
3/02/2022 PHY 742  Spring 2022 -- Lecture 19 1

PHY 742 Quantum Mechanics 
12:00-12:50 AM  MWF  Olin 103

Plan for Lecture 19:

Chap. 16 in Professor Carlson’s text:

The Dirac equation for a hydrogen-like ion

1. Solution of the analytic radial wave functions

2. Comparison with non-relativistic hydrogen-like ion
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Note:   Project topic needed by Friday 3/4/2022
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Dirac equation for electron in the field of  a nucleus with  atomic number Z  --
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For H-like ion with nuclear charge :
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Stationary state solutions:
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Summary of results for the full Hamiltonian:
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Coupled differential equations for radial functions:
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Coupled differential equations for radial functions:
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Coupled differential equations for modified 
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Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)
1Fine structure constant: 

 

137.035 999084 

( )

~

Let            

Let    /  ( )   

e

g

c

c c
G

mc E mc E r

r

α

ρ

ρ ρ

≡

≡
+ −

=

≡ ≡



 

N

   

2

1

1

2

  ( ) /

( ) ( ) 

( ) ( )

   

( ) F

d ZG F

f

d

d ZF G
d

r ρ ρ

κ αρ ρ
ρ ρ ρ

κ αρ ρ
ρ ρ ρ

  
+ = +  

   
  

− = −  
 

=

 

N







0

0

Power series solutions in terms of 
         unknowns   , :
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Analysis of solution of Dirac equation for H-like ion:
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Continued analysis of this case:
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Exact solution of Dirac equation for H-like ion:
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Comparison with Schrödinger equation --
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Exact solution of Dirac equation for H-like ion:
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More details about ground state of H-like ion from Dirac 
equation
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More general treatment of bound states of Fermi particle 
within spherical potential   V(r)
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Coupled differential equations for radial functions:
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Practical solution of radial portions of Dirac equation
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Coupled radial equations, can be solved numerically
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