PHY 712 Electrodynamics
11-11:50 AM in Olin 103

Notes for Lecture 18:

Continue reading Chapter 7

1. Real and imaginary contributions to
electromagnetic response

2. Frequency dependence of dielectric
materials; Drude model

3. Kramers-Kronig relationships
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16

\Wed: 02/23/2022

Chap. 6 Electromagnetic energy and forces #15 02/25/2022

17 |Fri: 02/25/2022 |Chap. 7 Electromagnetic plane waves #16 02/28/2022
18 Mon: 02/28/2022 |Chap. 7 Electromagnetic plane waves #17 03/02/2022
19 Wed: 03/02/2022 |Chap. 7 Optical effects of refractive indices
20 |Fri: 03/04/2022 |Chap. 8 Brief introduction to wave guides

Mon: 03/07/2022 |No class Spring Break

Wed: 03/09/2022 [No class Spring Break

Fri: 03/11/2022 |No class Spring Break

Mon: 03/14/2022 |No class APS March Meeting E;gj‘gte

Wed: 03/16/2022 |No class APS March Meeting E;gj‘gte

Fri: 03/18/2022  [No class APS March Meeting E;gj‘gte

Mon: 03/21/2022 Project presentations |

Wed: 03/23/2022 Project presentations |l
21 |Fri: 03/25/2022 |Chap. 9 Radiation from localized oscillating sources

=>» Choose project topic by Fri. 3/4/2022

02/28/2022
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PHY 712 - Assignment #17

February 28, 2022
Continue reading Chapter 7 in Jackson .

1. Work problem 7.22 (a) in Jackson.

02/28/2022 PHY 712 Spring 2022 -- Lecture 18 3



Drude model:

Vibration of particle of charge g and mass m near
eoumbrlum J

E http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png

1||r'f|l-1

mo¥=qE,e™ —ma or—mydsr

' vl Note that:
m Tg

O v > 0 represents dissipation of energy.
0 g represents the natural frequency of

the vibration; wy=0 would represent a
free (unbound) particle
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Drude model:

Vibration of particle of charge g and mass m near
eoumbrlum J

E http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png

1||r'f|l-1

mo¥=qE,e™ —ma or—mydsr

m ’"!’1 E 1
For Sr=ore™™, or, = Kl ———
m w,—o —ioy
Induced dipole :
2
E 1 -
p — q 51. — q 0 . e—za)t

2 .
m w,—o —iwy
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Drude model:
Vibration of particle of charge g and mass m near
eoumbrlum J

é http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png
mo¥=qE,e™ —ma or—mydsr
m 2
Displacement field:

D=¢cE =¢E+P
P=Zpi53(r—ri)zNZfi p.

N =number of dipoles/volume

/, = fraction of type i dipoles
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Drude model:
Vibration of particle of charge g and mass m near equilibrium:

; http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png
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m T3

Drude model expression for permittivity:
D=¢E =¢E+P=¢E+N) f p,
q’E, 1

—_ - l
pi T ql‘ 51’ o o) 2 . €
ml. C()l- — @ — l(()]/l-

—iwt

1

gom ' — o’ —iwy,

¢E = gEe™ |1+ N 14
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Drude model dielectric function:

8((()) — l_l_NZf ql 1
&, —" gm0 - —iwy,
— 8R (a))-l—l EI(C())
&y 50
( ) q 0)2 _a)2
=1+N) f—
€9 Zz: &M, (a) —@ )2+a)27/i2
g[( ) QZ a)yl
=ND f,
€9 ZZ: &M, (a) =, )2+a)27/l.2



Drude model dielectric function:

| ERR RS a4
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Drude model dielectric function — some analytic properties:

ad) = 1+NY f 4 :

& =" gm0’ -0’ —iwy,




Drude model dielectric function — some analytic properties:

g(a)) —1+N2f% 1
&, =" gm0’ -0’ —iwy,
For w, =0 (representing a free particle of charge g,, mass m,
1 ’ 1
elo) _ —1+NY f, 4 +iNf, o ,
&9 = e o 0" —iwy, gy oy, —io)
_50), oo
&, ENG,
Some details:
D=¢kE J=0E
oD OE io
VxH=J+—=(0—iwe,)E= g———za)(gb+—jE
Ot Ot 0,

2
q 1
:>o-(a)):NfO n‘; o)
0 0



Analytic properties of the dielectric function (in the Drude
model or from “first principles” -- Kramers-Kronig transform

Consider Cauchy's integral formula for an analytic function f (z2):

<_[>de(2)=0 /(@) ey C.‘S dz Z(Z()x
Im(z)
,T\
0

@ —> Re(2)
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Kramers-Kronig transform -- continued

fa)=-t § L2 - 1(7% fizx)

zZ-0 27l

includes o

fla)= o [ar, X0 = Lp] ez

2mi = 2O
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Kramers-Kronig transform -- continued

f(Ol)Z 2] deR (Z_R)_|_ f(Ol)

Suppose f(ZR) fR( ) lfI(ZR)
S U@ @)=L p fas, S G

Zp-Q

:>fR Z—PJdZR f](ZR)

Zp-Q

Jr(zZz)

Zp-O

f]( :——dez



Kramers-Kronig transform -- continued

fR(a):lPIdZR JiCw)

T 7 zpa
f](a):_lPIdZR fR(ZR)
T 0 ze-o

This Kramers-Kronig transform 1s useful for the dielectric function

when f(z;)= £(@) ~1
80

Must show that: 1. f(z) is analytic forz, >0

2. f(z) vanishes forz — o



Some practical considerations

Principal parts integration :

deu g(u) = lim [ Idu g(u)+ jdu g(u))

Ug+L

Example:

1 li S 1 1
Pj-du ﬁ:ufO[IduﬁJr j a’uﬁJ

Ug+v

lim Y b—u b—u
= In +1n : =1In -
v—0 U, —a Y U, —da




More practical considerations

For dielectric function &(w):

e(-w)=¢" (o)
= &p(-0)=&; (o)
— 51(_ a)): _‘91(0))

Analytic properties the dielectric function which justify

the treatment of f(z)= #(2) ~1
g()

Must show that: 1. f(z) is analytic forz, >0

2. f(z) vanishes for z — o (for z, > 0)



Analysis for Drude model dielectric function:

6‘((()) _ 1+N2f ql 1
& : EyM, a) — -1y,
£(2) g, 1
Let f(z)———l—NZf ’
& : E\M, a) —z* —1izy,

For ‘z‘ >> @,

flz ) (N Z /. 4 ) —> vanishes at large z

O



Analysis for Drude model dielectric function — continued --
Analytic properties:

E(Z)_ IZNZJ(; %2 1

2 2.
) i M W —z —IZy,

1(2)=

f(z) has poles z,, at @’ —z,” —iz,y, =0

2
Zp =—iﬁi a)iz—(ﬁj
2 2

Note that J(z,)<0 = f(z) is analytic for I(z,)>0




O M A

2 2 .

f(z)has poles z, at @’ —z,” —iz,y, =0

2
ZP=—iﬁi a)iz—(ﬁj
2 2

Note that J(z,)<0 = f(z)is analytic for 3(z,)> 0
3(z )
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Because of these analytic properties, Cauchy’s integral
theorem results in:

Kramers-Kronig transform — for dielectric function:

Note that these

ER (50)_1 _ lPwa' 51(0)') 1 results will be useful
& T & O'-0 for HW #17.
gl(w):_lPwa{gR(w')—lj '1
A T A @' -

with &,(-0)=¢(0) & (-0)=-¢ (o)



Further comments on analytic behavior of dielectric function
"Causal" relationship between E and D fields:

D(r,()=s, {E(r,t)+ofdr G(T)E(r,t—r)}

0

Some details: Consider a convolution integral such as
f(t)= J- g(t"h(t—t")dt' where the functions f(¢),g(¢), and A(¢)
are all well-defined functions with Fourier transforms such as
7 K N iot' ' 1 - —iwt
f@)=[ f@e”dr  fO)==—[ f(w)}e"dw
- 21 7

It follows that: f(@) = &(®)h(®)



Further comments on analytic behavior of dielectric function

"Causal" relationship between E and D fields:

D(r,1)=¢, {E(r,t)+zd7 G(T)E(r,t—r)}

G(T)_L“[g(a))_l}imdm G(w):g(a))_lz]odT 6(e)e

For ( —1=— qul :

&, ~"''m 0 -0 —-ioy,

e sin(vl.r)

V.

1

6(r) =3 f A o)

where v, = \/ w' -y’ 4



Some details

G(r)= L f {g v) } “ ——qS f(2)e ¥ dz

Let f(z)zg( )— I—NZf 4 1

f(z) haspolesz, at @’ —z,” —iz,y, =0




G(r)= i(j) f(2)e dz =i ZReS(zP)

Note that: e " = e “*"e”"

Valid contour for 7 <0
G(r)=0 for 7 <0

Valid contour for 7 > 0
G(r)=

e sin(v,7)

N qiz
g, Z J m, V.

l
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G(r) = —95 f(2)e “dz=i ZRes(zP)

Let f(z)= ()—I—NZf :

&, —~"em o —z° —izy,

f(z) haspoles z, at @’ —z,” —iz,y, =0
2 2
2, =it |o? = 2] or z, =il Lk || L] -
2 2 2 2

G(r)=— qu, e ST) g

& 7 V.

1

where v, = \/ w’' -y’ /4  assuming @’ -y’ /4>0
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