PHY 742 Quantum Mechanics
12:00-12:50 AM MWF Olin 103

Plan for Lecture 18:
Chap. 16 in Professor Carlson’s text:
The Dirac equation for a hydrogen-like ion
1. Angular and spin components
2. Radial components

3. Comparison with non-relativistic hydrogen-like ion
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PHY 742 -- Assignment #16

February 28, 20.
Continue reading Chapter 16 in Professor Carlson's QM textbook..

1. Consider a H-like ion with Z=5 as represented by the Dirac equation. Numerically evaluate all of the
eigenstate energies for principal quantum numbers n=1,2 and 3. Compare each of the results with
corresponding eigenstate energies of the Schrddinger equation.
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Additional references —
J. J. Sakurai, Advanced Quantum Mechanics
Hans A. Bethe and Edwin E. Salpeter, Quantum Mechanics of one and two
electron atoms

Dirac equation for Fermi particle in a scalar potential field

H=p-ac+mc’B+V(r),
0 o I 0

where: o= b= and where:
c 0 0 -/

0 1 0 —i 1 0 1 0
O, = o, = O, = 1512:
1 O i 0 0 -1 0 1



Dirac equation for electron in the field of a H-like ion
H=p-ac+mc’B+V(r),
For H-like 1on with nuclear charge Z :

Ze’

Vr)=V(r)=-
B r
ih—Y =HY
ot

Stationary state solutions:

Mr)j
I e
¢ (r)

(mc2 +V(r) p:oc }[(pU (r)j _ E[goU (r))
p-oc —mc” +V(r) )\ 0" (r) o" (1)

Y(r,?) :(



Dirac equation for electron in the field of a H-like ion -- continued

77— me” +V(r) p:oc
p:oc —mc” +V(r)

Note that the following operators commute with the Hamiltonian

and have simultaneous eigenvalues:

L +iho, 0
J =
) 0 L +iho.

L’ +3°] +#6-L

Ko c-L+nl, 0
- 0 —6-L—hl,

J2_£L2+%12+hc-L 0 ]
0



Dirac equation for electron in the field of a H-like ion -- continued

me+V()  poc |00 (0" ®
p-oc  —mc’+V(r))\ " (r) @"(r)

We can

[w” (r)j ) ( s (1) Xy (F) j
show that: o

@L (r) if ) (F) 2o (1)

More details about spin-angular functions:
Eigenfunctions of J°and J. : ‘JM >

J 2
Jz

JM)=n*J(J +1)|IM )
JM)=hM |JM)

KoMy =12 (J(J + D)+ D) aM ) =1 (J + 1) |JM )



Dirac equation for electron in the field of a H-like ion -- continued

Jz(qof:(n]:(@%haz 0 ][qo;’(r)]: hM[<”Z(">j
@ (r) 0 L +5ho, )\ 9™ (r) @ (r)
e o' (r)) (L+321,+he-L 0 o (1)

o' (r)) 0 >+ +ho-L )\ o"(r)

0" (r))
@"(r)

o ? @ :(G'L"'h]z 0 ) @" (r)
@"(r) 0 —6-L—nl, )\ ¢"(r)

“hKVU(r)H_W(r)]
p"(r)) \+hxp"(r)

:th(J+1)(



Dirac equation for electron in the field of a H-like ion -- continued
© ¢’ (r)) (o-L+Ahl, 0 @” (1)
" (r) 0 —6-L-1l, )\ ¢"(r)
U _h U
_p @L (r) ) _ KcﬁL(r)
@-(r)) \+hxp-(r)
v r r
N (@L (l‘)) ( s (1) Xy (1) j
@~ (r)
It can also be shown that ¢ and ¢" are eigenvectors of L :

s P X enna (T)
L’o” =n’l, (I, +1)¢"” and L’o" =#’l (I, +1)p"
=Ly ®) =110, + Dy, ®) and Ly, (&) =111, +1) g (F)



More relationships between the operators
L’=J"-ho-L-3n"=J°+1n’—h(o-L+h)
Relationships between the upper and lower component functions:

LZZKJM (r) = hle (ly +D 2 (r) and Lzl—KJM (F) =11, (I, + DX (T)
(GL_I_h)ZKJM(i;) :_KZK‘JM (f) and (GL_I_h)Z—KJM(f‘) — KZ—KJM(I/;)

Algebraic relations --
[, +)=1[,({,+])-2k
LU, +)=J(J+)+Kx++



Summary of allowed combinations of eigenvalues

lU ZL
k=—(J+1) J-1 J+5
k=+(J+1) J+1 J-1
Alternatively
J |

[, +1

K=+, [, —= [, —1



Dirac equation for electron in the field of a H-like ion -- continued
Note that for stationary state solutions to the Dirac equation

HY, , =EY,_,,  the k value is identified with ¢".

WV :(CDU(T)]:( gEKJ(r))(KJM(f.)j
BN 0t () ) i () 2o (F)

Combinations:

<
I

IU =0 Possibilities:
J=l+% k=-1-1=—(J+1%)
J=1-1  k=I1=(J+%)

K=-1

N |—

+1
—2
+2
-3

1
1
2
2
+3 3

Rl v NW Gl o [—



Evaluating the spin-orbital functions in terms of Clebsch-Gordan coefficients:

ForJ=Il+% and x=—I-1=-(J+1%)

o [+ M ! (1 \/I—M+1 (0
r)= Y . (r + 2y  (r
Z (1) \/ 20 +1 - )(oj 20 +1 o+ )(1

ForJ=/-4 and K=l=+(]+%):
. [-M+1 (1 \/I+M+1 (0
r)=— Y . (r + 2y  (r
K (1) \/ 20 +1 - )(oj 20 +1 | )(1

Now considering the full Hamiltonian:

H(mch“V(r) p-oc ):[ me+V(r) (i) (p-o)c
(

) p-oc —mc” +V(r) f‘-(r)2 (p -G)C —mc” +V(r)

Recall that: (6-A)(c-B)=A-B+ic-(AxB)



Some details -- Stationary state solutions:

qu(r)j
I e
¢ (r)

mc* +V (r) p-oc @" (1) _r @’ (1)
p-oc —mc” +V(r) )\ @"(r) @" (1)

Let (ng (r)j _ ( s (M) X (r) j

Y(r,?) :(

CDL (r) if s (F) o (T)
— (mcz +V(r)— E)gEKJ(V)ZKJM (r)+p-ocif,., (r) 1 . (@)=0
P-6cgp, (7)Y n (X)+ (—m02 +V(r)— E)ifEKJ (M) s (£) =0



Some tricks -- recall that (#-6) =1,
(F-6) (p-0)=(¢-0)(F-0)(p-o)
=(f.s)(f~.p+i“'Lj

r

_ (f.c)(—ih;ﬁ“'Lj

v

Also note that: (6 -L+7l,) x,,, (F) = —fiky,,, (F)
sothat: ¢-Ly,_,, (£)=—h(x+1)x_,, (F)

Ul LZ—K‘JM (f.) — _h(_K T I)Z—K‘JM (f.)



More tricks --
(mcz +V(r) - E)gEKJ(r)ZKJM (r)+p 'GCifEKJ(I”)Z—KJM (r)=0

P-06¢cgs, () Xn (r)+ (—m02 +V(r)- E)ifEKJ Qyamy (r)=0

0 ic-Lj

(f*-c)(—ih—+

or r

What about (f-6) 7, ,, (F)?



Recall:

FOI’K—— i [=—x—-1 and J=/+3

Z+M+1 [—M +3 (0
Kiena (F) = \/ ~IRERE (r)(j \/ Y YZ(M%)(r)(J
For kx =+ J-I— | = x and J:[_L

W |[I=M+5 [+ M+
ZKJM(r)_ \/ 741 ](M)(r)( j \/ 7] 41 ](MJFI)(r)( j

. cos@ sinBe’?
r-o=| l,
sinfe’’ —cosé



For example, consider the example k=-1:

In this case: For x =—1 [=0 and J ===[+

L
2

1 0
oy (F) = Z—l%% (r)=Y, (f‘)(oj Z_l%_% (r)=Y, (f)(lj

<0 .
f"GZ_l%(f‘) (r)(SIIl 6’8“0] f'°G)(_1 L (r)= Yoo(f)E

Note that for x=+1 [=1and J =

0
ZKJM(IA‘):Z%(IA'): \/7 (r)( j—k iYn(f')(lj:_f"W(%(f')

. 2 (1 1. .. (0 .
}(1%_%(1‘)2— EYI_I(r) 0 T EYIO(I‘) 1 :_r'GZ_%_



The example showed the following results

which can be proved more generally -- (f~ ’ 6)7(KJM (f') =X _xm (f')
e . . 0 ic-L
Also, recall PG =(r-6) i
or r

Returning to our coupled equations:
(mcz +V(r)- E)gEKJ (F) X ey (6) +P-0Cif 1, (F) Yy (F) =0
P-ocg.., (1) X () + (_mcz +V(r)- E)ifEKJ (") s (£) =0

0 k+1 0 —Kx+1

(p 'G)CifEKJ ()Y o () = (f 'G)hc( + jfEKJ (M Xt (F)=— hc( + jfEl{J (") X s (T)

or r or r

(p'G)CgEKJ(r)ZKJM (r)= (f'c)hc(§+KTngExJ(’”)ZKJM (r)=- hc(§+%ngEKJ(r)ZKJM (1)

r



Summary of results for the full Hamiltonian:
e me” +V(r) (f'-o)2 (p-c)c
(r- 6)2 (p-o)c —mc” +V(r)

- me” +V(r) (f-6)(f-p+ic-L/r)c

- (f'-G)(f‘-p+i6-L/r)c —mc” +V(r)
Eigenvalue problem:
HE s () Xy () ) _ E[ s () X ey () j

i gy () Y e () i gy () Y s ()
Coupled differential equations for radial functions:

(V(r)+m02 _E)gEKJ(r) th(;; T _Kr—l_ljfExJ(r)

_I_
dr

(V(V)_mCZ_E)fEKJ(V):_hC(d K:—lngKJ(r)



Coupled differential equations for radial functions:

d —-x+1

(V(r)+ mc? —E)gE,(xr):hc(W jfE,d(m

d k+1
(V(r)_mcz_E)fEKJ(r):_hc( T ngK‘J(r)

dr v
Let g, ()= GEK; ) and f ,(r)= EK; )
Coupled differential equations for radial functions:
(V(r)+mc2—E) EKJ(r) hc(i_l___Kj EKJ(r)

dr r

(V(r) —mc* —E)F,,,(r) = —hc( a, KJGM(;/)

dr r




Digression — how are these equations related to non-relativistic limit?
Coupled differential equations for radial functions:

(V(r)+mc® = E)Gy,, (r) = hc(j + _KjFEKJ(r)
(V(r) —mc’ —E)FEKJ(r) = —hc(;; + ’:jGEKJ(r)

Shift energy to non-relativistic convention:
E"™ =F —mc’
NR d —K
(V(r) = E™) Gy (r) = hc( ' ]FEm)

dr r

(V(r)—2m02 —ENR)FEKJ(r) = —hc( d + KjGEKJ(r)

dr r



Non-relativistic connections -- continued

(V(r)_ENR)GEKJ(r) = hc( d + _KjFEKJ(r)

dr r

(V(r)—ch2 —ENR)FEKJ(F) = —hc(;; + ’:jGEKJ(r)

For 2mc” >V (r)—E™:
he (d «
( + jGEKJ (7")

FVEKJ(]/‘)z

2me - \dr r

— (V(r)_ENR)GEKJ(r) = e ( d _Kj( d KjGEKJ(r)

+ +
2me*\dr  r dr r
E_ 7’ (dz _ Kk(k+1)

2m\ dr? v

]"' V(r)]GEK‘J (r)= ENRGEKJ (7)



Non-relativistic connections -- continued
For 2mc* >V (r)—E™:

L_ B’ [dz k(k+1)

2m\ dr’ v

]"' V(r)] G, (r)= ENRGEKJ (7)

Py (1)~ — (d +KjGEKJ<r>

2me\dr r

Note that e has the units of length. In units of the Bohr radius:
mc

h’ h e’
a, =— =—=qa (fine structure constant)
me- mca, hc
1

137.035999 084

2/28/2022 lecture ran out
of time at this slide.



Resuming analysis of solution of Dirac equation for H-like ion:

Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)

2
Fine structure constant: o = c - 1
hic 137.035999
mc* + E mc® — E
Let ¢ = &= P =G6T : : :
hc he Power series solutions in terms of

Let g(r)=NG(p)/p [f(r)=NF(p)/p

d « (e Za
+— |G(p)=| |-+ F o
[dp pj ) Ne o) ) Assume G(p)=e”p'> .C,p"
n=0

( h
d « e, Za
-— |F(p)=| | = ——|G(p) s
(d/? Pj V& P ) F(p)=e pPSZDnPn
n=0

unknowns s,C ,D :




d Z )
[_JFEJG(P):( L+ 22 |F(p) Assume G(p)=e’p’ ) C,p"
n=0

dp p & P

d K e, Za i

—  __—|F — 2 _ G _ _—P S n
(dp pj 2 ( 2 F(p)=e”p ;an
Linear equations for determining s :

(S-I—K‘ —Zaj(CO]:O S=+\/K2—ZZOC2

Zo s—x )\ D

0

2 2 2
. . —Z
For physical solution, s = N D, = A \/KZ (x C,
o

More generally, the relationships between the coefficients are:
o )

)
s+x+n —Za C, | I o |[C,,
Za  s—-x+n)\D,) | [« 1 \D.

\V J




Relationships between the coefficients:
( )

s+xc+n —Za \(C,) | 1 AT |(C.,
Zo s—x+n )\ D, | = 1 [\ D
\ Vo J
In order to satisfy boundary condition as p — o, the series has to truncate.

Condition for series truncating at n=n'+1:

s+x+n'+1 —Za C.., o
Za s—k+n+1)\ D, -
( o )
1 \/; (Cn'
K\/; b

Further conditions for this case:

2Je6, (s+n")=Za(g —¢,)




Continued analysis of this case:

2\e6 (s+n")=Za(e —¢,)

2 2
+ E - K
Recall: ¢ = e €, = e -
hc hc
s=K’ -2’
Bound state energy eigenvalues:
2
E= mc2 - where n'=0,1,2..
1+ —&£«—
(\/K2—22a2 +n')

A more convenient accounting defines the principal quantum number 7 :
n'=n—|cl=n-(J+%)  n=(J+1),(J+1+1),(J+L+2)...

2
mc

1 Fa—
\/ - (\/(J Y220 (g +%)+"J

E =

n
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Exact solution of Dirac equation for H-like 1on:

2
mc

\

1+

ZZa2

((J+§)2 —Zzozz)l/2 —(J+1)+ njz /

forn=(J+%),(J+5+1),(J+1+2)....

1/2



2/28/2022

Dirac equation for electron in the field of a H-like ion

Comparison with Schrodinger equation --

Schrodinger equation
Z a’mc’

2n’

Sch
E =

Schematic diagram:

3s,3p,3d
2s,2p

1s

Dirac equation

Di 2
E T —me =

B Z*a’me’ - 7o’ 1 3
2n’ n \J+L1 4n)
3d;/, K=-
= 3P3/2,3d3,; K=-[+2
— 354/2,3P12 k=-/+1
—_ 2P K=-
— 2S/%,2P, c=-/+1
1S4, ==
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Some details

Exact solution of Dirac equation for H-like 10n:

E =

2
mc

T

\

1+

Z2a2

(((J+;)2 —Zzozz)l/2 —(J+1)+ njz )

forn=1 and J=1:

E = mc*N1- 7o’

1/2



More details about ground state of H-like ion from Dirac
equation

n=1 J=1 K=-—1

2
Elzmcz\/l—Z20(2 s=~1-2a> 6162=Zamc _Z
hc a,
( (lj )
1/2
(DU (r) _ Jv Z3 e—Zr/aorS—l 0
L 3
gD (r) ﬂ-aO ‘DO A 1
i—(o-T)
e 0

D, 1-s
C, Za



More general treatment of bound states of Fermi particle
within spherical potential V/(r)

77— me” +V(r) p:oc
p:oc —mc” +V(r)

Eigenvalue problem:

H( s (M) X (f')) (gEKJ () X e () )
i pes (D) X o (r) i pes () X e (f)/

Coupled differential equations for radial functions:

(V(r)+me> —E) g, (r) = h(j P ljfmm

d x+1

(V(r)_mcz_E)fEKJ(r):_hC(dr"‘ , ngK‘J(r)




Practical solution of radial portions of Dirac equation

(V(r)+m02 _E)gEKJ(r) = hc(;; T _Kr_l_ljfEKJ(r)
(V(r)—m02 _E)fEKJ(V) :_hc(;; + K:ljg&d(”)

Let g, (1) =Gy, (r)/r and f, (r)=Fg  (r)/r

d K 1 5
(dﬁ erEKJ(r) :%(E-I—mc — V(1)) Fp,.y ()

( " KjFE,d(r) = —hLC(E =me* =V () Gy (1)
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