PHY 742 Quantum Mechanics Il
12-12:50 PM MWEF Olin 103

Plan for Lecture 8
1. Continue reading Chapter 14 — Analysis of scattering phenomena

. Notion of scattering phase shifts

b. Relationship of scattering phase shifts to differential and total
scattering cross sections

c. Examples

Q



Course schedule for Spring 2022

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date Reading Topic HW| Due date

1 [Mon: 01/10/2022 (Chap. 12 Appmxi!'ne_lte solutions for stationary states -- #1101/14/2022
The variational approach

2 \Wed: 01/12/2022 |Chap. 12 C Apprﬂxim_ate solutions for stationary states -- 42 101/19/2022
Perturbation theory

3 |Fri: 01/14/2022  (Chap. 12 D Approximate solutinns‘_, for stationary states -- 43 101/21/2022
Degenerate perturbation theory

Mon: 01/17/2022 MLK Holiday -- no class

4 |Wed: 01/19/2022 Chap.12C &D /Approximate solutions for stationary states -- Ly, |04/24/2022
Additional tricks

5 |Fri: 01/21/2022  |Chap. 13 Examples of of the use of perturbation theory |#5 |01/26/2022

6 [Mon: 01/24/2022 |Chap. 13&12B |yperfine perturbation and also the WKB 5 |94/98/0022
approximation

7 |Wed: 01/26/2022 |Chap. 14 Scattering theory

8 |Fri: 01/28/2022 |Chap. 14 Scattering theory #7 02/04/2022

9 |Mon: 01/31/2022 |Chap. 14 Scattering theory
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PHY 742 -- Assignment #6

January 28, 2022

Continue reading Chapter 14 in Carlson's textbook.

1. Consider the function e , where x is a positive quantity.
a. Write the function as an expansion in terms of spherical bessel functions.
b. Using Maple or Mathematica or other software, plot the real and imaginary parts of the function as a
function for x in the range of 0 and 5, both for the function itself and a finite number of expansion terms
c. Comment on the accuracy of the expansion.
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Introduction to scattering theory for quantum particles -- Chap. 14 of textbook;

detector

Geometry of ideal
scattering measurement

Area = Jmh gl
Are e dd =

Large sphere of radius K

Figure 58 The scaitering problem and relation of cross section to impact parameter.
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Basic idea of scattering theory

=» Well defined b+ db _
input; beam of —
independent

particles of

. w Jwh dby
energy E moving Ares = o=

toward target
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Quantitative measure — assumed to give information about the interaction
between particle and target systems.

Differential cross section
( do j _ Number of detected particles at & per target particle
dQ)

Number of incident particles per unit area
= Area of incident beam that 1s scattered into detector

at angle &6
In quantum mechanics, the beam of incident particles can be characterized in
terms of its probability current:
. h ) ;
j(r,r)= —[‘P (r,0)VY¥(r,t)=¥(r,r) V¥ (r, r):'
2mi= _
Wave function of incident particle:

. : 1 7k
LP(I.,ZL) — %ezk-r—lEt/h J(r,t) — Q .



Representation of scattering in terms of probability amplitude

Scattering geometry /

/
=~ O Tk r)—

\AAA4

€

Incident plane wave with Scattered spherical wave with

nk’

. scattering amplitude 7'(Kk,F)
m

wavevector k and energy E =



Scattering geometry /

_— ik
~ O N

VYYY

€

Differential scattering cross section

do  Probability of particle scattering
d () Incident flux of particles

(2] e sins o dom ) | e

What we will
show for
spherical
target



Representation of a free particle in quantum mechanics --

Continuum solutions of the time independent Schrodinger equation.
Z

X

2 —
V4V (r) |¥,(r)=EY  (r)
Potential interaction due to spherical
targetfor0<r<D
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If the system has spherical symmetry about a given origin,
it 1s then convenient to expand the eigenfunctions into
spherical harmonic functions:
¥, (1) =Y Ry (MY, ()

Differential equation for radial function

(_ 7’ (dz L2d 10+

2m\ dr? ;dr r

For many cases, V(r > o)=0

]+V(r)—E)REl(r) =0

In the range that V() sufficiently small,

the radial equation satisfies:

d> 2d I(+1) 2mE
T
dr® rdr r h

]Rg,(r) =0 forE>0



In the range for V(r)= 0:
Ry (r)=4j,(kr)+ By, (kr) = JV(COS 0,Jj,(kr)—sin 5zyz(k’"))

Note that if V' (r)=0, we expect 0, =0.
How to determine phase shifts o0,(£):
Suppose the range of the scattering potential 1s D :

For r < D, solve differential equation:

[ W[f+2d_m+n

_2m dr’ ;a’r r

Continuity conditions at r = D :

j+V(r)—E)RE,(r) =0

Note that in Professor Carlson's text:
R, (D)= N(COS 0,J,(kD)—smo,y, (kD)) y,(z) < n(z)

dRy (D) _ dj, (kD) _sinS dy, (kD)
dr dr "dr

./V(cos 0,



Continuity conditions at » = D ——  continued:
R,,(D)=N(cosd,j,(kD)—sin6,y, (kD))

dREl(D) _ ./V(COS5 djl(kD) _sinS dyl(kD)j
ar " dr " dr
Some 1dentities:
(@ di(z) 1
Ji(?) dz »i(2) dz  7°
n v
El __ dr _ ,(E)
dr REl(r )
r=D

tano,(E) = L,(E)j,(kD)—kj, (kD)

L,(E)y,(kD)~ ky, (kD)



What we want to show, is that the scattering phase shift is a measure of the
guantum mechanical scattering cross section:

Differential scattering cross section

do _ Probability of particle scattering
d () Incident flux of particles

A

_ (477{) Z e’ sin(5,(E))Y,, (k)Y,, (F)




Some details: Note that this is also covered in Jackson in Sec. 10.3

It can be shown that: ™" = Zil (21 + l)jl (kr)P, (K-F) = 47zZilj, (kr)Y}m*(lA()Ylm (r)
[ Im

1

Note that: ™" =€ =1+ ikrcosé + E(Zkl’ oS 6’)2 +

— (ikr cos (9)3
3!
Legendre polynomials B(cosf): FE,(cosf)=1

P(cost) =cost

P,(cos@) =1 (3cos* O -1)

Note that by design:
A1) =1

Spherical Bessel functions j,(kr): j,(kr) =1-L(kr)*...

6

Jikry=2kr — L (kry’...

Legendre polynomials vs spherical harmonics --

o 4 Ko A
P(x-y)= Y Y, (xX)Y, (y)
m=—[



More details: h2k2

Probability amplitude for free particle of wave vector k and energy E = >
m

Vi) = T =4x) i, k)Y, K)Y, (F) = R} (r)=4xi'j,(kr)Y,, (k)
Im
= Y Ry (r)Y,,(f)
Im

In presence of spherically symmetric interaction potential V' (7):

Y. (r)= ZRE,(r)Y,m (r), where R, (r) is a solution to differential equation:
Im

(_ 7’ [aﬂ L2d 10+

2m\ dr? ;dr r

j+V(r)—E}REl(r) =0

ikr
e

We want to show that for r > o0: W, (r)= " + f(k,F)
r




More details:

In presence of spherically symmetric interaction potential V' (r):

¥, (0) =Y Ry (1Y, ()
(_ 7’ (dz L2d 10+

2m\ dr* v dr r

Outside the range of V' (r); when V' (r)=0:
Ry (r)=4,j,(kr)+ By, (kr)=N, (COS 0,J,(kr)—simo,y, (kr))

j+V(r)—EjREl(r) =0

Even further from the target, the asymptotic forms of the
spherical Bessel functions are relevant:

sin(kr — £ cos(kr — &
o : Y (k1) = — o :

J; (kr) =



More details:

For r — o0
Ry (r)=A4j,(kr)+ By, (kr) =N, (COS 0,j,(kr)—sino,y, (kr))
sin(kr —£+96,(E))
kr
— R, (r)+ Ry™(r)

>N,

- . sin(kr — &
R (r) = 4l (k)Y,, (), =, 'Y, () S0 = 5)

Can show that the appropriate choice is N,= 4’ I/Zm*(ﬁ)ei5l(E)

A n(kr — £ +96,(EF))
R 54 IY k i6;(E) Sln( 2 / j
g () iy, ( )(e I




More details:

% N ; . — iz E
REI (’/') N 47Z_llYlm (k) (8151(15) Sln(kr 2 T 5[( ))j
kr
o ei(kr—%’+25,(E)) Ci(l-) )
4y, )| S
\ l y
[ i(ke-z)  i(kr-iz) i(kr—12) )
=47i'Y " (k)| = ° +(e20 —1) =
2ikr 2ikr
\ J
. . Iz | ikr
=47i'Y " (K) sin(kr=73) (€27 ~1)i =
kr 2ikr

_Rol(r)+Rscatt( )



When the dust clears:

£k, =25 P sin(s,(E)Y (K)Y,, (F)

klm

2

Differential cross section: Z—SZ ‘ f(k,TF)

Total cross section: j de—G =0 (E) = 4—”2(21 +1)sin”(6,(E))

dQ k4

Note that:

Imaginary part of forward

R f(lA( _ f.) _ LG(E) scattering is proportional to the
47 total scattering cross section.



Example — scattering from an impenetrable spherical hard wall of radius a

o r<a
V(l”)={

0O r>a

om\ dr*  rdr r?

(_ 72 Edz 24 —l(l+1)]+V(r)—E]REl(r)=O

e 0 r<a
a(r)= /VZ(COS 0,j,(kr)—sino,y, (kr)) r>a

Ry(r)=0=4, (COS 0,Jj,(ka)—sino,y, (ka))

_ J,(ka)
= tan o, (£) = v (ka) For k <1, /=0 dominates with o, = —ka



Example — scattering from an impenetrable spherical hard wall of radius a

tano,(E) = Ji(ka)

v (ka)
. . . do SPNL
Differential cross section: ——=|f(Kk,r)
d ()
Total cross section: j dQZ—g =0 (E) = 1—72[2(21 +1)sin”(6,(E))
[

For k <1, /=0 dominates with 0, = —ka

2
— U(E) ~4ra Different from classical case!



Example — scattering from an impenetrable spherical hard wall of radius a

J,(ka) 4

tan 5, (E) = o(E)=—) (21+1)sin’(5,(E))

v, (ka) k’ !

. A . .
Partial wave contrilbutlons to cross section

1 2 3 ka 4
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Total cross section as a function of ka
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