PHY 712 Electrodynamics
11-11:50 AM  MWF Olin 103
Notes for Lecture 12:
Start reading Chapter 5
A. Magnetostatics
B. Vector potential

C. Example: current loop
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Course schedule for Spring 2022

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW| Due date

1 |Mon: 01/10/2022 |Chap. 1 & Appen. Introduction, units and Poisson equation #1 (01/14/2022
2 (Wed: 01/12/2022 |Chap. 1 Electrostatic energy calculations #2 01/19/2022
3 |Fri: 01/14/2022 Chap. 1 Electrostatic energy calculations #3 |01/21/2022

Mon: 01/17/2022 MLK Holiday -- no class
4 |Wed: 01/19/2022 Chap. 1 &2 Electrostatic potentials and fields #4 |01/24/2022
9 |Fri: 01/21/2022 Chap.1-3 Poisson's equation in 2 and 3 dimensions #5 |01/26/2022
6 Mon: 01/24/2022 |Chap.1-3 Brief introduction to numerical methods #6 |01/28/2022
7 Wed: 01/26/2022 |Chap.2 & 3 Image charge constructions #7 |01/31/2022
8 |Fri: 01/28/2022 Chap. 2 &3 Cylindrical and spherical geometries #8 |02/02/2022
9 Mon: 01/31/2022 |Chap. 3 &4 Spherical geometry and multipole moments #9 |02/04/2022

Wed: 02/02/2022 |No class Fire caution

Fri: 02/04/2022 No class Fire caution
10 |Mon: 02/07/2022 |Chap. 4 Dipoles and Dielectrics #10|02/09/2022
11 |Wed: 02/09/2022 |Chap. 4 Dipoles and Dielectrics #1102/11/2022
12 |Fri: 02/11/2022 Chap. 5 Magnetostatics #1202/14/2022
13 |Mon: 02/14/2022 |Chap. 5 Magnetic dipoles and hyperfine interaction
15 |Wed: 02/16/2022 |Chap. 5 Magnetic dipoles and dipolar fields

02/11/2022
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PHY 712 -- Assignment #12

February 11, 2022
Start reading Chapter 5 in Jackson .

1. Consider an infinitely long cylindrical wire with radius a, oriented along the z axis. There is a steady uniform
current inside the wire. Specifically, in terms of r the radial parameter of the cylindrical coordinates of the
system the current density is J(r)=Jg , where Jg is a constant vector along the z-axis, for r < a and zero

otherwise.
a. Find the vector potential (A) for all r.
b. Find the magnetic flux field (B) for all .
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Magnetostatics

Magnetic flux density or magnetic induction field B
Steady state (constant in time) current density J

y
| Jr)=> gv,5’(r-r)
qui i q;Vi i
ri // ,»’~
el
Xt > X

Note that "statics" implies that V- J = 0.

This follows from the continuity equation :

8—'0+V-J=O
ot



Comparison of electrostatics and magnetostatics

Electrostatic field due to charge density p(r):

E(r)= 150 [arp(r )‘:__:

3

4

Magnetostatic field due to current density J(r):

r—r
B(r) =il—7°zjd3r' J(r')x ‘r—r'f

'




Alternative forms magnetostatic equations

Magnetostatic field due to current density J(r):

r-r |
B(r) :f—;jd3r' J(r')x ‘r—r'r = 47‘;Jd3r' [V‘r_r"]xJ(r')

r—r'
Note that: V

‘r—r" ) _‘r —1‘"3
Also note that: V x (s(r)V(r)) =Vs(r)xV(r)+s(r)VxV(r)
|

r-r]

let s(r) and V(r)=J(r'), where r' is fixed

[V ! ij(r') =Vs(r)xV(r) :Vx(s(r)V(r))—s(r)VxV(r)

r-r]



Magnetostatic field due to current density J (r) :

B(r) f—;jd%' (V‘r_lr'ij(r')
=%Jd3r' {Vx (‘:(—rli)'j_‘r—lr' VxJ(r')]
:B(r) f—;ijaﬂr' ‘:Er;)'



Alternative forms magnetostatic equations -- continued

B(r)= L0y x4 I0)

= V-B(r)=0 No magnetic monopoles
= VxB(r)= p,J(r) Ampere's law

"Proof" of Ampere's law for magnetostatic system::

VxB(r):&Vxijd:%r' J(r')

4 ‘r—f
Note that: VxVxV =V(V-V)-V?V
Recall that: V° : =475 (r-r') and V-J(r)=0

L



Differential forms of magnetostatic equations:

= V-B(r)=0 No magnetic monopoles
= VxB(r)= u,J(r) Ampere'slaw

Magnetostatic vector potential

B(r) =V X A(r)

Ho 3. J(l")
B(r)=-—"V
) dr xjdr ‘r—r'

= A= ;'(_“r) L Vs(r)




Non uniqueness of the magnetostatic vector potential

Note that : B(r) =V x A(r) =V x A'(r)
if A'(r)=A(r)+Vs(r)

Example: for B(r)= B,z
Alr)=1B (xy %)
or A(r)=B

or ( ) _Boyx



Differential form of Ampere’s law in terms of vector potential:

VxB@):VxVxAﬁ):MJ@)
= V(V-Alr))-VA(r)= ,d(r)
If V-A(r)=0 (Coulombgauge) = V*A(r)=—x,J(r)

Hy 3.0 J(l")
Alr)=—
(r) 477de ‘r—r'




Comment on determining A (r) in the Coulomb gauge:

Differential form: V*A (r) = —x,J (r)

J‘aﬁ J(r')

r—r]

Integral form: A(r)

PHY 712 -- Assignment #12

February 11, 2022
Start reading Chapter 5 in Jackson .

1. Consider an infinitely long cylindrical wire with radius a, oriented along the z axis. There is a steady uniform
current inside the wire. Specifically, in terms of r the radial parameter of the cylindrical coordinates of the
system the current density is J(r)=Jg , where Jg is a constant vector along the z-axis, for r < a and zero

otherwise.

a. Find the vector potential (A) for all r.
b. Find the magnetic flux field (B) for all r. Integral form may not be a

good idea in this case ---
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Magnetostatics example: current loop

%\

r

Integral form may be
OK for this case...

I(r)=

A(r)= 2o [q2p I0)

02/11/2022

£s.1r16’5

>y

(cos@)5(r'—a)(—sin @'k + cos ¢'y)
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Magnetostatics example: current loop -- continued
J(r') :isin0'5(cos9')5(r'—a)(—sin(p'fﬂrcosg0'§7)
a

J(r'
A(r):f—;der' —‘r(_r)'

A =5 [ s S0 P0D5(=a) sing' +cosg')

4ra (r2 +r— 2rr'(coch089'+ sin@sin 6'cos (@ — go')))m
Completing integration over »' and 6': 2
2 2r o 'S 15
A(r) = u,la i (—sing'kx+cos@'y)

4ra (rz +a’ —2m(sin¢9c0s(g0—go')))l/2

Let p—@'=¢
sing' =sin(@p —¢@) =sinpcosg—cos @sin g

cosp'= cos(gp — ¢) = COS @ COS P + sin @sin @
Remaining non-trivial terms

tola , . . N
A(r)= -t _ d
(r) e (sin X —cosgy) JO. ¢(r2 e —2ra(sin900s¢))m

Cos @




Magnetostatics example: current loop -- continued

tola , . N Cos ¢
Alr)=- — d
(r) i (sm(DX COS§DY) _([ ¢(r2 e —2m(sin¢9008¢))1/2

Elliptic integrals:

K(m)= ﬂf du

.5 \2
0 (l—msm u)

/2
E(m) = j(l—msinzu)l/zdu
0
ok —cosov) | (2=K)K (k) =2E(k) |
A(r)=—22414 (sinpk —cospy) | | )K (k) = 2E (k)

4 (r2 +a’ +2rasin 6’)1/2 k*

4arsin @

where:  k° = — .
r°+a° +2rasinf

B(r)=VxA(r)



du

2222222222

0.4

m

0.6

0.8



Magnetostatics example: current loop -

- continued )
)K (k) - 2E(k)

V)i rs) [[2-0
47z (r2 +a* +2rasin (9)1/2

where: k2 4arsinf B 4ax

k2

rP+a*+2rasin@ x*+z2+a’+2ax

For p=0: x=rsmf, y=0, z=rcosf

) ) I (2K K (k)—2E(k)
A(r):Ay(x,z)y:ﬂMay —— — ( ) -
4z X" +z +a +2ax) k
.57
4 ]
where: k’=——— ax2 1'\ i
X +z +a +2ax 05 | } /
z = —
3 M et
Ay(X,Z) -{:.s—z' . T
_]_: .
Y |
¥ __1].
{
13
Figure 5.5 1_‘.
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Magnetostatics example: current loop -- continued

A(e) =t 4 (SR =cosgd) | (2-K)K(®)-2E®)

4r (r2 +a’ +2rasin (9)1/2 i ke |
oo 41 (2— k%) K (k) —2E(k)
4r (r2 +a” +2rasin 9)1/2 i ke |
where:  k” =— 4gzrsm9 .
r-+a° +2rasin@
olrd,(r,0)) .
B=VxA=—1 (rsin.9/1¢(r,9))f~—l (4 ))9
rsin@ 06 r or

Evaluation for special cases

Fork*> —>0:
(2-K°)K(k)-2E(k) 1

k2
k* 16




Evaluation for special case k? 2 0

. upla’ rsin@

A(r)=0
( ) 4 (r2+a2+2rasin9)3/2
olrd,(r,0)) .
B=VxA = 1 g (rsinfA4 (r,e))f—l (4, ))9
rsind 06 ¢ r or
,Uo]az (f'cosﬁ(2a2 +2r* +ar sin@)—ésin9(2a2 —r*+ar sin@))
) 4 2, 2 .22
(r +a +2msm9)
where k* = 4arsin6 —0

r* +a’ +2rasin@

For 6=0: r=z
1 1 8(FA¢(F,H))6

0 .
B:V A: . HA ,9 r——
AT sing ae(mn (:0)) r or

. ula’ 1
2 (22 +a2)3/2




Evaluation for special case k? 2 0

. la’ rsin @

A(r)z(p 04 . 32
(r +a +2rasm9)

olrd,(r,0)) .
B=VxA = 1 a(rsin9A¢(r,9))f—l( ol ))9
rsin@ 06 r or
,Uo]az (f'cos (9(2612 +2r% +ar sin@) —ésin9(2a2 —r +ar sin@))
4 (r2 +a’ + 2rasin 9)5/2
dors;
where k* = — gzrsm@o -0
r“+a +2rasin@
For 7 —> o0
olrd, (r,0)) .
B=VxA=— a(rsin9A¢(r,9))f—l( / ))9
rsin@ 06 v or
2
Z’UZIC; (f(2cos@)+(—)sim9)
r



Magnetostatics example: current loop -- continued

Ale)= 25 416 (sin gk —cos ¢f ) {(2 —K)K (k) - 2E(k)}
47 (r2 +a’ +2rasin 6’)1/2 k*
4arsin @
7> +a’ +2rasiné
B(r) =V x A(r)
Note that for spherical polar coordinates: ¢ = sin ¢X —cos @y
A(r) =4, (r)(f)
where 4,(r)=4 Ma_ {(Z—kz)KU;)—zE(k)}
47 (rz +a’ +2rasin (9) k
1 O(Sin 0A, (r)) 1 8(rA¢ (r))é

B(r): : r——
rsin & olv r  or

For r > o0

where: k=

u, Ima’ N e A
B(r)zﬁ " (200s0r+s1n69)



Other examples of current density sources:

Quantum mechanical expression for current density

for a particle of mass M and charge e and of probability amplitude ¥ (r):

J(r)=— eh

2Mi

(¥ mvVeE)-Ymve r)

For an electron in a spherical potential (such as in an atom):
LP(r) = LIjnlm, (r) = Rnl (r)Ylml (f.)

eh 2 1 * [ a aYlm (f) A aYlm*(f.) A
Jr)=——|R Y —--Y, 1

eh m, 2| A

= Y

M rsinH‘ i (r)'fo

Note that: @ =—sin¢@X+cosgy = Z%r
rsin @
eh m n
()= (e e




Magnetlc vector potentlal for this case:
J‘aﬁ '

eh m
J " — [
(r ) M r*sin’ 6’

LPnlm, (r ')2

\Pnlm, (r')2

Alr)= My ehm, Idsr. (zxr")
4r M

For example: electron in the n/m, =211 state of H:

\PZII (r ')2

1 7”' ’ —r'a _+. .2 '
:6477513 a ¢ Tsinto

- 2 3
A= B ED 1L L
7T r

a 2a° 8a’ |



Some details -- (note — this case simplifies more quickly than
most...)

' 2
A(r): Hy | . ehm, ixjr'dr' dQ' r T ] g
A 64ra M

- 2 3
A= B ED 1L L
T r
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