) ‘r—r" j ' ‘r—r"



Coarse grain representation of macroscopic distribution
of dipoles -- continued:

Electrostatic potential for collections of monopole charges ¢g.

and dipoles p; :
') d3 ' mono (l") d3 th P(l")
(r) dre, [I ‘r r‘ j ' ‘r—r"

V() =V E(r) = (o ()~ P(r)

=V (gOE(r) + P(r)) = Pono (T)
Define Displacement field: D(r)=¢E(r)+P(r)

)
Macroscopic form of Gauss's law: V - D(r) mono( )



Coarse grain representation of macroscopic distribution
of dipoles -- continued:

Many materials are polarizable and produce a polarization field in the
presence of an electric field with a proportionality constant y. :

P(r)=¢,7E(r)

D(r)=gE(r)+P(r)=¢,(1+ 7, )E(r)=cE(r)

g represents the dielectric function of the material

Boundary value problems in dielectric materials

For meI’lO (r) = O
V-D(r)=0 and VxE(r)=0

= At a surface between two dielectrics, in terms of surface normalr :

N

t - D(r)= continuous = #xE(r)



Boundary value problems in the presence of dielectrics
— example:

For isotropic dielectrics:
D, =D,, &k, =&k

_ 1t _ —2¢
Elt o EZZ T
51 ‘92




Boundary value problems in the presence of dielectrics
— example:

\AAAAL

>Z

V-D(r):O and VxE(r)=0 Atr=a: g@CD<(r):gOa(D>(r)

Forr<a D(r) = —gVCD(r) or Oor

oD (r) O0D_|(r
Forr>a D(r):—EOVCD(l’) aj; ): 8}})




Boundary value problems in the presence of dielectrics
— example -- continued:

« Atr=a: 86CD<(1‘):80 8CD>(1')

(D<( ) ZAZVZB(COS 9) or or
- oD _(r) _ oD _(r)
(D>(l’)= Z(Bzrl +%jpl (COS 9) 06 06
= ' For r >0 @ _(r)=—Ercosf

Solution - - only / =1 contributes
B =-E,

4= g c |8t p
2+¢/¢g, 2+¢/¢,




Boundary value problems in the presence of dielectrics
— example -- continued:

CD<(r):—[ > ]EorcosH

2+¢/g,

B 3
O (r)=— r- £/& ] a2 E, cosd
2+¢elg, )1

A
0_\
_1_
~
T -2 €le=
%.\ ]
$
| 2 1
-4 ' | ' ' ' !
0 1 2 3

r/a —>
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