PHY 712 Electrodynamics
10-10:50 AM MWF in Olin 103
Class notes for Lecture 8:
Finish reading Chap. 2 and start Chap. 3

Solution of Poisson/Laplace equation
for special geometries —

A. Cylindrical
B. Spherical
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Course schedule for Spring 2023

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW| Due date
1 Mon: 01/9/2023  Chap. 1 & Appen. Introduction, units and Poisson equation #1 101/13/2023
2 Wed: 01/11/2023 |Chap. 1 Electrostatic energy calculations #2 101/18/2023
3 |Fri:01/13/2023  |Chap. 1 Eﬁ;;[crjostatic energy calculations thanks to 43 101118/2023
Mon: 01/16/2023 MLK Holiday -- no class

4 Wed: 01/18/2023 |Chap. 1 &2 Electrostatic potentials and fields #4 101/20/2023
9 |Fri: 01/20/2023 |Chap. 1-3 Poisson's equation in 2 and 3 dimensions #5 01/23/2023
6 Mon:01/23/2023 |Chap.1-3 Brief introduction to numerical methods #6 01/25/2023
7 Wed: 01/25/2023 |Chap.2 & 3 Image charge constructions #7 01/30/2023
8 |Fri:01/27/2023 |Chap.2 &3 Cylindrical and spherical geometries

9 Mon: 01/30/2023 |Chap.3 &4 Spherical geometry and multipole moments
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Solution of the Poisson/Laplace equation in various geometries
=>»cylindrical geometry with no z-dependence (infinitely
long wire, for example):

01/27/2023

Corresponding orthogonal functions from solution of

Laplace equation: V® =0
1 0 oD 1 0’0

| PA T 2 > =0
pop \' op p- 0

®(p,p)= @(p,p+m2r)

Assume:  D(p,9) = f(p)g(9)

dzg(¢) _ _ng(¢)

g(@)=sin(mp+c, ) = m = integer

Suppose
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Solution of the Poisson/Laplace equation in various geometries
=>»cylindrical geometry with no z-dependence (infinitely
long wire, for example):

Corresponding orthogonal functions from solution of
Laplace equation: V=0

1 0 ( acpj 1 0°D
—=_ | P=_|T 2 2

p 0p op p° 0@
Assume:  D(p,9)= f(p)g(9)

2

df,(p)| m
- )
pdp( dp j pzf’"(p)

1
fo(p) = {1 S0 =P "
np

=0
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

Corresponding orthogonal functions from solution of

Laplace equation : VO =0
PA1 o o0) 1 0@
Z%("E} p° 0¢’
®(p,¢)=D(p,p+m2r) = m=integer

—> General solution of the Laplace equation

1n these coordinates :

CD(p, ¢) = A, +B,In(p)+ Z (Ampm +B p™" )sin(m¢ +a,)

o0
m=1
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

Green's function appropriate for this geometry with
boundary conditions at p=0 and p =0
1 0 0 1 o
- — |t G ’ '9 ’ ! —
(,08,0 (pap) = awzj (PPP, P
o(p—p ,
yo,
It can be shown that the following form can be used:
o0 1 m '
G(pap'a¢9(0') — _ln(p>2)+22_(p< j COS(WI((D—¢ ))

m=1 m ,O>
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Note that the previous example is similar to the construction for
the 2-d cartesian case --
For the 2-d cartesian case, for example, we can assume that the
Green's function can be written in the form:

! Y ' Y dz
GO x', 0 = 2 tt, (0, (X, (3,") where — -, (x) = =, (x)

The y dependence of this equation will have the required

2

behavior, if we choose: {—an + F} g (y,y)=-4r5(y—),
Y

which in turn can be expressed in terms of the two independent

solutions v, () and v, () of the homogeneous equation:

dy " dy



: Cartesian example continued --
®,
{—a +— 18,(1,y)=—415(y - y),
oy

4r
g,(ny)=—v, (v, ()
Kl’l
d2
where: {—2 —-a, } v (y)=0,
dy ’
a’vn1 a’vn2
dy n, n dy

For example, choose v, () =sinh(y/e,») and v, (¥)=sinh(\/e, (b— ¥))

where K = \/057 sinh(\/OTn D)

using the 1dentity: cosh(7)sinh(s) + sinh(r) cosh(s) =sinh(7 + s)

G(x,x,y,y") = Zu (xX)u, (X)—vnl (yv, ().



In the cylindrical geometry case,
u (x) - {sin(mgﬁ), cos(mgp)}
v, =>{LIn(p),p",p "}

Mo

! ! c 1 p< "’ !
G(pap » Dy P ) — —IH(IO>2)‘|‘2Z " E,O ) COS(WI((O-(D ))
m=I >
Note that, because we are using curvilinear coordinates, the
Wronskian and the form of the delta function has to be

modified.



Comments and details Change notation

p=r

@ G(r,r',(p,(p')z—ln( )+2Zm(_j Cos(m((o—(p'))

D(r, ) = jdqo [ridrGer,r. 0,000, ¢)

0 0

472'60
Note that: For this extended charge distribution,
Coulomb's law 1n 1ts original form diverges:
1 J‘ FE p(r’)
dre, ‘r r ‘

Note that in this case, we have assumed that
the surface integral contributions are trivial.
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Example — uniform cylindrical shell:

Z u
Top view:
0 r<a
p(r)=<D a<r<b
0 r>b
Vo =-£
€
2
Y vor.g )2 ,000.9 12 0 CI)gr,¢)
r r 8r or r 0@
X
G(r,r',p,p") = —ln( ) + ZZ — = cos(m((p —~ qo'))
m=1
(r,p) = jd(p jr dr'G(r,r',0.0")p(r'.¢")
7€
Boundary condition: lim (Mj =0
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Question — Why only m=0 for this case?

mlm

G(r,r',¢,p")=—In(r, )+2Z (_] cos(m(p—¢'))

jdco [r'arGer,r,0,00p(r,¢)

0

q)(r9¢)_4 e
0

Note that j do'cos(m(p—¢@") =0 form >0
0



Some details

G(r,r',p,0")=—In(r, )+2Z (—j cos(m(p— "))

mlm

O(r,p) = jdco jr dr'G(r,r',@,p") p(r',¢)
47[60 g
In our case: ®(r,p) = 2ﬂDjr'a’r'(—ln(r :—j 'dr ln(r ))
dre, € *

For 0 <r<a: cb(rgp)_—j dr'(~In(r"))

6() a
D ’

For a <r<b: (D(V,(O):—(j”'di"(—ln(r)+jr'dr'(—ln(r')]
€ \ g

b
For r>b: ®©(r,p)= Bjr'dr'(—ln(r))
€



Example continued -- m=0 only --

Top view: 0 O0<r<a
p(r)=sD a<r<b
0 r>b
G(r,r',0,9")=—In(r, )+2Zm[—] cos(m(¢—¢"))
( D(r,p) = 47%0 jdco j dr'G(r,r',0,0")p(r',¢)
2(1,2 —a’—b"In(b*) +a’ In(a )) O<r<a
4e,
D(r) =4 43(192 —r? =b’ In(b*) + @’ In(r*)) a<r<b
o
ﬂ(az 5% )In(r?) r>b
4
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Example continued --

a b
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PHY 712 Spring 2023 -- Lecture 8

15



Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with z-dependence

01/27/2023

li( ag} | 0’ 0’0

Laplace equation : Vd =0

=0

vop\Pon )T o op o

©(p.4.2)=R(p)O(¢)Z(z)
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Cylindrical geometry continued:

A Laplace equation : V2ib =0
®(p,¢,2)=R(p)0(¢)Z(z)
One possibility :
dzZ ’ . thz
dz’ —k°2=0 = Z(z) =sinh(kz),cosh(kz),e
d2 tim
d§+m2Q:0 = O(p) ="

) 2
d 122+ Ldr | kz_m_2 R=0 =J (kp) N, (kp)
dp~ pdp P
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Cylindrical geometry continued:

y Laplace equation : VO =0
G D(p.4.2)= R(p)OW)Z(2)

Another possibility :
2
i 6; ? +k’Z =0 = Z(z) =sin(kz),cos(kz),e™™
Z
2
fz % +m’Q=0 = O(4) =™

) 2
d 123+ L dR -2 R=0  =1,(k)K,(kp)
dp” pdp P
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

D(p,9,z=L)=V(p,p)
®(p,p,z) =0 on all other boundaries

O(p,4,z)=> A4,.J, (k,.p)sinh(k,, z)sin(mé+a,,)

where J (k,a)=0

0.8 M

- N

0.6

Jakp) od 27 N P e——
5 ImE2 N N T N

-0.21 AN NS N

~0.4- | | . |
0 2 4 6 8 10
kp
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

0,2=L)=V(p,9)
®(p,p,z) =0 on all other boundaries

O(p,p,2)= Y A,J,(k,,p)sinh(k, z)sin(mp+a,,)

If V(p,p) 1s an even function of ¢ sothat ¢, =7 /2:

27 a
| dpcos(mp) [ pd p, (k,.p)V (p.0)
A — 0 0

mn

27 a
sinh(k,, L) [ dpcos (mo) | pd pJ,* (k,,p)
0 0
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at p=a

(p=a,9,2)=V(p,2)
®(p,p,z) =0 on all other boundaries

O(p,0,z) = ZAmn m[nzpjsm(nzzjsin(m¢+amn)

1, (kp)

\
\

I
\

Ko
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at p=a

WAp=a,0,z)=V(p,z)
O(p,p,z) =0 on all other boundaries

(D(,O,(D,Z) Z mn m(nzijIH(nzszin(mgﬂ-l-amn)

If V'(z,¢) 1s an even function of ¢ so thata, = 7/2:

nwz
L

nra nrz
b dpcos’ a’sm2
( )J peos” (mp I - ( L j
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Green’s function for Dirchelet boundary value
inside cylindar:

D(p.¢.z=L)=V(p,9)
P(p=a,,2)=0, (p,p,z=0)=0
Expansion in terms of Bessel function zeros: J, (k, a)=0
G(p,p',9.9',2,2") =
87 & & I, (kM (b sinh(y 2 Jsinh (L2,

n.az n=l m=—oo kmn (Jm+1 (kmna))2 Slnh(kan)
1
O(p,p,2) =

a8 p'dpa2Glp.p'.4.4.2.2)p(p'.¢',7)
TE

0V

1 8G(p, 0.0,0',z, Z')|
- dd' o'do'

T 47 j 7pdp 0z’ g

S:z'=L

V(IO', ¢v)
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Comments on cylindrical Bessel functions

2 2
d—+li+ _l—m— Fi(u)=0
du®  u du u’

F'(uy=J (u),N, (u),H (u)=J (u)*iN (u)
Fy () = I, (u), K., ()

11—

m=0

0 _ | — ] | | \ | |

| 2 i .
~0.5- J
_ 0
_ N,
E
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Comments on cylindrical Bessel functions

2 2
d—+li+ _l—m— Fi(u)=0
du®  u du u’

F'(uy=J (u),N, (u),H (u)=J (u)*iN (u)
Fy () = I, (u), K., ()

1
K m=1
0.5/“‘#“_— M
0_ ! | i o ' | i ' |
] 1 3 N
-0.5- N, Jy
h
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Some useful identities involving cylindrical Bessel
functions

2 2
[ d +li+ (1 —m—Z])Jm(u) =0 for integer m

u

Properties of Bessel functions in terms of zeros: x,_; J (x, )=0

mn

a 2
da

| pdpJ . / @)T,, (5,0 / @) = 7(Jm+1(xmn ))' S

nn'
0



Poisson and Laplace equation in spherical polar
coordinates

M
Z
£
A x=rsmécose
o .
O W, y=rsinfsing
g . z=rcost
_—\_\_\_-.z... i
g I
Sz
. | .
! == ¥
r sirB!
I
___________________ 4
'}r

P

http://www.uic.edu/classes/eecs/eecs520/textbook/node32.html
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential @ (r, 0, go) ;

2
——(rd)+ 12 .1 g (smé’ 8] 12 82 ®=0
r or sinf 06 00 ) s 6 op
ré’,go ZR (r)Y )

Spherical harmonlc functions:

1 0 0 e
in6— Y (0.0)=-I(l+1)Y, (0
(Sinﬁ Gﬁ(sm agj+sin29@¢2] lm( 9¢) ( + ) lm( 9(0)




Properties of spherical harmonic functions

Y, (6,4)=(-1)" Y,(_m)* (6,4)  (standard Condon - Shortley convention)
[aor,,(0.0),, (0.9)=[sin0 do dp Y,,(0.0)Y,,. (6,0)= 6,5,
Completeness ;

Z (6",9")=S8(F —1")= 0(cos 6 —cos 8')5 (¢ — ¢')

Relatlonshlp to Legendre polynomials :

21+1B(COS 9)
7T

Y, (‘9’40) =



Useful identity:

: ‘Z i rz-lu v, (0.0), (0.0)

‘r—r 2l +1 7

Example for 1solated charge densﬂ:y p(r) with

electrostatic potential Vanishing forr —» o

\r r\

dr 1! "
a*r pf <y (B.0), (0,
j r plr )(%2l+1r>m W (007, ( ,40))

47150



Example -- continued

ofr)- jd%»p(r'{z Ty (g, (@',co')J

4re, m 2l +1
Suppose : p(r')— a3§3 — e
[aQ'y, (0'.9)=475,5,,
4z ¢ o 5, L ’ O  _2,
(D(r): 4re, _([rzdr r>1 PR e
_ 0 erf(r/a)

4re, r



Useful identity:

1 4 ’
_ = Z - rl+1 ((9 (0)

20+1 7

Elements of "proof™:
1 1

(6.9)



Useful identity:

1 4 ’
_ = Z - rl+1 ((9 (0)

20+1 7

Elements of "proof" - - continued :

Sum rule for spherical harmonics :

PE)= 55 Y6 )

21+1

Note that for # =", P(F-#') =1

21+1Z| W(F) =

(6.9)



Some spherical harmonic functions:
1

Yoo(f')zﬁ

Yien(B)=F 2 Sing et
T
. 3
Y, (F)=.—cos@
T
. 15 2204
Yy (F) = e ——sin* @ e
o |15 . +ig
Yz(ﬂ)(r) =F < sinf cosf e

Y, (F)= iﬂ(% cos’ & —%j
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