PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103
Notes for Lecture 25:
Continue reading Chap. 9

A. Electromagnetic waves due to
specific sources

B. Dipole radiation examples

C. Radiation from antennas
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A Surprising Connection: Mathematical
Coloring Problems & Supersymmetry!

The Four Color Map Conjecture was apparently the
first example in the mathematical literature where a
theorem was created that depended heavily on the
existence of computer algorithms and |IT
applications. A related problem is the Graph Vertex
Coloring Problem and recent study shows evidence
that supersymmetry is connected with solutions of
the Graph Vertex Coloring Problem.
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20 |Fri: 02/24/2023 Chap. 1-7 Review
21 Mon: 02/27/2023 Chap. 8 Short lectures on waveguides Exam
22 |\Wed: 03/01/2023 Chap. 8 Short lectures on waveguides Exam
23 Fri- 03/03/2023  Chap. 8 Short lectures on waveguides Exam|03/03/2023
Mon: 03/06/2023 No class Spring Break
Wed: 03/08/2023 |No class Spring Break
Fri: 03/10/2023  No class Spring Break
24 Mon: 03/13/2023 Chap. 9 Radiation from localized oscillating sources ~ #17 03/17/2023
25 Wed: 03/15/2023 (Chap. 9 Radiation from oscillating sources
26 |Fri: 03/17/2023  |Chap. 9 & 10 Radiation and scattering
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Discussion: Tentative plan for remainder of the course

Week of March 20 -- JDJ #11 Special relativity
Week of March 27 -- JDJ #14 especially synchrotron

Week of April 3 -- special topics
Week of April 10 -- special topics
Week of April 17 -- review

Week of April 24  -- presentations
Week of May 1 -- final take home

Final grades due May 9



Your questions —

From Arezoo: In slide 11, blue diagram and purple diagram
are both exact results? What is the difference?

From Banasree: | don’'t understand what different values of
kd in those graphs physically means for antenna.
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Electromagnetic waves from time harmonic sources
Charge density: p(r,t) =R (,5(1', ) e‘l”t)

Current density: J(r,7)= ER(j(r, o) e—ia)t)

Note that the continuity condition applies:

EENIS
Generalsource: £ (r,¢)=R(7(r,0)e )
For f(ro)= 4;(90 plr, o)
or 7 (r.0)=22J (r.0)

4r



Electromagnetic waves from time harmonic sources —
continued:

P(r,t)="VY,_,(r,1)+

jaﬂr'jdt' ‘rir' 5(1’—(t—é‘r—r'

Df(r',r')

CP(I‘, a))e—ia)t _ {Pf:() (l‘, a))e—ia)t n
J'Clﬁl”'j dt’' 1 é(t'_(t_l‘r_r'jjf(r',a))eia)ﬂ
‘r —r C
y | S| |
=¥, (r,w)e"™ + Id3r' flr', ™

‘r—r'



Important results from last time — EM waves from time
harmonic sources — open isotropic boundaries

For scalar potential (Lorentz gauge, k = 2)
C

p(rio),

zk|r r |

- 3.6
O(r,m)=D,(r,w)+ rpm jd

r-rf”
2
where (Vz + C:—z)cf)o (r,0)=0

For vector potential (Lorentz gauge, k = 2)




Useful expansion :

zk|r r|

— = ki ok )1, ()Y ()

Spherical Bessel function : j, (kr)
Spherical Hankel function : 4, (kr) = j,(kr )+ in, (kr)

=)
=)

03/15/2023

&)(r, a)) = &)0 (r, a))+ Z %m (r, a))Ylm (f‘)

¢lm(r W _[d3’”',0 r a))]l(kr )hz(k >)Y*lm(f')

m~/

A(r,a))zgo(r,a) +Zalm 0] lm(f‘)

Im
a,,(r,m)=iku, [ d*r I(c', @)j, (k) (ke )Y i ()
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Example of dipole radiation source

"~~~/

J(r,a)):i]oe"’/R ,5(1'950): ~

Note that the continuity of charge and current must be

satisfied.  For the Fourier amplitudes, the relations are
as bellow:

Jy

—7r/R
cosBe™”

Recall continuity condition: —iw p(r,@)+V-J(r,@)=0

~ior p(r,0)+rV-J(r,0) Jackson’s clever trick!

1 N
d’rr p =—\|d’rrV-J(r,
J. ’r p(r,a)) ia)j rr (r a))

_ I 5. 3 _
= icojd J(r,0)=p(o)



Example of dipole radiation source

j(r,w):iJ ek plr,m)= Y0 cosGe "
— IR
p(w) = —za)R I d’r rcos(@)(cos(@)e_”/ R)
3
_5 J, 472'de 3 _F/R—ZJ 87TR
—iowR 3 —i@

1 N
= —\d’rd
—ia)I y (r,a))

From the analysis valid for kr>>1 and kR<<T.:

N . W ikr A ikr

A(r,a)):—l’;l‘;z p(a))er s 0y02R3er
. . ikr 3 . ikr

O (r,m)=- ik p(co)-f'(1+ : je _J2R (1+L)e—cos9
dre, kr ) r &,C kr ) r



Example of dipole radiation source -- exact results for r>>R:
°]b
— 1R

—r/R

n~~/

J(r,o)=2J """ plr,m)= cos Oe

o0

K(ra a)) =1/, (ik:uo )J""'2 dr'e”"" h, (k’@ )]0 (kr<)

0

~ J k ( .
D(r,w)= -2 COSHI rdre”" h (kr))j, (kr.)
E,WR g
Evaluation for » >> R : Agrees with dipole
N ok 7R3 approximation for

KR<<1.

A(r,a)):ifoyo B, (1—|—k2R2)2

ikr . 3
D(r,w)= Jok cosf = (1+ l j 2K
Ey@ r kr (1 + k2R2)2




.

More details --
J(r,ow)=2J,e"'" plr,o)= .JOR cosfe”""
K(r, w)=12J, (iku, )jr'z dr'e”"*n,(kr. )j, (kr.)
0
o~ J k 2 —r'/R
D(r,w)=— COSHJ rdrte” " h(kr. )j (kr.)
E,WR

ikr r
elr

A(r,w)=12J, %[ ; j P dre" sin(kr") + Sm(k’") j P dp e R ]
r

ikr
R Hoth r kR2+1 ~ Correct when |!is

term is negligible.

ikr ©

Adipole approx (7> @) = ZJ o [ er jr dr'e”""" (kr )j ZJ(),u0 2R’
0
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Presenter Notes
Presentation Notes
An example of using the spherical harmonic expansion to analyze “exact” expressions for the scalar and vector potentials.


.

Example continued

0.4-
0.2-
= _
=
P
5-0.2
m i
~0.4-
-0.6-
0.8-
__ 0.6/
S 04
= 0.2
% 0
¥ -0.2
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For kR=1

&= Dipole approximation

/R

xact

Blue curves represent long
range part of exact expression

For kR=0.1

&= Dipole approximation

10 | 20 ' 30
/R
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Presenter Notes
Presentation Notes
Comparing the values of the vector potential calculated using the asymptotic expansion (rinfinity) with the exact evaluation.   You see that the difference occurs only within the source extent.


Continued review of dipole results --
Power in the dipole approximation; Section 9.2 of Jackson

Here we use our notation ~ with mn—>rand Z, = ai)
€
dP r’ . A\ \[|?
10 = > (r-(ExH ))
Using the expressions for the dipole fields far from the source:
H—i(rx )eikr E=ZHxf
4 P r ’
P ’Z 2
The power can be written =— 0 k*((rxp)xt
P dQ 3277 ‘(( p) )
Defining the angle 8 by p-r = |p| cosd,
dP Cz O 4 . . . Cz 2
k*|p| sin®@ integrating over solid angles P =—2fk"
dQ 3277 |p| . . . 127 |p|



Review:

Electromagnetic waves from time harmonic sources —
continued:

Dipole radiation case:

Define dipole moment at frequency w:

1 .
=|\d’rro(r,o0)=——\|d’r J(r,
p(w) I rrp(r,m) ia)j rJ(r,m)
For fields outside extent of source and A7’ << 1 within the source:

~ NING, e
A(r.o)=-212p ()



Presenter Notes
Presentation Notes
In the long wavelength limit, the dipole approximation is numerically close to the physical situation.


Review:
Electromagnetic waves from time harmonic sources — continued:

E(r,a)) = —ch)(r, ®)+ ia)A(r,a))

_ 1 eikrLkz((f‘xp(a)))xf')+(3f(f.p(wz))_p(w)J(l—ikr)]

dre, 1

B(r,»)=Vx A(r,a))
ikr

__1 e k2(fxp(w))(1—ﬂ(lrj

dre,c v

Power radiated for kr >>1:

d—P:rzf‘-<S> = - f‘-iR(E(r ®)x B (r a)))
ple) avg 2;“() ’ ’

zczk4 Hy
327°\ g,

(f‘xp(a)))xf‘


Presenter Notes
Presentation Notes
Continued analysis of vector and scalar potential fields following Jackson Section 9.2.


= Properties of dipole radiation field for kr >>1:

ikr

B(r0)= e (Expl)<b)
Blr.) - (o)

Power radiated for kr >>1:

274
d_P:,,2f.,<8> :Ck2 Hy
dQ) v 32T\ &,

(Fxp(w))xF|

Note that vectorsr, E, B
Y are mutually orthogonal
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Presenter Notes
Presentation Notes
Geometric properties of dipolar fields.


.

Alternative approach
Fields from time harmonic source:
ik|r—r'|

' ,5(1",(())
j(r',a))

& (r,0) = 47; [ar f -

A(ra) ,Uoj'aﬁv

Forr >>r': r-r'j~r—r-r'+..
_ 1 eikr
O(r,w) =

de. 1 .d3 e ,5(1",60)
0

A(r,a))%f;; e; J'd3 ' —zkrr j(rv,a))



Presenter Notes
Presentation Notes
Up to now, we have worked with the exact spherical harmonic expansion, evaluating the results in certain limits.    Now consider analyzing the Green’s function integral directly without use of Bessel functions.    You may recognize this treatment as the Born approximation encountered in quantum mechanical scattering theory.


)
For our example:

n~~/

J(r,w)=2J """ plr,m)=—

Forr>>r'": r-r'|xr—-r-r'+..

ik
O (r,m)~ L e

drre, 1 °

ikr
A(r,w)z Zl;; er Id3r' e—ikf'-r' j(rv,a))

=>» Results equivalent to Bessel function expansion
In the limit kr =2 ©°,


Presenter Notes
Presentation Notes
This approach is similar to the Bessel function expansion if more terms were used.


Other radiation sources using

““alternative approach”
y

Linear center-fed antenna N

~

A(r,a)) X

ikr
Z‘o e J‘dsr. kT j(r',a))
T 7

J(r',w)=1,sin (% —k|z |j 5(x)8(»)2
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Presenter Notes
Presentation Notes
Up to now, we have been thinking about sources on the atomic scale.    The analysis also works for macroscopic sources such as antennas.    This example which follows your textbook is called a center fed antenna.


Alternative approach — linear center-fed antenna continued

_ A ] eikr d/2 y o kd
A(r,o) s 2205 [ gz O sin| =~k |z

dr r _3, 2
( (kd j (kdj\
4. | cos| —cos@ |—cos| —
:i IUOIO € 2 2
2 kr sin” @

Time averaged power:

(kd j (kdjz
cos| —cosf@ |—cos| —
7) /,uo 1 2 2

0

aa g, 87° sin 0



Presenter Notes
Presentation Notes
Analyzing the vector potential in this “Born” approximation, we obtain an analytic result for the radiation distribution.


.

Alternative approach — linear center-fed antenna continued

Time averaged power:

(kd j (kdjz
cos| —cos@ |—cos| —
dP=12 /,uo 1 2 2

&

dQ "\ g, 87’ sin @

S 7T
P | COS (2cosé’j
for kd=n: —=1 /,uo -
&, 87T

dQ sin” @

/1
P 4 COS (200&9)
for kd =27: —=1 /ﬂo .
g, 87T

dQ sin” @


Presenter Notes
Presentation Notes
The radiation pattern is quite sensitive to the relationship between the antenna length d and the wavelength of the radiation.


Alternative approach — linear center-fed antenna continued

Time averaged power:

kd kd
cos| —cos@ |—cos| —
2 2

dQ "\ e, 87’ sin @

Interesting patterns for special values of kd
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Presenter Notes
Presentation Notes
Here are some polar plots of the radiation patterns for various cases.


Some details --

Polar plot:
Angle indicates
values of theta

Radius indicates
value scaled to 1.
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Next time — we will consider the effects of multiple
antennas (antenna arrays including interference effects)
and radiation due to light scattering (from Chapter 10 of

your textbook).
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