PHY 742 Quantum Mechanics Il
12-12:50 AM MWEF Olin 107

Plan for Lecture 1

1. Structure of the course

2. Review of main concepts from Quantum Mechanics |

3. Preview of topics for Quantum Mechanics Il

4. Topic for today — Approximations for stationary quantum systems
Reading: Chapter 12 in Carlson’s textbook



https://users.wfu.edu/natalie/s22phy742/

PHY 742 Quantum Mechanics I

IMWF 12-12:50 PM |Olin 107 |Webpage: http://www.wfu .eduf~nataliefs£2phy?42!|

|Instructor: Natalie Holzwarth |DFﬁt:e:3DD OPL |e-mail:natalie@wifu.edu |

¢ General information

e Syllabus and homework assignments
e Lecture notes

« Some presentation ideas
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General Information

This course is a continuation of Quantum Mechanics |, using the textbook written by Professor Eric Carlson Quantum
Mechanics. A link to Professor Carlson's Quantum Mechanics course is given at this LINK. Note that by request of Professor
Carlson, the textbook is available to all WFU students and staff through this password controlled link. WFU students and staff
are welcome to download the full pdf file of the textbook, but are requested to not distribute it outside of WFU. The course
material for PHY 742 will start with Chapter 12 of the textbook, and some topics from Chapter 11 will also be covered. Students
may also wish to consult the following additional texts:

e L D Landau and E. M. Lifshitz, Quantum Mechanics (Non-relativistic theory)

Eugen Merzbacher, Quantum Mechanics

Leonard |. Schiff, Quantum Mechanics

Claude Cohen-Tannoudji, Bernard Diu, and Franck Laloé, Quantum Mechanics, Vol. one, Vol. two
J. J. Sakurai, Modern Quantum Mechanics

J. J. Sakurai, Advanced Quantum Mechanics

It is likely that your grade for the course will depend upon the following factors:

Class participation 15%
Problem sets’ 35%
Project 15%
Exams 35%

"The schedule notes the "due" date for each assignment. Homeworks may be turned in 1 lecture past their due date without
grade penalty. After that, the homework grade will be reduced by 10% for each succeeding late date. According to the honor
system, all work submitted for grading purposes should represent the student's own best efforts. This means that students who
work together on homework assignments should all contribute roughly equally and independently verify all derivations and
results.
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Eric D. Carlson

Associate Professor of Physics

Quantum Physics Home Page
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Tentative additional information —

Mon Jan 17 — MLK Holiday

Spring break March 5-13

Mid term grades due March 7
APS March meeting March 14-18 (no class)
Fri April 15 — Good Friday Holiday
Thurs Apr 21 - Student wellness day (no class)
Wed Apr 27 — Last day of class
Apr 29-May 6 - Final exams

Particular for QM II:
1. Where/how to share supplemental texts?
2. Presentations -- how to interface with PHY 712?



Summary of topics covered in Quantum Mechanics |

Topic Chapters in EC Text

Fundamentals and formalism of QM 1,3,4,11

Solution of S. E. for simple 1-dim potentials

Quantum mechanics of harmonic oscillator

Various symmetries

Angular momentum

Addition and rotation of angular momentum including spin

Hydrogen atom

O NN OO U|N

Electromagnetic forces

Multiple independent particles 10




Topics for Quantum Mechanics i

Single particle analysis
Time independent perturbation methods — EC Chap. 12, 13
Scattering of a particle from a spherical potential — EC Chap. 14

Single electron states of a multi-well potential = molecules and solids — EC Chap. 2,6
Feynman path integral formalism — EC Chap. 11 C

Time dependent perturbation methods — EC Chap. 15

Relativistic effects and the Dirac Equation — EC Chap. 16

Multiple particle analysis
Quantization of the electromagnetic fields — EC Chap. 17
Photons and atoms — EC Chap. 18
Multi particle systems; Bose and Fermi particles — review EC Chap. 10
Multi electron atoms and materials
Hartree-Fock approximation
Density functional approximation



PHY 742 Quantum Mechanics Il

IMWF 12-12:50 PM [Olin 107 |Webpage: http://www.wfu.edu/~natalie/s22phy742/

lInstructor: Natalie Holzwarin [Office:300 OPL |e-mail:natalie@wiu edu

Course schedule for Spring 2022

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date Reading Topic HW/| Due date
1 [Mon: 01/10/2022 |Chap. 12 Approximate solutions for stationary states — |, |o1/1 42020
The variational approach
2 |Wed: 01/12/2022 |Chap. 12 Approximate solutions for stationary states
3 |Fri: 01/14/2022  |Chap. 12 |Approximate solutions for stationary states

Mon: 01/17/2022

MLK Holiday — no class

PHY 742 -- Assignment #1

Read Chapter 12, part A in Carlson's textbook.

1. Work problem 2 at the end of chapter 12.

January 10, 2022

1/10/2022
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Variational methods for estimating the lowest energy eigenstate of a
quantum mechanical system

Time independent Schrodinger equation:
H@)¥Y(r)=E¥Y(r)

1

Energy eigenvalue

Hermitian operator representing
the Hamiltonian of the system
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Consider a Hamiltonian /' having lowest eigenvalue E| :

It can be shown that for any function y

(w|H]y)
Wlw)
Proof: The Hamiltonian has a complete set of

> E,

eigenvalues and eigenvectors: H ‘ gal.> =F ‘gol.>

Expanding ‘w> In eigenvector basis: ‘w> = Z C. ‘gpl.>

(vl 21T

i > F

wlw) Z\Cif o




Significance of this inequality --

(v|Hlw)
(w|w)

> F,

The inequality motivates a class of estimation methods known as variational methods
to converge to the ground state energy E, and the corresponding ground state
probability amplitude.

<l//trial o ‘ Y irial >

<Wtrial Wtrial >
;) with respect to ¥

Deﬁne Etrial (\{Itrial) =

Minimize E

tria

(P

tria trial



Variational method for estimating ground state energy of a H atom:

v | H|y .
Define f (W)E< <Jy‘gl>> min,, f (y) 2 E,
2 Z€2
Example: H(r)=-—V>-"—
21 r
Try: ‘W> =e
2
fw)=—a’ -Ze’'a
2
Z 2 Z . :_2282
L/ S . = min, Jy) ==

da o oa,




Example: H(r)=——V, ———

21 r
Try: ‘w> =e “
2

fW)=——a’-Ze'a

2u
df Zez,u Z _oas
— =0 >a = =
da|, R a, t*

opt
: Z%e’
= min,, f(y)=— 5 What is the significance of this
Ay result?
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Review -- Quantum mechanics of the hydrogen atom
A Z

Fe

>y

X M W Ze Y(R,,r)=EYR,,r)
M Ry 2m 7, l‘e—RN| N>Te T N>7e

In center of mass system:

:MRN+mre r=r —R s = mM

R N =
M +m m+ M

h’ , W o_, Ze
— Ve—"V —Y(R,r)=E,¥Y(R,r)
Z(M + m) 21 r
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Quantum mechanics of the hydrogen atom

ZA

In center of mass coordinates

M
r Reduced mass: u= e
m+ M
"y m 1
typicall <
X TP 0 S 2000

(—2—Vf —Z—e]W(l‘) = Ey(r)
7 r

w(r)=Ry()Y, (f)



Differential equation for radial wavefunction:

[_ n [ ld ,d _1(z+1)}_ze2

— R, (r)=ER_ (¥
21 rrdr dr r r ] 5 (") a (")

Convenient coordinate change

2
pE\/&u‘E‘r let 1 =25 | X
7 ho\ 2|E]

[1 d ,d —l(l+1)+’1—1]R,(p)=o

pldp” dp o p 4

For bound states, £ =—& where ¢ > 0.

Try solution of the form: R(p)=e ""F(p)



_ R, (p)=0

For bound states, £ =—¢& where ¢ > 0.

Try solution of the form: R(p)=e ""F(p)

(1 d ,d _10+) 4 _1

2

d'F (g_ljd_F{z 1 l(Hl)jF(p) 0
dp~ \p Jdp \ p P

Let F(p)=p'L(p)

d’L dL

i +(2(0+1)- p)%Jr(/I [—1)L =0




d’L +(2(l+1)—p)d—L+(/1—l—l)L:O

dp’ dp
Suppose A—/—1=n" wheren'>0

0

2
pd L2 +(2(l+1)—p)d—L+n'L:O
dp dp
Associated Laguerre polynomial L} (x):
d’L’ dL?
x—=>+(p+l—-x)—L+(g—p)L’ =0
dx2 (p ) dx (q p) q

For non-negative integers g and p.



R(p)=p'e L,05.,(p)
Let n=n"+1+1=1

R(p)=p'e "L} (p)

Corresponding energy eigenvalue:

2
/'L:ZQ 7 _,
2|E]
:>E__2264,11 1 _ Z%e" 1
A 2a, n’
27
p=—7T

na,

Defining a, =

hZ
2

ue

Bohr radius:

a, =

h2

me

-=0.529 177 210 67 x 10° “m



Example of normalized radial functions R, (r):

p 3/2
R,(r)= [a_] De 7

0

3/2
Ry, (r) = [21] [2 — gj e 7/2)
dy d,

3/2
Z j Zr —Zr/(2a0)

Rzl(r):[— \/ga €

2a,
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Hydrogen radial wavefunctions
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Note that for the variational method, if we are so lucky as to use the correct shape
function for our trial, we find the exact solution — in this case for the ground state of
a hydrogen atom when we used an exponential form.

On the other hand, the variational method is still quite powerful even if we do not
use the correct shape function for our trial. This is illustrated in the following
example when we use a Gaussian shape function.



Variational methods for estimating ground state energy

-- continued
Example: H(r)=———V, ———

Try: ‘w> — e

Note that this is your homework problem.



Example --

Consider the case of a He (Z=2) atom:

2 1 1 2
H(r,r)=—— (V> + V)= Z&*| —+— |+ —
2m v, h—g‘

Unlike the case of a H atom, this Hamiltonian cannot be
solved analytically.
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Back to estimate of wavefunction for He atom

Consider the case of He (Z=2):

h’ 1 1 e’
H(r,r,)=——(V:+V2)-2¢° —+—
2m 7, |r —r‘

3
Z — 7 (}‘| + r::l,-"rﬂﬂ

Trial function for this case: y=—>j3¢
TTdy
2 Here Z is a variational
f(W) _ (ZZ _Ezj parameter
a, 8 )
. e’ (27
I _g =z -2 mlnwf(W)__ao(16j

d7Z P16



Some details

Example of He (Z=2) atom:

H(r, )_—h—z(v +V2)-2¢’ £1+ij+‘ 2

h n r— 1‘2‘
_7 / . . .
¥ (r,r)=e """"'% where Z is a variational parameter
hZ

2
me

and q,=

Normalization integral:

—27r/a, 2 72'(103 2
< |\P 471_[@’1/ re = :




More details <‘P‘K‘LP> for K = —h—z(vlz +V§)

(V) Z

Kinetic energy operator in spherical polar coordinates:

[&r f()V2 f () =[dr (OV/ ) =[d’r [vf ()]

=0
For f(r)=e """ :

|a&r rev? f(r)——47{ jjm f)

) o2 (2] gy

T () o



More details <\P‘N‘\P> for N =202 l_|_i
<LP‘\P> non

For f(r)=e """ :

[d*r ‘f( [ _47zjdrr (f() _n(g‘)j

() .z @
(¥|w) a, 4,

(42)



More details <\P ‘ C‘\P> e’

for C=
S
Useful identity: 1 4 / )
! = Z 217_:1 rr?+l Ylm (9’ ¢)Ylm (9"¢')
Im >

Forf(r)=e”'® and Y(r,1,)=f(r)f(r)
(¥|C|¥)=¢(47) jdrr ) ( jdrr () +jdrr f(r))J

~2(4x) [an r (7)) [an 72 (1)) ”EH

I\ Z
=t s




More details

(P|K+N+C|¥) eZ(Z 4Z+52j 2(2 _gzj
< ‘\P> a, 3 a, 3

Consistent with earlier slides --




Variational methods for estimating ground state energy of He atom:

H
Define f(w)z<w‘ V) min, £ () > E,
wlv)
e’ 27
f(t//)=—(22——2j 2 /a2
who min, /() = - (27)
fw)=-
i=0 :>Z0t:2—7 a, \ 16
dZ 716 o’
-_ % 5695
2a,

Experimental

2

value ~ —8—5.807
2a,
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