PHY 742 Quantum Mechanics I
12-12:50 PM MWEF Olin 103

Notes for Lecture 32

A short introduction to the quantum theory of superconductivity
Bardeen, Cooper, Scrieffer, Phys. Rev. 108, 1175 (1957)
1. Cooper pairs
2. Gap equation

3. Estimate of T

Some of the slides contain materials from the textbook, Solid State Physics; Second Edition
by Giuseppe Grosso and Giuseppe Pastori Parravicini (Academic Press, 2014)
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Presenter Notes
Presentation Notes
We will go over some of the concepts of this famous paper.
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PHYSICAL REVIEW

VOLUME 108,

NUMBER 5 DECEMBER 1, 1957

Theory of Superconductivity™

J. BarpeeN, L. N. Coorer,f AND J. R. SCHRIEFFER]
Department of Physics, University of Illinois, Urbana, Illinois

(Received July 8, 1957)

A theory of superconductivity is presented, based on the fact
that the interaction between electrons resulting from virtual
exchange of phonons is attractive when the energy difference
between the electrons states involved is less than the phonon
energy, 7iw. It is favorable to form a superconducting phase when
this attractive interaction dominates the repulsive screened
Coulomb interaction. The normal phase is described by the Bloch
individual-particle model. The ground state of a superconductor,
formed from a linear combination of normal state configurations
in which electrons are virtually excited in pairs of opposite spin
and momentum, is lower in energy than the normal state by
amount proportional to an average (#iw)? consistent with the
isotope effect. A mutually orthogonal set of excited states in

one-to-one correspondence with those of the normal phase is
obtained by specifying occupation of certain Bloch states and by
using the rest to form a linear combination of virtual pair con-
figurations. The theory yields a second-order phase transition and
a Meissner effect in the form suggested by Pippard. Calculated
values of specific heats and penetration depths and their temper-
ature variation are in good agreement with experiment. There is
an energy gap for individual-particle excitations which decreases
from about 3.54T, at T=0°K to zero at T,. Tables of matrix
elements of single-particle operators between the excited-state
superconducting wave functions, useful for perturbation expan-
sions and calculations of transition probabilities, are given.

Some of you may wish to read the paper which is available from zsr.wfu.edu
https://doi.org/10.1103/PhysRev.108.1175
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The Nobel Prize in Physics 1972

Photo from the Nobel Foundation Photo from the Nobel Foundation Photo from the Nobel Foundation

archive. archive. archive.
John Bardeen Leon Neil Cooper John Robert
Prize share: 1/3 Prize share: 1/3 Schrieffer

The Nobel Prize in Physics 1972 was awarded jointly
to John Bardeen, Leon Neil Cooper and John Robert
Schrieffer "for their jointly developed theory of
superconductivity, usually called the BCS-theory."
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Overview of superconductivity --

Ref:D. Teplitz, editor, Electromagnetism — paths to research,

Plenum Press (1982); Chapter 1 written by Brian Schwartz and Sonia Frota-Pessoa

History:

1908 H. Kamerlingh Onnes successfully liquified He

1911 H. Kamerlingh Onnes discovered that Hg at 4.2 K has
vanishing resistance
1957 Theory of superconductivity by Bardeen, Cooper, and

Schrieffer

The surprising observation was that
electrical resistivity abruptly dropped

when the temperature of the material was
lowered below a critical temperature T..
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Some thoughts related to the statistical mechanics of Bose particles

For Bose particles, many particles can occupy the same state. This means that for
non-interacting Bose particles, according to statistical mechanics, at very low
temperature, it is possible for a macroscopic number of particles to occupy the
lowest single particle state and produce a “Bose condensate”. “He is not a good
example of this, since the particles have significant interactions, but the superfluid
behavior is logically related. A better example was demonstrated in 1995 with 2.5 x
1012 8’Rb atoms cooled to 1.7 x 107K.

For superconductivity, electrons are the particles. How is possible for Fermi
particles to behave with Bose-like statistics?
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Notion of a Cooper pair

Starting with a material with all the states filled up to the Fermi
level, we focus attention on a pair of states which have a net
attractive interaction U(r,,r,):

Py P5 . - " o
— + == + U(r1.r) | ¥(r101.103) = EY(ri01.1205)
Om 2m

—— —

V(rio1.moz) = ¢(r; JI2) x(01.,02)

The thinking is that the interaction is related to
lattice vibrations and had an energy h(()D
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(a)
kK1

-k

Figure 18.7 (a) Schematic representation of a single Cooper pair, added to the ground state of a
free-electron gas. Two “extra electrons™ in the pair state (K1, —k ) scatter freely to the pair states
(k't, —Kk’|), in the energy region Ep < Ey, Ey < Ep + hwp, where the phonon-mediated
attractive interaction is operative, and form a bound Cooper pair. (b) Schematic representation of
the scattering of two electrons with wavevectors (k, —k) into the state (k", —k’) via the emission
and subsequent absorption of a phonon of momentum fq.
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Presenter Notes
Presentation Notes
Not sure that this helps…   The thinking is that the pair of states are very close to the Fermi level.   


Properties of pair wavefunction

Note: oc=a=T
Y (ryoy.102) = ¢(r1.r2) x(01,02)

Jz,BE»L
Spin part:
1 Note that:
1= = —[a(1)BR) — B(Da(2)] a0 60
V2 X (0-190-2):_)( (02901)
or S=0 S=0
G ms :>¢ (r1ar2):¢ (r29r1)
all)a(2).
. 1 | Note that:
1= = F —=la(DBQR) + (Da(2)). o o
o “(o0,,0,)=x"" (0,,0
BB, X ( 1 2) 1 ( 2 1)

— ¢S:1(r1>r2) — _¢S:1(r2>r1)
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Presenter Notes
Presentation Notes
The pair of electrons can have total spin 0 or 1 which determines the spatial symmetry to be symmetric or antisymmetric, respectively.


Here are some possible functional forms for the spatial part of the
Cooper pair. Which of these are associated with S=0 and which are
associated with $=1?

1. @(r;,r,)= Acos(k(r, —r,))
2. ¢(r,r,) = Asim(k(r, —1,))



Properties of pair wavefunction — continued
Assume that the electron pair can be represented by a linear
combination of plane wave states of wavevectors k and -k:

- - .
H(r,r,) = L 'ﬂk}FFIL”l r2)
K What is g(k)?
Note that:

g (k)=g" " (-k)
g (k)=-g"~ (-k)

Note that the states composing Cooper pairs are supposed to

exist in the energy range E.<E <FE,. +ho,


Presenter Notes
Presentation Notes
It will be convenient to express the spatial part in terms of the Fourier representation.


Define Fourier transform of interaction potential:

L = L iy .
Ukkr = f[ F{, Tk-(ry I':?{;r(rl rE)FF:L (I r"drm’rg
|

. f{,—flk—kr}-rb}'{r} dr
N2

V' volume of sample composed of N unit cells

(Q  volume of unit cell

Equation satisfied by pair amplitude functions:

(2Ex — E)g(K) + Y Upwg®)=0 Ep < Ex. Ey < EF + hwp
=
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Presenter Notes
Presentation Notes
Here is the equation that the unknow amplitude g(k) must satisfy.   The initial states are below the Fermi level and scattered states are above the Fermi level.


Cooper pair equations -- continued

(2Ex — E)g(K) + Y Upwg(k) =0 Ep < Ex. By < Ef + hop
=

Simplified model for interaction:

L’Tkk' — L‘I[_‘l / .’\‘T

1 ,
QEx — E)g(k) — UDE Zy(k )= () Er < Ex,Ey < Er + hwp;, Up > 0.
v

In this approximation, for triplet states Z g (k)=0
k

—> Cooper pair states can only be singlet states
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Presentation Notes
Simplifying the interaction term to a constant.   Why must Cooper pair states have singlet spin?


Cooper pair equations -- continued

Non-trivial solution for singlet state:

| L
QEx — E)g(K) — Uow ) g(K) =0
-

o

pair

Equation to determine eigenstate energy:

I I
|l =Uo— Pr < Exy < Ef
a;‘\' ; ZEH EI"HiI
f'.'j: 1 fh'i}j}
l = Up— Dy(E i,
: N EF % ) 2E Ep;tir I

- hwp.

How did the DOS come
into the result?

Density of states (one electron basis)
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Presenter Notes
Presentation Notes
How does the derivation of the eigenstate energy equation work?


Using the Debye

Cooper pair equations -- continued . .
approximation:

Er+hwp I l YE N} AR
, . <L F T &STuop - pair
| = [.-'{}n{_', [ dE = ;U{_‘r ny In F

JE§ 2E Epuir 2EF Ep;nir
D,(E 3 7 : : : :
where n, = 05\7 r) = A denoting Fermi level DOS for a single spin
F
for simple metal of valence Z
Binding energy:
,— 1 /U np
-}"H o EF!“ Epnir = fi!njﬂ .E ~ :h.f.uﬂ CKD[ 2}(,-"{_}.'1;_]],

sinh[1/Upng]

Shows that a singlet Cooper pair is more stable than the independent particle
system even for small U, What justifies this conclusion?
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Presenter Notes
Presentation Notes
Why do we conclude that the Cooper pair is more stable?


¥ (r101.1202) = ) f-:(k
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Variational determination of the ground-state wavefunction in
the BCS model

Second guantization

o i 3 I - il . s
Cko s Ck'a’ | = {Cko* Cki'o’ =1, Cko + Cpr ot | = Okk’O0a-

Note that the Cooper pair singlet state can be written

1 [ " -
? [{_,;h-m r”u‘{l}ﬁ{jl - tk(r rl‘"ﬁ(l}u(l)]

= Z y{k)fiﬂc” Kl 10),
k

PHY 742 -- Spring 2022 -- Lecture 32 16

tﬂ‘ -


Presenter Notes
Presentation Notes
It is convenient to use second quantization


Variational determination of the ground-state wavefunction in
the BCS model -- continued

H = ZEI" (t"krt].l!- HC k€ Ll) ~ Z'{";kk'rkr" k€K' Ck1-
B kK
\ ] |\ J
| |

independent particle states Cooper-pair interaction

Consider a ground state wavefunction of the form

Vo) = ]_l (Hk f t'k{‘nr' kl) 10} 1.

probability amplitude for
forming Cooper pair
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Presenter Notes
Presentation Notes
Hamiltonian of the BCS model.    The parameters u and v will be determined variationally.


Variational determination of the ground-state wavefunction in
the BCS model -- continued

Need to minimize the expectation value:

| Ws = (Ws|Hpes|Ws) ‘

. t ¢ r £oog
Hecs = Z&k (‘“'ktﬂf-T + € s € RT) + Z L'kkj‘“'kt{i—klf k' Ck'1
N kk'

e = Ep — jt = (ﬁ:szz!h‘} — Here p is essentially E,.

After some algebra:

Ws = (Ws|Hpes|Ws) =2 ) exvg + ) Upgoutt vg
k kk'
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Presenter Notes
Presentation Notes
Writing out the energy to be determined variationally.


Variational determination of the ground-state wavefunction in

the BCS model -- continued

Convenient transformation:

g

Uy = COS : I
I : HL = SIn Eﬁk — Euhuk: COS 2“" = Uy — V.

5 1 _ ,
We=2 Z £k SIn” By + 2 Z Uy sin 26y sin 26y
k kk'

W |
S =0 = 2exsin20+ Y Uy cos 26 sin 20 = 0

d b
= T E ka-(uk v ) ugrvg =0

Define: Z( kk' Mk Uk
‘ 19
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Presenter Notes
Presentation Notes
Clever tricks and notations.
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Variational determination of the ground-state wavefunction in
the BCS model -- continued

In terms of the “gap parameter” the variational equations

become:

g | r
QELUK VK — &du; - L*E) =0].

1 £k
and v = : | =
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Presenter Notes
Presentation Notes
In the end, we have an integral equation for the gap parameter.


Variational determination of the ground-state wavefunction in

the BCS model -- continued

Simplified model

Uo/N if |ex|, lew'| < hwp (Up > 0),

Uk =
0 otherwise,

Ak

1

Ao 1f |gg| < hewp.
0 otherwise.

1 1 I :
;Uu_r E e with hmp < Egr < hfup+
& I , frad

k' \"I El\_l ll{"

| Fiew py de
Using DOS: l = ;Unﬂnf —

04/22/2022

.Flf_ ,-" : i 2
vD VE AG
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Presenter Notes
Presentation Notes
Make a simplified model for the interaction term in order to solve the equation.


Variational determination of the ground-state wavefunction in
the BCS model -- continued

)

m M \
- Ii.i vh ds _ 1 ;E{EJ”
= ~Upng ———— = Ugny sinh
fiwp -.\.";I E»: N 'l{h'.t &H

—

Solving for the gap parameter:

fiop
.:"si_j = - z JIHH” CA 1 L'r!'_]l”{]
sinh (1/Ugngp) pl—1/ |

Estimating the ground state energy of the superconducting

state:
k <k
We — Wy = Z.‘kl‘ Z{i’ Kk’ Wk Ukl Ut — 2 Z £k .
k k
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Estimating the ground state energy of the superconducting
state — continued

Using the variational solution and integrating the DOS:

Rop E'L.‘_' | ‘3: 0
Ws — Wy = Do(Er) [ (s I,_D)mr Do(EF) [ D¢ de.
-‘} 2 LY —ﬁl.f:.fj

—ﬁl'ﬂj’} o L .4
| € Ag

<y

2

We — Wy = DU(E;.-)[—;’L{:J;W.’Hh%uf}

5 . b |
- &.E_‘, + h ir_}”] ;

I _ .
~ —=Do(EF)A;
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Presenter Notes
Presentation Notes
Here we assume that the gap parameter is smaller that the phonon energy.


Effects of temperature:
Thermal average of Cooper pair operator:

Define

¥ x

average luctuations
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Presenter Notes
Presentation Notes
Now we need to consider how temperature affects the analysis.


Modified Gap relationship

Ak = Z Ukk-ﬂk’ e[l — 2 f (wyr)] with Wk = .“r,*El: | ‘ll:
k'

Fermi-Dirac distribution

l | . BE
f{EJ w— ePE L 1 e l ZI{E} = tanh T

Modified Gap equation

Ay

1
A = ~5 Z Uy = = tanh 5
k'l .%rlr EI" P _|_ .'A.k [
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Presenter Notes
Presentation Notes
Introducing the Fermi-Dirac distribution


Simplified model

Up/N if |ek|. lex’| < hwp (Up = 0),
{’Ikk'l - 4
0 otherwise,

1 hwp — dg BVEL + A

= ;Uuﬂu tanh

- hop V€ + A“ 2

Determine the critical temperature such that A(7,)=0:

hiop 1 P
| = Upnop -[ — tanh de,
0 £ Ekﬂ I.‘
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Presenter Notes
Presentation Notes
Evaluating expressions for simplified model


Evaluation of the integral

a - a 1
la) = [ —tanhx dx = [tanlu llLt]U — f In x — X
0 X 0 cosh” x
| e l 4
(fora > 1)=~Ina — In x s—dx =Ina +In y = L.78107...
0 cosh” x 4
If ha, >>1:
2kT,
hiwp/2kpT. | 2y hop 1.13hwp 1
—tanhxdy =In | — =~ In = :
./t; X ra (I‘T f-:BT,:) kgT- Uong

Then, in the weak coupling limit Upnp < 1 and hwp/kgT: > 1, we have
kgT. = 1.13 hwp exp[—1/Ugnopl.
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Presenter Notes
Presentation Notes
Some arithmetic…


Numerical evaluation of integral:

1 U hwp de tant BV £2 + A’
=Uphp 1 .
2 ~fiwp Vv E- T A< 2

hwp l P
L= Uonnf — tanh de,

l =

2 1.76kgT.
A(T) f=Z

A(T) =~ 3.06kpT,(1 — ;)m
»

0 1. ? 4

Figure 18.12 Behavior of the energy gap parameter A(7) for a superconductor in the BCS
theory and in weak coupling limit.
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Presenter Notes
Presentation Notes
At the critical temperature, the gap is 0.    Graph shows qualitative temperature dependence.


Estimation of critical magnetic field (BCS paper)

H?/8r=F,—F,,
o

5

Free energy of Free energy of
normal state superconducting state

After some approximations, etc.:

‘:;j=zv(0) (fu..»)zl [1+ (%)Hﬂ } -§N(O) (KT

x‘ —g ju' mdeizeﬂzeﬂi] f(BE) } (3.38)
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Presenter Notes
Presentation Notes
Relationship to critical field.


(/1)

Fic. 2. Ratio of the critical field to its value at T=0°K wvs
(T/T,)% The upper curve is the 1—(7/T,)? law of the Gorter-
Casimir theory and the lower curve is the law predicted by the
theory in the weak-coupling limit. Experimental values generally
lie between the two curves.
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Presenter Notes
Presentation Notes
Figure from BCS theory showing agreement with experiment.


What do you think?
1. Full of admiration
Full of disgust
Not full
Want to read more
Never want to see this again

e WN
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