PHY 742 Quantum Mechanics Il
12-12:50 AM MWF Olin 103

Plan for Lecture 16

The Dirac equation —
Relativistic treatment of spin % particles
Ref: Chapter 16 of Professor Carlson’s Textbook

1. Some simple concepts of special theory of
relativity

2. Energy and momentum relationships

3. Dirac equation for a free particle
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Mon: 02/07/2022

02/09/2022

10 Chap. 11 (A-C) Time evolution and Feynman path integrals #9
11 (Wed: 02/09/2022 |Chap. 11 (A-C) Time evolution and Feynman path integrals #10(02/11/2022
12 |Fri: 02/11/2022  |Chap. 15 A ﬁfg;ﬁjg::;;’;g:t“”“ for time evolution of 1,14 165/14/2022
13 [Mon: 02/14/2022 |Chap. 15 Approximate time evolution #12(02/16/2022
14 \Wed: 02/16/2022 |Chap. 15 Fermi Golden Rule #13|02/18/2022
15 |Fri: 02/18/2022  |Chap. 15 Matrix elements and selection rules

Mon: 02/21/2022 |Chaps. (11-15) Homework review & presentations
16 \Wed: 02/23/2022 |Chap. 16 The Dirac equation #1402/25/2022
17 |Fri: 02/25/2022  |Chap. 16 The Dirac equation

2/23/2022
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PHY 742 -- Assignment #14

February 23, 2022
Start reading Chapter 16 in Professor Carlson's QM textbook..

1. Write the Hamiltonian operator for a spin 1/2 free particle according to the Dirac equation in
its 4 x 4 form. Show that the eigenvalues and eigenvectors are consistent with the coupled
two-component form that we discussed in class.
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Notions of special relativity

» The basic laws of physics are the same in all frames of
reference (at rest or moving at constant velocity).
» The speed of lightin vacuum c is the same in all frames of

reference.
4
y oY
A
) \/ ¥
______ ; '”
X L
U
y” > X
>
X

2/23/2022 PHY 742 -- Lecture 16



. Convenient notation :
Lorentz transformations

_Y
c
)= 1
1-p°
Y A y’ Stationary frame Moving frame
A ct = 7/(ct'+ ,Bx')
X = y(x"+fct')
=\ _ v
X y = )
______ ; .” B '
X v Z = VA
K
y- > X’
- >
X
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Lorentz transformations -- continued

For the moving frame with v =vX :

(y B 0 0)
0 0
p_| 7P 7
O 0 1 0
.0 0 0 1)
(ct ) (ct")
X X'
=L '
y y
\z) \Z
Notice:

2,2 2 2 2 22 2 2 2
ct —x"—y =z =ct"=x"—y"-Z

oS =IO O




Lorentz transformation of the velocity -- continued

Stationary frame Moving frame
cdt = ylcdt'+pdx")
dx = y(dx’ + ,Bcdt’)
dy — dy’
dz — dz'

Define: MXE@ U Eﬂ ”25%

dt 7 dt dt
u' = d_x u' = dl ' = d_Z

dx y(dx' + Bedt’) Uty
dt  yldt+pdx'/c) l1+wd' /¢
dy dy' u

dt :7/(dt'+,8dx'/c) 7/(1+vu'x/cz) w




Summary of velocity relationships

u' +v
I/l p—
X ' 2
l+wvu' /c
' '
o u', _ u',

’ 7/(1+vu'x/cz) Q/V(l—l—vu'x/cz)

u u

z z

T 7/(1+vu'x/cz) Q/V(l—l—vu'x/cz)



Example of velocity variation with 3:
(u’,/c= u’,/c=0.5)
1_
0'8__ u,/c
0.6-
0.4-
0.2-
0
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Velocity transformations continued:

: u' +v u' '
Consider: u_= X u = Y y =
' 2 Y ' 2 z
l+vu' /c yv(1+vu x/c)

z

7/v(1+vu'x/cz).

1+vu' /c’

1
Yu = =
\/1—(u/c)2 \/l—(u'/c)z\/1—(\2/0)2
— yuczj/v(yu'c_i_ﬂvyu'u'x)
= Vule = 7/V(yu'u 'x+ )/u.V) = 7V(yu'u 'x+ /vau'c)

Note that

= 7/V7/u.(1+vu'x/cz)

:yu y :y”'u'y yuuz :yu'u'z
) [ A
[ 7,c y,.C
'
2 U
Velocity 4-vector: Vil — L Vulh '«
u '
YUy Vol

\7/1/!“2/ \yu'u 'z/
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Some details:

' Vz u|2 u2 uy 2

!
ux+v uy U

where u_ = u = =
' 2
l+wu' /c

2 2 2 2 ' 2 12 2 0
l/lx u uZ Z/le u X V u u i Vv
( C
2 2 2 )
u uyv u 1%
:{1_)(” 5] [l_](l—]
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7/v(1+vu'x/cz).
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Significance of 4-velocity vector:

Introduce the “rest” mass m of particle characterized by

velocity u: (v c) /ymcz\ (E
j/uux yumuxc pxc
mc = =
Yy || vamuc || PyC
\ VY. ) \y,mu.c) \P.C)

Properties of energy-moment 4-vector:

E E' E' E

c ‘¢ ‘¢ c
P _p p'x p'x _ p! P Note: E* — p’c* = E*—p? ¢?
p,c p',c p',c p.c

p:c pP:c pP:c p:c



Properties of Energy-momentum 4-vector -- continued

EN (ymc
p.c| | y.muc
p.c| | y.muc

\P:¢) \r,mu.c

» 2 2
u
Note: E* - p*c’ :(mc ) {1—(”’0 —[

-8

Notion of "rest energy": For p=0,

e

2
E=mc

Define kinetic energy: E, =E—mc’ = \/ p’c’+m’ct —mc’

Non-relativistic limit: If -£-
mc

2
E, =mc’ \/1+(ij —1
mc

2
~ L for L <<1
2m mce



S/umm\ary of relaztivistic energy relationships

EN (yme)
pc| | y,muc
p,C ¥, muc

\P:¢) \V,mu.c)

E= \/pzc2 +m’ct = 7/umc2

Check : \/pzc2 +m’ct = mc2\/7/u2,b’u2 +1 =y mc’

Example: for anelectron mc’ =0.5MeV
for E=200GeV

s =y = 4x10°
mc

@:1—%zhi7ﬂﬁﬂwz
Vs 27,




How do these relationships effect guantum mechanics?

Focusingon treatment of Fermi particles

Non-relativistic mechanics

Relativistic mechanics

E*—pict = (mcz )2
U (with some license)
(E-p-oc)(E+p-oc)= (m02 )2
U

9, 9,
ih——-p-oc||ih—+p-oc |V
( o P j{ o P j

(m02 )2 Y



The Nobel Prize in Physics 1933 was awarded
jointly to Erwin Schrodinger and Paul Adrien
Maurice Dirac "for the discovery of new
productive forms of atomic theory."

Photo from the Nobel Photo from the Nobel
Foundation archive. Foundation archive.

Erwin Schrodinger Paul Adrien Maurice
Prize share: 1/2 Dirac

Prize share: 1/2

Dirac’s contribution --

During the intense period of 1925-26 quantum theories were proposed that accurately
described the energy levels of electrons in atoms. These equations needed to be adapted to
Albert Einstein's theory of relativity, however. In 1928 Paul Dirac formulated a fully
relativistic quantum theory. The equation gave solutions that he interpreted as being caused
by a particle equivalent to the electron, but with a positive charge. This particle, the positron,
2/23/2022 was later confirmed through gxpgriments:c 16



Digression on Pauli matrices (see Eq. 7.17 in your textbook)

6=0X+0y+0.Z

0 1 0 —i
O = O = O, =
10 Y li 0

1 0
Note that o~ = (Ti =0 =( ]

wnfrf) 8



Relativisticrelationships— continued
Ref: J.J. Sakurai, Advanced Quantum Mechanics

(ih%—p-ccj(ithrp.ccj‘P:(mcz)zlll > here, ¥ isa 2-

Ot component wavefunction

Let ¥Y=¥" with (ih§+p -ch\PL = mc" "~
[

Factored equations:

(ih% +p- ch‘PL =mc” "

(ihg -p- ch P* = me*P*
ot



Relativistic relationships— continued
Ref: J.J. Sakurai, Advanced Quantum Mechanics

Factored equations:

(ih% +p- ch‘PL =mc” "

(ihg -p- ch Pr = me* "

ot
Dirac's rearrangement: ¢° =¥ +¥*
(DL — LI;R . LIJL
( )
7l posclo” ra
ot — >
p-oc —ihE - -
\ 7 ) \? )

Ot



Relativistic relationships— continued

( A
il p.gc o) (")
ot — >
p-6cC —ihg 0" kgpL
\ A /

Further rearrangements:

" o @’ B mc>  p-oc o’
ot\ ¢" p-ec —-mc’ )\ o"
. ¥

in—Y =HY

ot =>here, ¥ is a 4-
component wavefunction



Four componentwavefunction of free Fermi particle

2 0[¢ | _( me proc)o
at (0[4 pGC _mcz (DL

v U(K)) ..
Assume (gpL]:(l ( )jezk-rzEt/h

% 2" (k)
7k -6c
= 1" (k)= — 7" (K)
E —mc
7k -6c
2 (k)= _ 7Y (k)
E+mc

E* =h*c’k* + m*c”

E = i\/l*lzczk2 +mc*




: : 0 1 0 —i 1
Pauli matrices: o = o = o=
1 O g i 0 0

) k. k. —ik,
T\ k, wik, k.

hKk -oc Ik -oc
Y(k) = "k “(k) = Y (k
r=7—"72 K& =771 (k)
Positive energy solutions: E =B K + m’c”
- | , K. = thC
1z (K)=N 0 2 (kK)=N - “ E+4+mc’

hk. c

0 K, = >
Zf(k):-/vﬁlj }(f(k)ZN( K] E +mc

—K

y4



: : 0 1 0 —i 1
Pauli matrices: o = o = o=
1 O g i 0 0

) k. k. —ik,
T\ k, wik, K

7Kk -oc hKk -oc

Y(k) = "k "(k) = Y (k
rW=-—"2 K&  rl)="7—"71 (k)
Negative energy solutions: E = WK +m’c’

- K, . 1 = thC

' hk.c

Uk)y=w| - Lk:JVO YT E—me?
Z¢() (—K] Z¢() (lj

z



What does this all mean?

Positive energy solutions: E =B K + m’c”
1 K hk c
Y(K)y=WN ‘(K)y=WN| ° = 2
ZT( ) (Oj ZT( ) (IQJ K. £+ mc?
hk,c
0 K K = 2
Zf(k):N(lj Zf(k)zﬁ(_lcj * E+mc?
: L
For hc‘k‘ <mc™ E=mec +
2m
U 1 L 0
1y (kK)y=N 0 1y (k)= N 0

U 0 L 0
X (k):N(lj ;(i(k)%./V(O)
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