PHY 742 Quantum Mechanics
12:00-12:50 AM MWF Olin 103

Plan for Lecture 19:
Chap. 16 in Professor Carlson’s text:
The Dirac equation for a hydrogen-like ion
1. Solution of the analytic radial wave functions

2. Comparison with non-relativistic hydrogen-like ion
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Dirac equation for electron in the field of a nucleus with atomic number Z --
H=p-ac+mc’B+V(r),
For H-like 1on with nuclear charge Z :
Ze’
Vr)=V(r)=—"—

r

i g W WY Stationary state solutions:

o 0 (r)jem
@" (r)

(rnc2 +V(r) p-oC ](ng (r)) _ E(goU (r)]
p-oc —mc” +V (r) )\ ¢"(r) @"(r)

Y(r,?) =[



Summary of results for the full Hamiltonian:

17— mcz-I-V(V) (f'G)Z(p-G)C _E m62+V(r)

(F-0) (p-o)c —mc®+V(r)
Eigenvalue problem: H(Q’Z (l‘)] _ E[CDZ (r)]
@~ (r) o" (1)

From symmetry: [(DU (r)) _ ( & s () X s (T) j

" (r) i pes () Y e ()
Coupled differential equations for radial functions:
d —-x+1
(V(r)+mcz_E)gEch(r):hc( + jfEKJ(r)
dr v
d k+1
(V(r)_mcz_E)fEKJ(r):_hC(dr+ . ngKJ(r)

(f"G)(f'-p+iG-L/r)c

(f-6)(F-p+ic-L/r)c
—mc” +V(r)

J



Recall:

FOI‘K—— i [=—x—-1 and J=/+7

Z+AI+1 [—M + ] (0
ZKJM(F) \/ 2] 11 l(M—l (r)(j \/ 2 +1 YZ(MJré)(r)(lj

For x = +J+ [=xand J=]—-1

. [— M+ [+M+1 (0
ZKJM(r):_\/ 2l+1 Z(M)(r)( j \/ 2l+1 2Y}(M+é)(r)(1j

. 0 inGe”"’ . . .
Note that: -0 = _COS - SHYE and (F-6)yx, (B)=—x ()
sinfe’”  —cosf




Coupled differential equations for radial functions:

d —-x+1

(V(r)+me* —E)g,,,(r)= hc(— + jf (r)

dr r

d xk+1

(V(r)_mcz_E)fEKJ(r):_hC(dr—l_ . ngK‘J(r)

GEK‘J (l") and fEKJ (7’) = FEK‘J (l")
r r
Coupled differential equations for modified radial functions:
(V(r) +mc” —E)GEKJ(r) = hc( d + _KjFEKJ(r)

dr r

Let gEK‘J (7/') =

d K

(V(r)—mc2 —E)FEKJ(r) = _hc(dr + ] jGEKJ(r)




Analysis of solution of Dirac equation for H-like ion:

Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)

2
Fine structure constant: o = c - 1
hc  137.035999084
mc* + E mc® — E
Lete = &= P =AGET : : :
hic he Power series solutions in terms of

Let g(r)=NG(p)/p [f(r)=NF(p)/p

d « (e Za
+— |G(p)=| |-+ F o
[dp pj ) Ne o) ) Assume G(p)=e”p'> .C,p"
n=0

( h
d K e, Za
-— |F(p)=| | = ——|G(») s
(d/? Pj V& P ) F(p)=e pPSZDnPn
n=0

unknowns s,C ,D :




d K ¢ Za -
[ dp+p]G(p) ( . + p (p) Assume G(p)=e’p nE:O Cp

d K e, Za 0
—  __—|F — 2 _ G - s n
(dp pj (p) [ -, (P) F(p)=e”p ;Dﬂp
Linear equations for determining s :

(S+K‘ —Zaj[Coj:O S=+\/K‘2—Z20[2

o s—x )\ D

0

2 2 2

: : + —/

For physical solution, s= N D, = a \/KZ < C,
o

More generally, the relationships between the coefficients are:

( e )
s+x+n —Za C, | I \E C
Za  s-x+n)\D,) | [« 1 \D.

n n—

\Va J




Relationships between the coefficients:
( )

s+xc+n —Za \(C,) | 1 AT |(C.,
Zo s—x+n )\ D, | = 1 [\ D
\ Vo J
In order to satisfy boundary condition as p — o, the series has to truncate.

Condition for series truncating at n=n'+1:

s+x+n'+1 —Za C.., o
Za s—k+n+1)\ D, -
( o )
1 \/; (Cn'
K\/; b

Further conditions for this case:

2Je6, (s+n")=Za(g —¢,)




Some details: Letn=n'

/(S+I<+n')\/el€2 ~Za/ee, \(Cn.j_/ €6, 61\(67"'1]

L Zak, (S—K‘-I—I”l')éu VEE &)

(S-l—l(‘-l-n \/% Zael) (S K+n)el+Za elez)D =0

Note that: C, =—,/+D,

(—(S+K+n')e1 -I-ZOlél\/g)—((S—K-l-n')el +/Za elez)zo

:>2(5+n') €€, =ZO!(€1 —62)



Continued analysis of this case:

2\e6 (s+n")=Za(e —¢,)

2 2
+ E - K
Recall: ¢ = e €, = e -
hc hc
s=K’ -2’
Bound state energy eigenvalues:
2
E= mc2 - where n'=0,1,2..
1+ —&£«—
(\/K2—22a2 +n')

A more convenient accounting defines the principal quantum number 7 :
n'=n—|cl=n-(J+%)  n=(J+1),(J+1+1),(J+L+2)...

2
mc

1 Fa—
\/ - (\/(J Y220 (g +%)+"J

E =

n
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Exact solution of Dirac equation for H-like 1on:

2
mc

\

1+

ZZa2

((J+§)2 —Zzozz)l/2 —(J+1)+ njz /

forn=(J+%),(J+5+1),(J+1+2)....

1/2



3/02/2022

Dirac equation for electron in the field of a H-like ion

Comparison with Schrodinger equation --

Schrodinger equation
Z a’mc’

2n’

Sch
E =

Schematic diagram:

3s,3p,3d
2s,2p

1s

Dirac equation

Di 2
E T —me =

B Z*a’me’ - 7o’ 1 3
2n’ n \J+L1 4n)
3d;/, K=-
= 3P3/2,3d3,; K=-[+2
— 354/2,3P12 k=-/+1
—_ 2P K=-
— 2S/%,2P, c=-/+1
1S4, ==

PHY 742 Spring 2022 -- Lecture 19

13



Some details

Exact solution of Dirac equation for H-like 10n:

E =

2
mc

T

\

1+

Z2a2

(((J+;)2 —Zzozz)l/2 —(J+1)+ njz )

forn=1 and J=1:

E = mc*N1- 7o’

1/2



More details about ground state of H-like ion from Dirac
equation

n=1 J=1% Kk =-—1

2

7 2
E1=m62\/1—22a2 S=\/1—220l2 €6 = ame__ 2

hc a,

( (1] )
1/2
caU(r)j : NE z j a0 0

‘P("):( . :

@ (r) Td, D, , . Elj
i—(o-T)

J




Normalization:(‘l’(r) ‘ ‘P(r)> =1

("™ _ [ Z jw Zr/aOEZr
‘*’(">—(¢L(r)j (mg C e

2)

/ )

3 1-J1-(Za

N 4r Z3 1+ \/ (Za)
za, Za

N /)




More general treatment of bound states of Fermi particle
within spherical potential V/(r)

77— me” +V(r) p:oc
p:oc —mc” +V(r)

Eigenvalue problem:

H( s (M) X (f')) (gEKJ () X e () )
i pes (D) X o (r) i pes () X e (f)/

Coupled differential equations for radial functions:

(V(r)+me> —E) g, (r) = h(j P ljfmm

d x+1

(V(r)_mcz_E)fEKJ(r):_hC(dr"‘ , ngK‘J(r)




Practical solution of radial portions of Dirac equation

(V(r)+me> —E) g, (r) = h( £y 1jf,f,dof)
(V(r)_mCZ _E)fEKJ(r) = _hc(;; + K:—lngK‘J(r)

Let gEKJ(r):GEKJ(r)/r and fEKJ(r):FEKJ(r)/r

(;; T ’:jGEKJ(r) :hic(E‘l'mCz _V(r))FEKJ(r)

d K 1 )
(dr_ r)FEKJ(r) :—%(E—mc —V(r))GEKJ(r)

Coupled radial equations, can be solved numerically
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