PHY 712 Electrodynamics
10-10:50 AM in Olin 103

Notes for Lecture 18:

Continue reading Chapter 7

1. Real and imaginary contributions to
electromagnetic response

2. Frequency dependence of dielectric
materials; Drude model

3. Kramers-Kronig relationships
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Mon: 02/06/2023

=Sl

02/08/2023

Chap. 5 Magnetostatics #11

13 (Wed: 02/08/2023 |Chap. 5 Magnetic dipoles and hyperfine interaction #12(02/10/2023
14 |Fri- 02/10/2023  |Chap. 5 Magnetic dipoles and dipolar fields #13|02/13/2023
15 Mon: 02/13/2023 |Chap. 6 Maxwell's Equations #14102/17/2023
16 (Wed: 02/15/2023 |Chap. 6 Electromagnetic energy and forces

17 |Fri- 02/17/2023  |Chap. 7 Electromagnetic plane waves #15(02/20/2023
18 Mon: 02/20/2023 |Chap. 7 Electromagnetic plane waves #16(02/22/2023
19 Wed: 02/22/2023 |Chap. 7 Optical effects of refractive indices

20 Friz 02/24/2023  (Chap. 1-7 Review

Outstanding HW due.

02/20/2023
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February 20, 2023

PHY 712 — Problem Set #16

Contimie reading Chaper 7 in Jackson

02/20/2023

th

The figure shows the plane of incidence of a plane polarized electromagnetic wave of harmonic
frecquency w as it is reflected and refracted at the boundary between two uniform media with real
refractive indices n and »n', similar to Fig. 7.6 of your textbook. In this case, both media have
permeabilities g = ' = . The permittivities are ¢ and e for the upper and lower media,
respectively. The wavewvectors for the incident, reflected, and refracted plane waves are given by:

g1t
! (sin % + cos 64,
o

e . . . iy . . .
(sin i% 4+ cosiv), k" = (sini% — cosdy), and k' =
p

k —

i

respectively, where ¢ denotes the speed of light in vacuum. In this case, the surface between the
media is in the &+ — z plane with ¥ as the surface normal direction. We can assume that the normal
components of the D and B fields and the tangential components of the E and H fields are
continuons at this surface boundary.

{a) We can express the magnetic field of the incident, reflected, and refracted plane waves as
Hir ) = R {I—I.|]e“""'_"""‘} , H"(v, ) =R {]E—I:;e“""""_i"""} , and HY e, #) =R {H:]e"kr"'_‘"""} 5

respectively. Express the continmity of the D, B, E, and H field components at the surface
boundary in terms of the Hy, - and Hf, amplitudes, analogonus to Eq. 7.37 in Jackson.

{b) Assuming that the incidemt magnetic field amplitude is in the plane of incidence,

H, = Hy{— cosék + sineéy ),

o
o

determine the corresponding reflected amplitude ratio
{¢) Assuming that the incident magnetic field amplitude is perpendicular to the plane of incidence,

Hy = Hoz,

o
a

a
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determine the corresponding reflected amplitude ratio



Drude model:
Vibration of particle of charge g and mass m near
eoumbrlum J

E http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png

—it

mo¥=qE,e"™ —maw.or—mys ¥

]

gL Note that:
" Q v > 0 represents dissipation of energy.
d o, represents the natural frequency of
the vibration; o,=0 would represent a
free (unbound) particle

3
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Drude model:
Vibration of particle of charge g and mass m near
eoumbrlum J

8r E http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png
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Drude model:
Vibration of particle of charge g and mass m near
eoumbrlum J

é http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png
g mo¥=qE,e"™ —maw.or—mys ¥
R
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Displacement field:

D=¢cE =¢E+P
P:Zpi53(r_ri)zNZﬁ P;

N = number of dipoles/volume

/. = fraction of type i dipoles
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Drude model:
Vibration of particle of charge g and mass m near equilibrium:

E http://img.tfd.com/ggse/d6/gsed 0001 0012 0 img2972.png

-lﬁr

1'1'
YD LR e D e L el o B

" Drude model expression for permittivity:
D=¢E =¢E+P=¢E+N) f p,

3

p qgr_ ) . €

¢E = gEe™ 1+NZf

N a) S iy,
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Drude model dielectric function:

8((()) _ 1_|_NZf ql 1
A —g,m, a) — —iwy,
— gR(a))_I_l' 81(0))
&g ‘90
& (@) g, o, -0’
=1+N)» f—
£, Z‘ (a) ~w )2 +o’y
gl( ) QZ 0)7/1
=N) J,
€9 Zz: &M, (a) =, )2+a)27/l.2



Drude model dielectric function:
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Drude model dielectric function — some analytic properties:

(o) =1+N) f 4 1




Drude model dielectric function — some analytic properties:

@ :1+sziqz'2 1

2 2 .

For w, =0 (representing a free particle of charge g,, mass m,

&() q; 1 g G
=1+N — + N,
) ;):fl gy, @ —0" —iwy, & L a)(Vo _ia))
_50), ol
£, E,0
Some details:
D=¢E J=0FE
oD OE '
VxH=J+—=(0—-iws)E =g—=—ia)(gb +EJE
ot ot 0,

2
4o 1
— =N
a(a)) Jo m, (7/0—1'(0)



Analytic properties of the dielectric function (in the Drude
model or from “first principles” -- Kramers-Kronig transform

Consider Cauchy's integral formula for an analytic function £ (z):

$az f(2)=0 fla)=o- ¢ d Z(Z()x
Im(z2)
'
a

—O >
U Re(z)
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Kramers-Kronig transform -- continued

¢Im

& > Re(2)

g § L2 [

I

#(a deR Jzr) _ LPIQ’ZR (ZR)

2mi 5 Zp-0

includes o
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Kramers-Kronig transform -- continued

f(Ol): 27[1 _jdzR Zf_R)+ f(O!)

Suppose [ (zz)= fr(zz)+ifi(2z):
l(fR(a)_I_lfl(a)):_PJ‘dZR fR(ZR) lf](ZR)

Zp-O

:>fR Z—PJdZR fl(ZR)

Zp-Q

Jr(Zr)

Zp-0

f[( :——dez



Kramers-Kronig transform -- continued

f :_PJ‘dZR Ji(zz)

r-Q

fR(ZR)

A

fl( :——dez

This Kramers-Kronig transform 1s useful for the dielectric function

when f(z;)= g(a))_l

o

Must show that: 1. f(z) is analytic forz, >0

2. f(z) vanishes for z — oo



T
C

Some practical considerations

Principal parts integration :

Pidu g(u) = fim [ jdu g(u)+ jdu g(u)}

Ug+o

Example:

lm ™ |
deu ﬁzu_)o[jduﬁ+ j duE]

Ug+o

lim D b—u b—u
= In +1n S 1{=1n 5
v—>0 u, —a y U, —da




More practical considerations
For dielectric function &(w):
(- 0)=¢(0)
= &y~ 0) =24 ()
=% (— a)) =—g, (a))

Analytic properties the dielectric function which justify

the treatment of f(z)= #(2) ~1
80

Must show that: 1. f(z) is analytic forz, >0

2. f(z) vanishes for z — oo (for z, > 0)



Analysis for Drude model dielectric function:

8(({)) _ 1+N2f QI 1
£ T &y, a) — — 1Y,
£(z) q; 1
Let f(z)———l—NZf !
&y i &M, a) ~z’ —1izy,

For ‘Z‘ >> @,

flz ) [N Z /, 4 ] —> vanishes at large z

0



Analysis for Drude model dielectric function — continued --
Analytic properties:

7= vy

&, —~"em o —z° —izy,

f(z) haspoles z, at @’ —z,” —iz,y, =0

2
. L\/w(Lj
2 2

Note that J(z,)<0 = f(z) is analytic for J(z,)> 0




B LD A -

f(z)haspoles z, at @’ —z,” —iz,y, =0

1

2
. J (1)
2 2
Note that 3(z,)<0 = f(z)is analytic for 3(z, )> 0
3(z )
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Because of these analytic properties, Cauchy’s integral
theorem results in:

Kramers-Kronig transform — for dielectric function:

'

5R(a))_1:lp]gdwv51(w') I
Q —0

&, E, O-0
gl(a)):_lPTa]a)v gR(a)')_l 1
&, T &, @'-w

with &, (_ w) = &g (a))a | (_ a)) =7¢ (w)



Further comments on analytic behavior of dielectric function
"Causal" relationship between E and D fields:

D(r,1)=z, {E(r,t)JrTa’r G(T)E(r,t—f)}

0

Some details: Consider a convolution integral such as
() = j g(t"h(t—t")dt' where the functions £(¢), g(¢), and h(t)
are all well-defined functions with Fourier transforms such as
7 f N iot' ' 1 - —iwt
f=[r@)edr  f)=-—[ f(@)e"do

- 27 7

It follows that: (@) = §(@)h(®)



Further comments on analytic behavior of dielectric function

"Causal" relationship between E and D fields:

D(r,()=¢, {E(r,t)+Tdr G(T)E(r,t—r)}

G(7) —L [ ]éimda) G(a))=g(w) —1 =_[dr G(T)em
27 - &, g
g’ 1
F —1— :
. &, Z,:f m o —o —iwy,

e sin (v,7)

V.

l

6023 e o)

where v, = \/ w' -yl /4



Some details

G(7) = i [ (5(”) —1}1'@%1@ :icﬁ f(2)e ¥ dz

€9

Let f(z):g()—l—NZf :

&, —"egm, 0 — 2% —izy,

f(z) haspolesz, at @’ —z," —iz,y, =0




G(r) = —gﬁ f(2)e = dz =i ZRes(zP)

Note that: e T = g PR QAT

Valid contour for 7 <0
G(r)=0 for 7 <0

Valid contour for 7 >0
G(r)=

N i _, 2 SIN (v,7)
s

V.

1

02/20/2023 PHY 712 Spring 2023 -- Lecture 18

25



G(r) = —<_[> f(2)e ¥ dz =i ZRes(zP)

Let f(z)= ()—I—NZf :

&, — ey, @ — 2% —izy,

f(z) haspoles z, at @’ —z,” —iz,y, =0

G(r) = Zf

where v, = \/ w'—y. /4  assuming @’ -y’ /4>0
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