PHY 742 Quantum Mechanics I
12-12:50 PM MWEF Olin 103

Plan for Lecture 28

Quantum mechanics of a multi electron atom

Using second quantization formalism together with material from
Professor Carlson’s textbook: Chapter 10. Multiple particles (Sec. F)
and also Chapter 8. Spin and Adding Angular Momentum (Sec. C)

1. Review of what we have learned so far

2. General discussion of atomic term analysis

3. Examples and comparison with NIST atomic database

04/11/2022 PHY 742 -- Spring 2022 -- Lecture 28 1



25 Mon: 04/04/2022 |Chap. 10 (review) gﬂuﬂﬂﬂigﬁﬁ systems and second #20  04/06/2022
26 \Wed: 04/06/2022 |Chap. 10 (review) ’q‘”ulgﬂ‘;igﬁﬁ systems and second
27 [Fri: 04/08/2022 Multi electron atoms #21 04/11/2022
28 |Mon: 04/11/2022 Multi electron atoms #22 04/18/2022
29 Wed: 04/13/2022 Hubbard model with multiple electrons

Fri: 04/15/2022 |No class Holiday
30 Mon: 04/18/2022 Hubbard model with multiple electrons
31 Wed: 04/20/2022 BCS model of superconductivity
32 [Fri: 04/22/2022 BCS model of superconductivity

PHY 742 -- Assighment #22

April 11, 2022

The material for this homework follows Lecture 28

1. In class, we evaluated the ground state of a He atom and its lowest two excited states using the single particle basis of
eigenstates of the He™ H-like ion with Z=2. Evaluate the same analysis for Li* using the single particle basis of
eigenstates of the Li** H-like ion with Z=3. Compare your results with the NIST database.

04/11/2022 PHY 742 -- Spring 2022 -- Lecture 28 2



Focusing on multielectron systems --

N
H(r,r,,..r,) = Zh(rl.) +V(r,x,,..Iy)
i=l N

N
where: V(r,,r,,..1,) = Z Zv(rl.—rj)
i=1 (i>j) j=I

Single particle basis:  A(r)p, (r)=&,¢,(r)

In this basis and using second quantization formalism --

‘@k (r)> — f/jfk ‘O>

Second quantized Hamiltonian: H = Zei T f+ Zvijkl A fj 1.

ijki

where v, = <§01- (r)e; (rz)‘v(l] - rz)‘gﬂk (r)o, (r2)>
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Presenter Notes
Presentation Notes
In principle, we can calculate the electronic structure for any atom in the periodic table.     Last time we considered the ground state of the He atom.


The Hamiltonian for an He atom (Z=2): (cgs Gaussian units)

2 1 1 2
H(r,r)=——(V:+V.)=2¢ (—-i-— T
2m A A ‘1] — rz‘
n°v: 2e" V. 2 €
=— - ——+
_2m 2 Z2m___n, ‘11 —rz‘

= hr)) +  h(r) +v(r.r,)

Single particle basis:
h(rl )(Da (rl) = h(rl )(Dnlmms (rl) = gngonlmms (rl)


Presenter Notes
Presentation Notes
Setting up the basis for the problem.    In fact the analysis is equivalent to a first order perturbation theory for the interaction term v.


Second quantized version of the He atom Hamiltonian

r,) = ngTf "‘ZvyszTfoZﬁ

ijkl

Here v, denotes matrix elements such as

Vi = (0,00, (5)|v(1, = 1) | @, (1), (r,))

The matrix element i=nlmm

In general, we will use n/ = n {Spdf } for n {0123..}


Presenter Notes
Presentation Notes
Defining single particle and two particle interaction terms within the second quantization formalism.


B
Ground state configuration for He atom

g3sg3pg3d

&25€2p Y = ﬁZaﬂ:ﬂ |O>


Presenter Notes
Presentation Notes
Consider first the lowest energy state of this system.



Summary of results

H = Zg fo _I_szjklfoT]fl]fk

ijkl

Need to evaluate <w‘H ‘w> for v = flza flzﬂ

<W‘H‘W> 2‘91S +Vlﬂ]
Note that in coordinate and spin representation,

0)

:%¢1s(r1)¢1s(r2)(alﬂ2 —0(2,31)


Presenter Notes
Presentation Notes
What is the total electron spin of this He atom?   


While the ground state of the He atom is a very simple case, it illustrates the general
properties of many electron atoms in a spherical environments. Because of the
spherical symmetry, total angular moment of the system is conserved. If we
assume that spin-orbit interactions are negligible, then total spin angular momentum
and total orbital angular momentum are each separately conserved. Please review
Chapter 8 of your textbook to know how to “add” angular momentum using Clebsch-
Gordan coefficients.

J1 Jn

‘Jim> — Z Z ‘flfz,:”ﬁm:)(jlfg; ) (8.12a)
my=—J; My=—]
I+
‘jljz;mlmz> Z Z ‘ ;m)(;m‘ JiJ,smm, ) (8.12b)
J= |J"1 Jz‘m——J

Here | jm> describes the total angular moment quantum numbers, while | Ji jz;m1m2> describes the product

of two angular momenta | Ji jz;mlm2> = | j1m1>| j2m2>. "j" can represent orbital or spin angular momentum.


Presenter Notes
Presentation Notes
This material is covered in Chapter 8 of your textbook.


Note, for practical calculations of Clebsch-Gordan coefficients, a good source is NIST’s
DLMF -- https://dIimf.nist.gov/34.1

An often used alternative to the 3 j symbol is the Clebsch—Gordan coefficient

1( i ] ]
o L _ jy—ip+ma s o[/ J2 Js ),
34.1.1 (jl my j, my | jy j, Ja mg) = (—1)r 72 (2, + ljz(ml m, —mg)

Professor Carlson also has a working maple script on his website.

For the spherical atom without spin-orbit coupling, the total spin angular momentum §
and the total orbital angular momentum L are both conserved. The atomic term

notation is
2 S+1L Examples: 'S,°S,'P,'D, G....


https://dlmf.nist.gov/34.1

Example from NIST

NIST Atomic Spectra Database
Levels Data

He |l 198 Levels Found

Z = 2, He isoelectronic sequence

04/11/2022

PHY 742 --

182

1s82s

182s

182p

152p

Spring 2022 -- Lecture 28

. 00000000

.8159¢€1468]

.61577459¢]

. 36408703]

. 364089651]

.96421899]

.21802284]

11


Presenter Notes
Presentation Notes
The atomic spectra of all of the elements have been well studied over the years and NIST has collected the data in the form of a table of atomic energy levels such as shown here for He.     The ground state of each atom is chosen as the zero of energy.    In this case, the lowest energy excitations are at higher energy by at  approximately 20 eV or more.


Example from NIST

NIST Atomic Spectra Database
Levels Data

Cl| 435 Levels Found

- 6, e S _

2822p? 3p 0 0.0000000000
0.0020354130

2 0.0053825826
2822 p? D 2 1.2637284
2522p? S 0 2.6840136
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Presenter Notes
Presentation Notes
The atomic levels of C  are very interesting.    For the ground state configuration of 1s^2 2s^2 2p^2,   we see that there are different arrangements leading to 3 different atomic terms.   The lowest term has the designation ^3P while the highest term has the designation ^1S, having an energy 2.84 eV higher.


.

Back to the discussion of He
Ground state:

'7” — ]flza][l:ﬂ |O>
W = %gﬂls (r)ep,(I,) (0!1,82 - azﬁl)

g3sg3pg3d

S=0 L=0

Atomic term: 'S

—]—l— &l Energy estimate: <1//‘H ‘gy> =28, V101

g2sg2p


Presenter Notes
Presentation Notes
This slide summarizes the analysis of the ground state wavefunction.


Digression -- How do we know that the total spin of this state is $=0?

%(alﬂz - azﬂl )

Clearly M=0 -- but do we really know that $=0?

1. We don’t know
2. We know because ??


Presenter Notes
Presentation Notes
What do you think?


Back to the discussion of He _ _
A possible excited state:

v = f o frw|0)
” o

E3,63,E34
1

4], 75 (0000, (1) =0, ()., (1)

S=1 L=0

&, Atomic term:  °S

S


Presenter Notes
Presentation Notes
Now consider a possible excited state.    Notice that the spin degeneracy is specified as 3, while only one spin configuration is mentioned.    What can explain this?


Energy estimate of the 3S excited state of He
_ T T
W = jflsa]gsa |O>
H = ngTf +ZvyszTfT]fzﬁc

ijkl

Evaluation of <w‘H ‘w> for v = f, fﬂo> (k#1)
<W‘H‘W> =& T E T Vi — Vi

:gls T g2s T V1S2S1S2S - V1S2S2S1S


Presenter Notes
Presentation Notes
This follows the analysis we discussed in Lecture 27.


Excited state energies -- continued

<W‘H‘W> — gls T 525 T vlSleSZS o v1S2S2S1S

v = (0,09, (1) v, —1,)|0, (1), (r))

(g3 43
V1S2S1S2S o jd rld 7'2

0, ()] o (0] v(x, —1)
Vseasis = | 4 1dr (0, (16)0,, (1)) (9, (1), (1) ) v(x, — 1)



Presenter Notes
Presentation Notes
Writing the spatial parts of the matrix elements in a way that we can evaluate them.


Specific basis states for He atom Z =2 in terms of a, (Bohr radius)

L (7 3/2
@, (r)= \/; (a j e %
0

3/2
1 Z ZI” —Zr/(2a)
r)= 2———|e ’
o= 2] [2-Z]

In this spherically symmetric case, the integrals can be evaluated:

1 Ze* 17
rZZdI/Z ((Dls (’/i))z (¢2S (r2))2 — ©

v a, 81

>

2
vls2s1s2s — (472-)

1 Ze* 16

[\

Vis2s2sls — (477)2 r, dr, (¢1s (n)e,, (1 )) (¢1s (1), (1, ))

r a, 729

>


Presenter Notes
Presentation Notes
Explicit formulas for He evaluated using Maple.


Maple script for evaluating integrals --

assume(Z=0); assume(a=0):
3

7
-

o e (£) ool -22)

W I H
3
L (2N (y_Zr (.21
S = (32 Pi) [a] [3 a ]"“p[ z-aJ‘
3/2 Ly 2L
(2" (- 2) 5
s = 7o a a
2n
vl = (4-Pi)* (int(x- (fs(x)) - int(3P (25(v))% v=0.x). x= 0 _infinity) + int(x*- (fs(x)) - int(v- ( 2s(v))?. v=x _infinity ), x = 0 .infinity) ):
17 Z~
vl =
81 a~

v2 = (4-Pi)* (int(x- (fIs(x)-2s(x)) -int(s? (fIs(v) -£25(¥)). v=0.x), x=0 _infinity ) + ine(x*- (fIs(x) -f2s(x) ) -int(v- ( fIs(¥) - f25(¥) ). v = x ..infinity), x = 0 _infinity ) );
16 £~
T29 g~

" Jrp—
S =
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Presenter Notes
Presentation Notes
Maple script for this case.


Summary of results for excited state: _ T T
'7” o fisajgsa |O>
S =1 L=0

Atomic term: °S

g3sg3pg3d H _
<W‘ ‘W> o gls + g2s + V1S2S1S2S o V1S2S2S1S

| 25%2p ez( 4 68 64)

&1 =——(-4.25)


Presenter Notes
Presentation Notes
Summary of the results just analyzed.


Consider another excited state of He
While these two states are orthogonal to each other, they are mixed by the
Hamiltonian, so we must consider them together

V= flzafzzﬂ O> Hp = fliﬂf;;a ‘O>

83Sg3pg3d g3sg3pg3d

"5 417 €25€2p


Presenter Notes
Presentation Notes
Now consider a different excited state configuration, this time with total spin projection MS=0.    In this case, there are two configurations that we need to consider together.


xcited state of He

H Zg fo "‘ZvjszTfosz

ijkl

Con

WA — »flsaleS,B ‘ > WB — jflsﬂjf;s*a ‘O>

<'7”A H WA> — gls T 825 T V1S2S1S2S — <WB ‘H‘WB>
<WA H WB> Vis2s2sls <WB H‘WA>



Presenter Notes
Presentation Notes
Evaluating the Hamiltonian in the A and B basis.


Consider another excited state of He — continued

Since the two states are mixed by the Hamiltonian, we need to consider their linear
combination:

'7” — CAWA T C1B')”B f()r WA — ](1205](21,6’ ‘O> and WB — ]FIZ,B]FZTW ‘O>

A B
H . A gls T 825 T v1S2S1S2S _V15252sls
B _V1S2S2S1S gls T 825 T V1S2S1S2S

Two solutions:

1
W = ﬁ(WA T WB) gi — gls T 825‘ T v1S2S1S2S T V1S2S2S1S


Presenter Notes
Presentation Notes
Summary of results.


Consider another excited state of He — continued

One solution:

1
W—i— — \/5 (WA + WB) 6‘+ = gls T 625 T V1S2S1S2S _V1S2S2S1S

—> This solution 1s another example of the spin triplet (S=1) solution

that we analyzed previously

Another solution:

1
W— — \/5 (WA - WB) &= gls + 823 + Vls2s152s + v1S2S2S1S

—> This solution 1s a spin singlet ($=0) solution with higher energy


Presenter Notes
Presentation Notes
How do we really understand how to separate out the singlet and triplet state for this case?


.

Summary of analysis of ground state and lowest excited states of He atom

Single particle states

S

Two particle states
(first order perturbation)

1s2s 'S
1s2s °S

1s* 'S

Energies
Calc. (eV) NIST (eV)

19.4 20.6
17.0 19.8
0.00 0.00


Presenter Notes
Presentation Notes
Summary of the numerical results.        Do you call this success?    How could the calculation be improved?


What do you think about these results

1. Very discouraging
2. Very encouraging
3. Needs more work

Other formulations
* Form basis functions that are eigenfunctions of total spin
* Eigenfunctions of total spin may be symmetric or antisymmetric wrt particle

exchange. .
Y = WSpace WSpin

Sym Anti

or
Anti Sym



https://physics.nist.gov/PhysRefData/ASD/levels form.html

DartA ———  Informarion
ASD)| Lives Levels st CmdSns sitoquphy Hlp

NIST Atomic Spectra Database Levels Form

Best viewed with the latest versions of Web browsers and JavaScript enabled

This form provides access to NIST critically evaluated data on atomic energy levels.

Spectrum: eg, Fe IorMg Li-like orz=59 II or198Hg I

Default Values

Level Units: Extended Search: [Set Additional Criteria ] for all levels searches of this spectrum
Format output: [ HTML (formatted) v ]
Display output: [ in its entirety b ]

Page size:

Term ordered @ term energy []

Energy ordered ()
Level Principal configuration
information: Principal term
Level Uncertainty

JLg
Landé-g
Leading percentages

Bibliographic
references:

04/11/2022 PHY 742 -- Spring 2022 -- Lecture 28



https://physics.nist.gov/PhysRefData/ASD/levels_form.html

Lill 109 Levels Found

Z = 3, He isoelectronic sequence

Data on Landé factors and level compositions are not available for this ion in ASD

Some data for neutral and singly-charged ions are available in the Handbook of Basic Atomic Spectroscopic Data What do you expect to be the
. atomic term for the lowest
Primary data source
Unpublished level list prepared for line classifications published in Kelly 1987 | These data are not critically evaluat energy of Li I?
182 15 0 0.000000 0.000012 L3462
1525 35 1 59.828815 2.988012
18258 15 0 66.92269 2.988812
182p Ipe 1 61.280575 g.e00012
61.280856 g.e00012
61.281244 g.e00012
1S2p 1F’° 1 62.216336 6.e60012

04/11/2022 PHY 742 -- Spring 2022 -- Lecture 28 28



Examples of atoms in their ground state with complicated multiplet term splittings
Til 5359 Levels Found

Z =22, Ti isoelectronic sequence

C 1l 435 Levels Found

Z =6, C isoelectronic sequence

Some data for neutral and singly-charged ions are available in the Handbook of Basic Aton

Primary data source
Haris & Kramida 2017

Query NIST Bibliographic Databas

Literature on C | Energy

2s22p? ’p 0 0 .0000000000
©.0020354130
2 0.0053825826
2822p? D 2 1.2637284
2822p? 5 0 2.6840136
04/11/2022 PHY 742 -- Spring 2022 -- Lecture¢

Some data for neutral and singly-charged ions are available in the Handbook ¢

Primary data source Query NIST Bibliographic

Saloman 2012

Literature or

3d?4s?

3dP(*F)4s

3452

3d?4s?

oW N =

M2

D 2O @ @

o]

. 80800800
.82109378
.84796626

.8129437
.8181426
.825859415
.83599528
. 8484192

.8995494

.8460873

.85292613
.86655474

29
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