PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103
Class notes for Lecture 9:
Finish reading Chap. 3 and start Chap. 4

Multipole moment expansion of
electrostatic potential -

A. Spherical coordinates

B. Cartesian coordinates
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Course schedule for Spring 2023

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW, Due date

1 |Mon: 01/9/2023 |Chap. 1 & Appen. Introduction, units and Poisson equation #1 101/13/2023
2 Wed: 01/11/2023 |Chap. 1 Electrostatic energy calculations #2 101/18/2023
3 |Fri: 01/13/2023  |Chap. 1 Eﬁglt;ostatic energy calculations thanks to 43 101/18/2023

Mon: 01/16/2023 MLK Holiday -- no class
4 |Wed: 01/18/2023 |Chap. 1 &2 Electrostatic potentials and fields #4 01/20/2023
9 |Fri: 01/20/2023  [Chap. 1-3 Poisson's equation in 2 and 3 dimensions #5 101/23/2023
6 [Mon:01/23/2023 |Chap.1-3 Brief introduction to numerical methods #6 101/25/2023
7 |Wed: 01/25/2023 (Chap.2 & 3 Image charge constructions #7 101/30/2023
8 [Fri: 01/27/2023 |Chap.2 &3 Cylindrical and spherical geometries
9 |Mon: 01/30/2023 |Chap. 3 & 4 Spherical geometry and multipole moments  [#8 02/01/2023
10 (Wed: 02/01/2023 |Chap. 4 Dipoles and Dielectrics

01/30/2023
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PHY 712 -- Assignment #38

January 30, 2023
Complete reading Chapter 3 and start Chapter 4 in Jackson .

1. Consider the charge density of an electron bound to a proton in the ground state of a hydrogen atom -
o(r) = (1/Tr803) e21180 where ag denotes the Bohr radius. Find the electrostatic potential &(r)
associated with p(r). Compare your result to HW#1.
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Poisson and Laplace equation in spherical polar
coordinates
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential @ (r, 0, go) ;
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Spherical harmonlc functions:
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Properties of spherical harmonic functions

Y, (0,9)=(-1)" Yl(_m)* (6,¢)  (standard Condon-Shortley convention)
[aox,, (6.0)Y,, (6.9)=[sin0do dpY,, (6,0)Y,," (6,0) = 5,0

"~ mm’

Completeness:

S%,,(6.0)7, (6'9) = 5(F —#) = 5 (cos8 ~cos0') (¢ ')
Im

Relationship to Legendre polynomials:

20 +1
Y, (6,0) = o B(cos0)

Relationship to Associated Legendre polynomials:

20+1(l—m)! | i
Ylm(e’gﬂ):\/ 47 El+m;!PZ (cos@)e™



Legendre and Associated Legendre functions

Legendre differential equation :

(%((1 — )%j +1(l+ 1))}3 (x)=0

Associated Legendre differential equation :

d 2\ d m’ meoN _
(d—x((l—x )d—xj+z(z+1)—1_x2jp, (x)=0

Form =0
m mi2[ d”
P (x)=(-1y"(1-x%) ”[dx P(x)]
. (I=m) _, This is the Condon and
B () =(=1) (l+m)P (x) Shortley convention

and the most common.



Legendre polynomials --
m=0: P(x)=1
m=1: B(x)=x
. _1ao
m=2: Pz(x)—z(3x —1)
1
m=23: B(x)=§(5x3—3x)

m=4: P(x)= é(35x4 ~30x +3)

1
[ dep, (0B, (1) = =——3,,
7 2m+1 7



Some spherical harmonic functions:
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Useful expansion:
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Another useful expansion:

" Adr ot
F(r- r)_ﬁ Y, (r)Y,, (r)
m=—1

Check: r =sin(@)cos(@)x + sin(@)sin(@)y + cos(d)z
B(r-r')=
B(r-r)

Note that for # =", P, (F-1') =1

dr .
Y
21 +1 2% ()

m=-1

1
r-r'=sin(f)sin(@")cos(p — ')+ cos(f)cos(")

— 2:1




Some details -- Useful expansion:

o0

Z ,
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Elements of "proof™:
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Even more useful identity:

1 Ar 7! :
' — Z ~ r7+1 I/lm (9 gp)Ylm (9"€0')
— 20 +1 v,

[
Which follows from the identity: P(F-r') = 2jﬂ1 > Y, (B, (F)
+ m=—1

Example for 1solated charge density p(r) with

electrostatic potential Vanishing forr —» o

\r r\

: 4 r<l oo
jd3r p {% 2l+1 r>l+1 )Ilm (e’gﬁ)}flm (9 ,q) )]

47150



General form of electrostatic potential with boundary value

r — oo, for isolated charge density p(r):

o(r) = farr 20D

47[50 |r —r'

[

\ , 4 1. o
jd3r 'O(r) 221+1 l+1 lm(@(ﬂ) (9’(0 )]

47zg -

Suppose that p Z sz

= Z F, (7)Y, (6,¢) where
Im

1 1 ( 1 r 2+1] / x 1-/
F (r " “dr'p, (r')+r| r"dr'p, r'j
l<>8021+1 e () [ e, ()
In summary:
1 1

1 d + ! ! * - ' '
CD(r): 221+1Ylm (Q,go)(rm IO r*dr'p, (r )+rlJ; r'dr'p, (r )j

80 Im




Example --

dr 1!

D(r)= d’r' p(r' =Y (6,9)Y,

(1) [ () Do B o),
Suppose: p(r')z O e’

a37z_3/2
JdQ' Ylm* (9"§0') = m@ogmo
472- [ ' O Q —r?/a? Q

(D(r)=47[802[7’2dr r1a37z3/2e / _a37z3/250[
Note that: erf(x) = j edu and

Integrating by parts and simplifying --
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Another example:

grsin@ cosgpzqr[l S—E(YH(@,(p)—YH(H,ga))j < g

Suppose p(r) =\ Va Va| 2\ 3
0 r>a

| 1 1 A, ' ' - ' '
®(r):g_0;2l+lylm (8’¢)(r1+1 jor “dr'p,, (r )+rlL r'dr'p,, (r ))
For r<a

1 872' 1 "oy ' a '

(D(r): ngo [g ?(YH(H,gg)—YH(H,gp))](r—z_“o rtdrier L ridr j
For r>a




q)(r)—V;]go(%\/?( L(0.9)-7, (Qw)))(%jorr"‘dr#rLar'dr'j

9 sin6cos gz)(r(a2 —%rz))

:6Va80
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Example -- continued:

: q 2
For r<a: @(r)= Vaz, sm&cosgp(r ir ))
; 4
For r>a \®(r)= 9 sin@cosgp| 1o |=-12 )2
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Notion of multipole moment:

In the spherical harmonic representation --

define the moment ¢, of the (confined) charge distribution p(r ):
4, =|d’r' r' Y, (0,9 )p(r')
In the Cartesian representation --

define the monopole moment g:
q= [d'r' p(r)

define the dipole moment p:
p= [d'r'r'p(r!)

define the quadrupole moment components O, (i, j — x, y,z).

Q. = J-aﬁr' (3r'l. r'j—r'z é:j)p(r')



Significance of multipole moments
Recall general form of electrostatic potential with boundary value
r — oo, for isolated charge density p(r):

J‘dsv (r)

CD(r) ‘r r‘

4re,

47250

: 4 r<l S
jd3r '0 {% 2l+1 7">Z+1 Ylm (9,(0))/;}% (9 ’(P )J

For r outside the extent of p(r):

P (9¢)(jd3rwm*(e',go')p(r'))

dre, 52 20+1 T {

—_ 1 472- QZm )jlm (9,(0) '
Are, lzm: 20+1 i



Multipole moments continued: g, = jd%'r'f Y *(9',¢')p(r')
For r outside the extent of p(r): 0

o(r) = I 247% w(0.9)

dre, 7 20+1

Relationship between spherical harmonic and
Cartesian forms of multipole moments:

I 15

q()() — 472_ q Q2i2 — 28872' (Qxx $ 2iQxy o ny)
3
] _. [15
QI_I 872' (p py) qzﬂ + 7272_ (sz + leZ)
3
_ 5
QIO 472_ z qZ() — sz

167



Consider previous example:

1 (8
e S 000 00)| s

or)=-
() 0 r>a

We previously showed that for > a

o) 5 L 0000150 [ £,

- Vae, '
N ngo {%\/?(Yll (0.0)-7, (‘950))) Sa; ) 61350 sinﬁcosq)(i—zjj
Note that: ¢, , = $%% 8?7[%5
P, :% 8?7[(_%1 41) = 437[ an 625



General form of electrostatic potential in terms of
multipole moments:

For r outside the extent of ,0(

ofe) = L5 A7 Lul00Nj iy, (o)l

4re, “m 21+1

1 Z 4z qlm Im (9’¢)

dre, 4= 20+1 '

In terms of Cartesian expansion ;

(r) = 1 [q P ) J

4re,



Example of multipole expansion in evaluating energy of

a very localized charge density p(r) in a electrostatic
field d(r) (such as an nucleus in the field produced by

electrons in an atom).




Simple examples of multipole distributions

Z

o ®
N

X -q

p(r)=q(5°(r—dz)- & (r+dz))
p.=2qd
p.=p,=0

p(r)=q(5°*(r—dz)+ & (r +dz)—-25(r))
Q.. =4qd* =20, =-20,
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Another example of multipole distribution

2
p(r)= 1 3 (ij e”*sin’ @
a

64

Note that : 1/4?”}’20(6?,¢)=écosz 9—% :1—%sin2 0

2

. 2 214 2 /4 2 /4
sz‘gzg_g ?ﬂY20(99¢):3 TﬂYOO(es¢)_§ 57[20(6’ ¢)

:>p(l‘) :Ooo( ) 00(99¢)+:020( )Y (‘9’ )

D) = Doy (7)Y (6: )+ Dy ()12 (6, 6)

4r
Pim = 47ng 20+1 ”1

> drp, (r')+r ro " dr'p, (r')j
2 —
Poo (r ) = V4

(_j e—r/a 0 () z 4 q (sze”a
3 647za 20 3V 5 647’ L a




Another example of multipole distribution -- continued
q -rla 3 2 1”3
D, Nar=|1-e 1+
o(r)= 47ng [ ( da 4 24a3D
2 2 3 4 5
D, (r)=- 6 ‘/477 el A [ L O L I R, A
dre, NV S r a 2a° 6a 24a° 144a

For r — oo; in terms for Legendre polynomials:

P (r)—>— (1—6&10 (Cosé’)j Y, (6,4)=

47e, 4

21 +1

4

B(cosO)

For r — 0;1n terms for Legendre polynomials :

2

R P )

dre,\ 4a 120a




Another example of multipole distribution -- continued

For r — 0;1n terms for Legendre polynomials :

q 1 r
® - P,(cos@
(r)_)47zgo(4a 1204’ : (cos )}

Implications for electric quadrupole interaction :

82CD P 2 2
W — Z 0, arar) . P, (cosf)=3cos* 0 -1 2;(32 r)

For » — 0;1n terms of Cartesian coordinates

q 1 227 —x>—y°
(D(l‘) — N 3
e, \ 4a 240a

o’®(0) _o’@(0) _ 18°®(0) ¢ 1
x> ot 2 o 4re, 120a




Another example of multipole distribution -- continued

Electric quadrupole interaction:

=—Z fa;j)ar) 1£Qxxazq>(o)+Q azq>(o)+Q @@(0)]

_6 Ox* oy’ = 0z

L,]

. . 1 ]
For symmetric nuclei, Q_=0gq=——0_=——

2 2 Yy
g 0
47e, 2404°
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