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PHY 742 Quantum Mechanics 
12:00-12:50 AM  MWF  Olin 103

Plan for Lecture 18:

Chap. 16 in Professor Carlson’s text:

The Dirac equation for a hydrogen-like ion

1. Angular and spin components

2. Radial components

3. Comparison with non-relativistic hydrogen-like ion



2/28/2022 PHY 742  Spring 2022 -- Lecture 18 2

Note:   Project topic needed by Friday 3/5/2022
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Dirac equation for Fermi particle in a scalar potential field
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Additional references –
J. J. Sakurai, Advanced Quantum Mechanics
Hans A. Bethe and Edwin E. Salpeter, Quantum Mechanics of one and two 
electron atoms
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Dirac equation for electron in the field of  a H-like ion
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Dirac equation for electron in the field of  a H-like ion -- continued
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Dirac equation for electron in the field of  a H-like ion -- continued
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and :    
More details about spin-angular functions:
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show that:
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Dirac equation for electron in the field of  a H-like ion -- continued
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Dirac equation for electron in the field of  a H-like ion -- continued
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More relationships between the operators
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Summary of allowed combinations of eigenvalues
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Dirac equation for electron in the field of  a H-like ion -- continued
Note that for stationary state solutions to the Dirac eq
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More tricks --
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For example,   consider the example κ=-1:
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Returning to our coupled equations:
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Summary of results for the full Hamiltonian:
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Coupled differential equations for radial functions:
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 





( )

( )

2

2

( ) ( )Let    ( ) ( )

Coupled differential equations for radia

      and      

)

l functions:

( ) ( ) ( )

( ) ( ) (

E E
E E

E E

J J

E

J J

J J

JEJ

G r F rg r f r

V r mc E G r

F

r r

dc
d

c

F r

V r
r

m E

r r

r
r Gd

d
c r

κ κ
κ κ

κ κ

κ κ

κ

κ

≡ ≡

− + 
 
 +

+ − =

− − = − 
 







2/28/2022 PHY 742  Spring 2022 -- Lecture 18 22

Digression – how are these equations related to non-relativistic limit?

( )

( )

2

2

2

Coupled differential equations for radial functions:

( ) ( ) ( )

( ) ( ) ( )

Shift energy to non-relativistic convention:

JE E

E E

J

J J

NR

V r mc E G r F r

V r mc E F r G r

dc
dr r

dc
dr r

E mcE

κ κ

κ κ

κ

κ

− +



+ − =


− − =



+

 

=

− 

−





( )

( )2

( ) ( ) ( )

( ) 2 ( ) ( )

NR
E EJ J

J
N

E E J
R

V r E G r F r

V r

dc
dr r

dmc E F c
d r

r
r

r G

κ κ

κ κ

κ

κ

− + 
 

 + 
 

=

− =

− − −




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( )

( )

( )

2

2

2

2 2

2

2 2

2

( ) ( ) ( )

( ) 2 ( ) ( )

For  2 ( ) :

( ) ( )
2

( ) ( ) ( )
2

2

NR
E E

NR
E E

J

NR

E E

NR

J

E E

J

J

J J

J J

V r E G r F r

V r mc E F r G r

mc V r E

F r G r
mc

V

dc
dr r

dc
dr r

r

c d
dr r

c d d
dr r dr

d

r E G G r
mc

m

r

dr

κ κ

κ κ

κ κ

κ κ

κ

κ

κ

κ κ

− + 
 

 + 
 

 + 
 

−  + + 

−

− =

− − = −

≈

⇒ − =
 

−


 













( ( ) ( )( 1) ) NR
J JE EG r EV r G r

r κ κ
κ κ  +

− +  
  

=

Non-relativistic connections -- continued
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Non-relativistic connections -- continued
2

2 2

2

For  2 ( ) :

( ) ( )
2

( ) ( )

( ( )

2

1)

N

N

R

E E

E

J J

J JE

Rd V r
dr r

d
dr r

mc V r E

G r E G r
m

cF r G r
mc

κ κ

κ κ

κ κ

κ

  +
− + ≈  

  
 +≈  


−



−







2 2

0 2
0

       (fine structure constant)

1    

Note that  has the units of length.  In units of th

.

e

137 035 999 0

h :

84  

 Bo r radius

=

  

m

e

c
ea

m ccm a
α

α

= ≡

=



 



2/28/2022 lecture ran out 
of time at this slide.
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2

2

1 2

2

1 2

Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)
1Fine structure 

137.035 999 

( )t

constant: ~

Let       

/    

      

Le     (  )   

e

mc E mc E r

g r f

c

c c
G

α

ρ

ρ ρ

≡

≡ ≡
−

=

≡
+



 

   

N

2

2

1

1

 

( ( ) /

( ) ( )

)

 

( ) ( )

  

F

d ZG F
d

d ZF

r

G
d

ρ ρ

κ αρ ρ
ρ ρ ρ

κ αρ ρ
ρ ρ ρ

  
+ = +  

   
  

− = − 
  

=










N

0

0

Power series solutions in terms of 
         unknowns   , :

Assume    (      

                 (

)

     

,

)

n

n n

s n
n

s n

n
n

D

e

s C

G C

F De

ρ

ρ

ρ ρ ρ

ρ ρ ρ

∞
−

∞
−

=

=

=

=

∑

∑

Resuming analysis of solution of Dirac equation for H-like ion:
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2

2

1

1( ) ( ) 

( ) ( )

   

d ZG F
d

d ZF G
d

κ αρ ρ
ρ ρ ρ

κ αρ ρ
ρ ρ ρ

  
+ = +  

   
  

− = −  
   







0

0

Assume    (      

               

)

)  (      

s n
n

s n
n

n

n

G C

F D

e

e

ρ

ρ

ρ ρ ρ

ρ ρ ρ

∞
−

∞

=

=

−

=

=

∑

∑

0 2 2 2

0

2 2 2
2 2 2

0 0

Linear equations for determining :

0        

    For physical solution,                      

More generally, the relationships between the

Z

s
Cs Z

s
DZ s

Z C

Z

Z
s D

κ α
κ α

α κ

κ κ ακ α
α

−

+
−

+ −   
= = ± 

−
=

 −  

=

1

2

1

2

1

1

 coefficients a

1

1

re:

n n

n n

s n Z
Z s

C C
D Dn

κ α
α κ

−

−

 + + −       =      − +     
 






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2

1

2

1

1

1

r

Relations

e

1

1

In order to satisfy boundary condition as ,  the series has to truncat .    
Condition for 

whips bet een the coefficients:

se

n n

n nn
C C
D D

s n Z
Z s
κ α
α κ

ρ

−

−

 + + −       =      − +     
 

→∞







( ) ( )

1

2

2

1

1

2

' 1

' 1

'
' '

'

1 22 1

ies truncating a

i

t ' 1:
' 1

0

f

' 1

1
0    

cFurther ondition

2

 

s

 

 or th s case:

'

 
1

n

n

n
n n

n

C
D

C
C D

D

s n

n n
s n Z

Z s n

Z

κ α
α κ

α

+

+

= +

+ + + −   
=  − + +  

 
   = ⇒   

= −

+ =


 

−


 





   
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( ) ( )1 1 22

Continued analysis of this case:

2 's n Zα −+ =   

( )
2 2

2
2 2 2

2 2

1

2 2

'

2

2

2

Recall:         

             
Bound state energy eigenvalues:

    where ' 0,1,2..
1

A more convenient accounting defines the principal quantum number :

Z

Z n

mc E mc E

s

mcE n

n

c

n

c
Z

α

κ α

κ α

+−

+ −

=

≡ ≡

= =
+

−

 

 

( ) ( ) ( ) ( )

( ) ( )

2 2

2
2 2 21 1

2 2

1

2

1 1 1
2 2 2 2'         , 1 , 2 ....

1
n

Z

J Z nJ

n n J n J J J

mcE
α

α

κ

 
− 

 
+ − + +

= − = − + = + + + + +

=
+
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( )( ) ( )

( ) ( ) ( )

2

1/2

2 2

21/22 2 21 1

1 1 1
2

2 2

2 2

Exact solution of Dirac equation for H-like ion:

   

1

for , 1 , 2 ,...

n

J Z

mcE

Z

n

n J

J

J J

α

α

=
 
 
 +
 

+ −    
= + + + + +

− + +
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Comparison with Schrödinger equation --

2 2 2

2

Schrodinger equation

2
Sch
n

Z mcE
n

α
= −



2

2 2 2 2 2

2 1
2

Dirac equation

1 3 1 ....
2 4

Dir
nE mc

Z mc Z
n n J n

α α

− ≈

  
− + −   +  

Dirac equation for electron in the field of  a H-like ion

Schematic diagram:

1s

2s,2p

3s,3p,3d

1s1/2

2s1/2,2p1/2

2p3/2

3s1/2,3p1/2

3p3/2,3d3/2

3d5/2

κ=-1

κ=-/+1
κ=-2
κ=-/+1
κ=-/+2
κ=-3
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( )( ) ( )

2

1
2

1/2

2 2

21/22 2 21 1
2 2

2 2 2
1

Exact solution of Dirac equation for H-like ion:

   

1

for 1   and  :

1

n

J Z J

mcE

Z

n

n J

E Zmc

α

α

α

=
 
 
 +
  −    
= =

−

+ − + +

=

Some details
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More details about ground state of H-like ion from Dirac 
equation

( )
0

1
2

1/2

2
2 2 2 2 2

1 1 2
0

3
1

0

0

/
3
0

0

0

1            

1      1    = =  

1
0

1
0

1 01where

1

( )
( )

ˆ

     Degenerate with 
0 1

Z
U

s
L

r a

n J

Z ZE Z s Z
a

Z e r
Di

mcmc
c

C

D s
C Z

a

κ

αα α

ϕ
πϕ

α

−−

= =

− = −

  
        =              

  −
=

= −

=

⋅

↔ 
  

r
r

σ r
N



 


 


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2

2

( )
 =

( )
V r

H
Vm r

mc c
c c

 ⋅
 ⋅ +− 

+



p σ
p σ

More general treatment of bound states of Fermi particle 
within spherical potential   V(r)

ˆ ˆ( ) ( )
ˆ

Eigenvalue problem:
( ) ( )
( ) ˆ) )) (((

E J JM E J JM

E J JM E J JM

g r g r
H E

if r if r
κ κ κ κ

κ κ κ κ

χ χ
χ χ− −

   
=   

   

r r
r r

( )

( )

2

2

Coupled differential equations for radial functions:

( ) ( ) ( )

( ) 1( ) ( )

1
J J

J E J

E E

E

V r mc E g r f r

V r m

dc
dr r

dc
dr r

c E f r g r

κ κ

κ κ

κ

κ

+ − =

− − = −

− + + 
 

+ + 
 




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Practical solution of radial portions of Dirac equation

( )

( )

( )

2

2

2

( ) ( ) ( )

( ) ( ) ( )

Let  ( ) ( ) /       and    ( ) ( ) /
1( ) ( ) ( ) 

1

1

( ) 

J J

J J

J J

E E

E E

E E E E

E J E

J J

J

E J

dc
dr r

dc
dr r

d
dr r

V r mc E g r f r

V r mc E f r g r

g r G r r f r F r r

G r E mc V r F r

F r

c
d
dr r

κ κ

κ κ

κ κ κ κ

κ κ

κ

κ

κ

κ

κ

+ − =

− − = −

= =

  = + − 
 
  = − 
 

− + + 
 

+ + 
 

+

−







( )21 ( ) ( ) E JE
c

mc V r G rκ− −



	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34

