PHY 712 Electrodynamics
11-11:50 AM MWF Olin 103
Class notes for Lecture 9:
Finish reading Chap. 3 and start Chap. 4

Multipole moment expansion of
electrostatic potential —

A. Spherical coordinates

B. Cartesian coordinates
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Course schedule for Spring 2022

(Preliminary schedule - subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW| Due date

1 |Mon: 01/10/2022 |Chap. 1 & Appen. |Introduction, units and Poisson equation #1 101/14/2022
2 (Wed: 01/12/2022 |Chap. 1 Electrostatic energy calculations #2 101/19/2022
3 |Fri: 01/14/2022  |Chap. 1 Electrostatic energy calculations #3 101/21/2022

Mon: 01/17/2022 MLK Holiday - no class
4 |Wed: 01/19/2022 |Chap.1 &2 Electrostatic potentials and fields #4 101/24/2022
5 |Fri: 01/21/2022  |Chap.1-3 Poisson's equation in 2 and 3 dimensions #9 101/26/2022
6 Mon:01/24/2022 |Chap.1-3 Brief introduction to numerical methods #0 101/28/2022
7 |Wed: 01/26/2022 |Chap.2 & 3 Image charge constructions #7 101/31/2022
8 |Fri: 01/28/2022 |Chap.2 &3 Cylindrical and spherical geometries #8 02/02/2022
9 Mon: 01/31/2022 |Chap.3 &4 Spherical geometry and multipole moments  |[#9 02/04/2022
10 |Wed: 02/02/2022 |Chap. 4 Dipoles and Dielectrics
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PHY 712 -- Assignment #9

January 31, 2022
Complete reading Chapter 3 and start Chapter 4 in Jackson .

1. Consider the charge density of an electron bound to a proton in a hydrogen atom -- p(r) =
(1/mag?) e-2720, where ag denotes the Bohr radius. Find the electrostatic potential ®(r)
associated with p(r). Compare your result to HW#1.

01/31/2022 PHY 712 Spring 2022 -- Lecture 9 3



Poisson and Laplace equation in spherical polar
coordinates
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential @ (r, 0, go) :

2 2
la—z(r(D)+ 12 ,1 0 (sin&’ij+ _12 82 ®=0
r or sin@ 06 00 ) sin" 6 op

7"9,(0 Zle(r)

Spherical harmomc functions:

1 O 0 1 0
inf— Y (0,0)=-1(I+1)Y (6
(siné’ 89(8111 5¢9j+sin26’a¢2j lm( ,Q)) ( + ) lm( ,Cﬁ)




Properties of spherical harmonic functions

Y, (60,9)=(-1)" Yl(_m)* (6,¢)  (standard Condon-Shortley convention)
[aoy,,(6.9)Y,, (6.9)=[sin0do dp Y, (6,0)Y,," (6,0) = 5,0

'~ mm'

Completeness
ZY 0,0)Y, (0.9')=6(F—t')=5(cosd—cosO')5(p—¢')

Relatlonshlp to Legendre polynomials:

20 +1
Y, (6,0)=,] ppe B(cosb)

Relationship to Associated Legendre polynomials:

—m)!
Yzm(9,¢)=\/2[+1(l m)'le(cosé’)e"mqj

47 (l—l—m)!




Legendre and Associated Legendre functions
Legendre differential equation :

(%((1 —x )%j {1+ 1)]}3 (x)=0

Associated Legendre differential equation :

[i((l—xz)ij—i—l(H—l)— m22ij(x) L,

dx dx l—x

Form >0

H%@=C4V@—fVQLZ;B@ﬂ

P (x) This is the most
/ common convention.

f?%m=04ﬁg_m)



Legendre polynomials --
m=0: B(x)=1
m=1: P(x)=x
. IR
m=2: Pz(x)—§(3x —1)
1
m=3: P(x)=—(5x"-3x
() = )

m=4: P(x)= %(35;& ~30x" +3)

j dxP (x)P (x) = 2z o

2m+1 "



Some spherical harmonic functions:
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Useful expansion:
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Another useful expansion:
[
RE#)= 27 31, B )
Check: r =sin(0)cos(@)x + sin(d)sin(@)y + cos(d)z
R(r-r)
B(r-r)
Note that for r =r' P(A r')=1

21+IZ‘

1
r-r'=sin(@)sin(8")cos(p — ")+ cos(@)cos(8")




Useful expansion:

1 C ’,.<l S
Z I+IB(r.r)

‘r—rw -

Some details --

Elements of "proof™:
1 1




Even more useful identity:

: .ZZ A Y, (0.0),, (6.0

‘r—r 21+lrl+1

Example for 1solated charge density p(r) with

electrostatic potential vanishing for » — oo :

CD(I‘)Z 1 J‘ds.p()

47e, ‘r Y ‘

: 4 r<l oo
jd?)l” '0 {%‘d 2l+1 7">Z+1 )Ilm (9,(0))71,% (8 ,(0 )j

47[50



General form of electrostatic potential with boundary value

r — oo, for isolated charge density p(r):

o(r)=; - far 2

4re, |r r'

[

: , 4 1. Coo
J.d3l” p(r) 221+1 l+1 }/lm(e’go)}/lm (9,(0 ))

Suppose that p Z sz

= Z F, ()Y, (0.¢) where
Im

1 1 ( 1 r 2+] / * 1-/
F (r - “dr'p, (r')+r| r"dr'p, r'j
L ( ) (90 2["‘1 llj L ( ) J:, L ( )
In summary:
1 1

1 d + ' ' * - ' !
D (r)= Z2I+1Ylm (8,¢)(Fjor'z Ydr'p, (r )—i—rlJ.r r'dr'p, (r )j

50 Im




Example --

1 , ' 4 1
(D(r): jd3r p(r )£221+1r>l+1 Y,

4re,

Im

Q —r?/q?
Suppose: r')= e
pp P ( ) P

de' Yzm* (‘9 ',(ﬂ') = \/Egzodno

A 7’ 242
2 !
CI)(r)z J-r' dr'—= 3Q3/2e e :a37z3/28
0

dre, v, a'rw

2 ¢ .
Note that: erf(x) =— j e du and
NI

Integrating by parts and simplifying --

(0)1, (ezm]

0

o (r) = O a rfe”zdu _ 0 erf (r/ a)
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Another example:

qrsin@ cosp  qr [%\/%(Kl(g,gp)_yn(e,go))] r<a

Suppose p(r) =+ Va  Va
0 r>a

1 1 1 A, ' ' ® - ' '
CI)(r):g—O%21+1Zm (9’(’))(#” jor “dr'p,, (r )""”l_‘; r'dr'p,, (r )j
For r<a

1 87z L er o, a o

(I)(l‘) = ngo (g ?(K1(9,§0)_K1(<9,§0))j(r—2j0 rdr'+r L r'dr j
For r>a




Example -- continued:

gx _qr (1 8_”(y11(g,¢)_y“(9,¢))] r<a

Suppose p(r)=1Va Va|2\ 3
0 r>a
For r<a
1 |8 1 ¢r a
®(r) = ngo [g ?E(YH(Q,go)—KI(H,qD))](r—Z [[rearer | ,ﬂdr.j

= 6sz80 sin@cosgo(r(a2 —%rz))

For r>a

o) 100, 0) -1, 00) | 1]

2 .5
-9 ing COS @ 56;
oVag, r




Example -- continued:

For r<a: CD(r)= 9 Siﬂ@COS(”(’”(az_irz))

oVag, i
qg . 2q° ga'® x
For r>a: CI)(r):6V sin6cos | 2 =T
ag, r g, F

I T T T T I T T T T T T T T I T T T T I T T T T I
0 0.3 1 1.3 2 23

-
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Notion of multipole moment:

In the spherical harmonic representation --

define the moment ¢, of the (confined) charge distribution p(r ):
d = [ d'r 1" Y, (0,0 )p(r')
In the Cartesian representation --

define the monopole moment g:
q= [d'r p(r)

define the dipole moment p:
p= [d’r r'p(r)

define the quadrupole moment components O, (i, j — x, y,z):

Q; = jd3r' (3r'ir'j_r'2 51-]-),0(1")



Significance of multipole moments
Recall general form of electrostatic potential with boundary value
r — oo, for isolated charge density p(r):

jd3v (I‘)

CI)(r) ‘r r‘

dre,

47z50

: 4 1 oo
L farr ol {Z 00, 0.0)
For r outside the extent of p( )

1 00
d _ 3 7! vl '
(r) 4re, ‘i 2l-|—1 rl“ (2‘; (l‘ )j
J

 Aze, % 20 +1 rl” Tim




Multipole moments continued: g, = jd3r'r'lY *(9',¢')p(r')
For r outside the extent of p(r): 0

| 4rq, Y. (09)
D — m
(r) 47:50%: 20+1 7'

Relationship between spherical harmonic and
Cartesian forms of multipole moments:

_ L / 15 .
Qoo = 4ﬂ_q 421y = E(Qxx 121Qxy _ny)
|3 . /
QIil -+ g(px +lpy) Q2i1 =+ 712—572_(sz $leZ)

_ |13 5
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Consider previous example:

1 |8
e S 000 00)| s

pr)=:
() 0 r>a

We previously showed that for r»>a
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General form of electrostatic potential in terms of
multipole moments:

For r outside the extent of p(r):

(D(r) _ 1 Z A7 Kmr(l‘%ﬁﬂ)qd3 Ly (9',@'),0(1"))

dre, T 20 +1

1 4 q, Y, \0,¢
Z [ [ ( )

CdAme, S 2041 M

In terms of Cartesian expansion ;

(r) = 1 [q P ) ]

4re,



Example of multipole expansion in evaluating energy of

a very localized charge density p(r) in a electrostatic
field ®(r) (such as an nucleus in the field produced by

electrons in an atom).

W =[d’r p(rp(r)




Simple examples of multipole distributions

Z

o ®
1

X -q

p(r):q(53(r—di)—53(r+di))
p.=2qd
p.=p,=0

p(r):q(53(r—d2)+53(r+di)—253(r))
0. =4qd” =20, =-20,
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Another example of multipole distribution

2
,o(r): c 3££j "sin* @
a

64 ma

Note that : 1/4—”1/20(6’,@:30052 9—1 :l—ésin2 0
5 2 2 2

2 2 |4rx 2 |4r 2 |4r
sin ‘9—5_5\/? 20(9 ¢) 3\/TY00(69¢)_§\/? 20(‘9 ¢)

:p(l’) poo( ) 00(‘99¢)+pzo( ) 20(‘99¢)
D(r) = @y (7)Y (0, 8)+ @ (1)1 (6. 4)

47[ V+ % 1= ' '
©,, = 471_80 241 l+1 “dr IOZm( )"‘VIL r" ldrp,m(l”)j

—z _ —rla __g 4z q 1 : —-rla
pOO(r)_3J4_64m ( je Pulr)= 3\ 5 647za3(aj ©




Another example of multipole distribution -- continued
3r 1’ -
\/—q 1—e% 1+
4re, 4a 4a 24az3
2 2 3 4 5
D, (r)=— 0 ‘/47[ ch l—el1+ 14 r2+ r3+ 4 —+ d 5
dre, NV S r a 2a° 6a” 24a° 144a

For r — oo; 1n terms for Legendre polynomials:

(r) > [1—6113 (cos@)j Y, (6,4)=

dre, v

CI)00( )

21 +1

4

B(cosb)

For r — 0;1n terms for Legendre polynomials :

q 1 r’
i - P,(cos @
(r)_)47u90[4a 1204’ : (cos )]




Another example of multipole distribution -- continued

For r — 0;1n terms for Legendre polynomials :

o) > 1 [1 L f;<cose>j

4re,\ d4a 1204’

Implications for electric quadrupole interaction :

2
W = Z ]aa:l;r) . Pz(cosé’):%cosze_izz%(&z_rz)

For r — 0;1n terms of Cartesian coordinates

2 2 2
(I)(l‘)—) q (1 _22 — X 3—)/ j

e, \ 4a 240a
o’®(0) _*@(0) _ 18°®(0) ¢ 1

ot o 2 oz’ 4re, 120a’




Another example of multipole distribution -- continued

Electric quadrupole interaction:

¥ 520 arar)—l(Qm 20 10,220 azq)(o)J

% 6 o’ ot T oz
i O —one Lo ]
For symmetric nuclei, QO_ =(0q = —EQH R

2

W~ 4 223
47, 240a
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