Electrodynamics - PHY712
Lecture 6 — Introduction to numerical methods

Reference: Chap. 1 & 2 in J. D. Jackson’s textbook.

1. Finite difference methods with 2-dimensional example (Section 1.13
of your textbook)

2. Finite element methods with 2-dimensional example (Section 2.12

of your textbook)

Future topics

1. Method of images for planar and spherical geometries

2. Special functions associated with the electrostatic potential 1n vari-
ous geometries
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Numerical methods to solve Poisson and Laplace equations; Finite difference
methods

The basis for grid-based finite difference methods 1s a Taylor’s series expansion:

1 1 1
O(r+u) = <I>(r)+u-V<I>(r)+a(u-V)zcb(r)—kg(u-V)?’CI)(r)—kE(u-V)‘LCI)(r)—i—- e
(1)
For the 2-dimensional Poisson equation we have
0° 0 p(z,y)
P ==—=+-=—=]® = 2
V() = (5 + 5 ) ) = -2 2

WAKE FOREST PHY 712 Lecture 6 — 1/23/2023

UNIVERSITY




Examples of 2-dimensional regular grids on a square with & denoting the spacing
between grid points

P(x,2h) = 0 d(x,4h) =0
, 2 £
0,28 (h.2) 5,2 C——d—r—r—d
2 ", &
S o o
) I 1 [l
Il =N o~ ~
= (on) () E 32
) v N
& G 5
OO
N 1 5
0.0 \>Y e W ——e————@)
P(x,0)=0

d(x,0) = 0
3 x 3 grid for solution of the Poisson 5 x 5 grid for solution of the Pois-

equation within a 2-dimensional : s , :
son equation within a 2-dimensional

square.
square.
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Finite difference example for a 2-dimensional square

We will work out some explicit formulae for a 2-dimensional regular grid with A
denoting the step length. For a given point (x,y), a sum of 4 surrounding edge values
gives:

02 0? ht [ 04 o
2 6
10(a,) +17 (505 + 5 ) o)+ 5 (g + g ) B + (0.0

Similarly, for the point (z, y), a sum of 4 surrounding corner values gives:

02 2 ht / 5% ot 92 9?2
. 2 - 6
= 40 (x,y) + 2h <8x2 —|—8y2><l>(x,y)—l— ; <8x4 +8y4 +68x2 8y2><1>(aj,y)—|—(h cel)
We note that we can combine these two results into the relation
Sa+ ZSB = 5P(z,y) + 7V O(z,y) + gv Ve®(z,y)+ (h”...).  (5)
This result can be written in the form;
1 1 3h? h*
O(x,y) — =54 — —Sp=—— : —V? Y. 6
(z, ) =94 = 5558 1080/)(1‘ y) + 100, p(z,y) (6)
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Finite difference example for a 2-dimensional square — continued

Equation derived above:

3h2 h
M%w+ﬂgv%®w) (7

1 1
b 284 — —Sp =
(,y) = 554 = 5458 10eq

In general, the right hand side of this equation is known, and most of the left hand side of
the equation, except for the boundary values are unknown. It can be used to develop a set
of linear equations for the values of ®(x, y) on the grid points.

For example, consider a solution to the Poisson equation in the square region 0 < = < a,
0 <y < a with boundary values ®(x,0) = ®(0,y) = ®(a,y) = 0 and ®(z,a) = 0 and
with the charge distribution
p(x,y) = posin (E> sin (W—y) for 0<x<a and 0<y<a. (8)
a a
It can be shown that the exact potential for this case is given by

2
poa~ 1 . (mxN . [TY
®(a,y) = 2 - gprsin () sin () ®)
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Finite difference example for a 2-dimensional square — continued

We will first analyze this system with a mesh of 9 points generated with a grid spacing of
h = 5. In this case, ®(h, h) = ®(5, 5) is unknown, while the 8 boundary points are
zero: ®(0,2h), ®(h,2h), ®(2h,2h), (0,0), ®(h,0), ®(2h,0), ®(0,h), ®(h,2h).

&(x,2h) = 0

B 6

1N /N A2
5 00— ——b)s
o
N /TN s
0,0 @ 2h.0
P(x,0)=0

3 x 3 grid for solution of the Poisson equation within a 2-dimensional square.
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Finite difference example for a 2-dimensional square — continued

For this example, Eq. 7 states

37 (h h)+h—4v2 (h,h) (10)
102, PN T 40g, T PV

O(h,h) =
Evaluating this result for our example, we find

2 2
a a P0G 3 s
O(h,h)=P(—-, =) = — . 11

In this case, the constant in the parenthesis i1s 0.044 compared with 0.051 for the exact
results.
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Finite difference example for a 2-dimensional square — continued

If analyze this same system with the next more accurate grid, h = 7, using the symmetry
of the system ®(x,y) = ®(a — x,y), we have now 6 unknown values {®(h, h),
®(2h, h), ®(h,2h), P(2h,2h), ®(h,3h), P(2h,3h)}.

d(x,4h) = 0
F—O—O—O—©
——E>—Er—C>

-

C”D [l

5 O— @2

5 5
—E—O——)

F—e—)—W

P(x,0) =0

&

5 x 9 grid for solution of the Poisson equation within a 2-dimensional square.
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Finite difference example for a 2-dimensional square — continued

This results in the following relations between the grid points:

®(h, 3h)—%(<1>(h, 4h) + ®(0, 3h) + ®(2h, 3h) + ®(h, 2h))

1 3h? h*
— —(D(0,4h) + ®(2h,4h) + ®(2h, 2h) + ®(0, 2h)) = p(h,3h) + VZ2p(h,3h).
20 10eg 40¢eq
(12)
1
®(2h, 3h)—5(<1>(2h, 4h) 4+ ®(3h, 3h) + ®(h, 3h) + ®(2h, 2h))
1 3h? ht _,
— — (®(h, 4h) + ®(3h,4h) + ®(3h,2h) + ®(h,2h)) = p(2h, 3h) + V2p(2h, 3h).
20 10eg 400
(13)
1
®((h, 2h)— = (®(h, 3h) + &(0, 2h) + ©(2h, 2h) + B(h, h))
1 3h? ht _,
— —(®(0,3h) + ®(2h, 3h) + ®(0,h) + ®(2h, h)) = —— p(h, 2h) + VZ2p(h,2h).
20 10eg 400
(14)
1
(2h, 2h)—g(<I>(2h, 3h) + ®(h, 2h) + ®(3h,2h) + &(2h, h))
1 3h? ht _,
— —(®(3h,3h) + ®(h,3h) + ®(3h,h) + ®(h,h)) = p(2h, 2h) + V2p(2h,2h).
20 10e¢ 40¢eq
(15)
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Finite difference example for a 2-dimensional square — continued

(h, h)—é((b(h, 2h) + (0, h) + ®(2h, h) + (h, 0))

1 3h? h*
— —(®(0, 2h) + ®(2h, 2h) + ®(0,0) + ®(2h,0)) = p(h,h) + V2p(h,h).
20 10eg 400
(16)
1
d(2h, h)—g(@(Qh, 2h) + ®(3h, h) + ®(h, h) + ®(2h,0))
1 3h? ht _,
— —(®(h, 2h) + ®(3h,2h) + ®(h,0) + &(3h,0)) = p(2h, h) + V2p(2h, h).
20 10eg 400

(17)
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Finite difference example for a 2-dimensional square — continued

These equations can be cast into the form of a matrix problem which can be easily solved using Maple:

[ 1 ~1/5  —1/5 —1/20
—2/5 1 —1/10 —1/5
~1/5 -1/20 1 —1/5
~1/10 -1/5 -2/5 1

0 0 -1/5 —1/20

\ 0 0  —1/10 —1/5

WAKE FOREST
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0
0
~1/5
~1/10
1

—2/5

0
0
~1/20
~1/5
~1/5

1

)

[ ®(h,3h)
O(2h, 3h)
o (h, 2h)
O(2h, 2h)

& (h, h)

\ ®(2h,h)

\ [ 0.008411171444
0.01189519273

0.01189519273 poa’

€0

0.01682234289

0.008411171444

)\ 0.008411171444
(13)
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Finite difference example for a 2-dimensional square — continued

The solution to these equations and the exact results are found to be:

[ @(h,3h) \ [ 0.02515945182 ) [ 0.025330296 )
®(2h, 3h) 0.03558083799 0.035822448
& (h, 2h) 0.03558083799 | , .o 0.035822448 | o
— : (exact) = . (19)
®(2h, 2h) 0.05031890364 =0 0.050660592 =0
®(h, h) 0.02515945182 0.025330296
K ®(2h,h) |\ 0.03558083799 ) \ 0.035822448 |

We see that the results obtained with a smaller mesh has is much closer to the exact results than those for the
larger mesh.
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Introduction to Finite element method

The finite element approach is based on an expansion of the unknown electrostatic
potential in terms of known grid-based functions of fixed shape. In two dimensions,
using the indices {z, j} to reference the grid, we can denote the shape functions as
{#:;(x,y)}. The finite element expansion of the potential in two dimensions can take the
form:

P(z,y) = Z%‘j@'j(x,y), (20)
iJ

where 1);; represents the amplitude associated with the shape function ¢;;(x,y). The
amplitude values can be determined for a given solution of the Poisson equation:

—V? (®(z,y)) = ° (Z’)”, 1)

by solving a linear algebra problem of the form

ZMkl,z’j%j = G, (22)
(]

where

My = / iz / AyN b (2, 9) Vs (2,y) and Gy = / da / dydna(z,y) plz.y)/eo
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Introduction to Finite element method — continued

In obtaining this result, we have assumed that the boundary values vanish. This will be
ensured by our choice of the functional form of the shape functions ¢;;(x,y). In order
for this result to be useful, we need to be able evaluate the integrals for My, ;; and for
(Gx;. In the latter case, we need to know the form of the charge density. The form of

My, ;; only depends upon the form of the shape functions. If we take these functions to
be:

Pij(z,y) = Xi(2)V;(y), (24)
where

(1—@) forz;, —h<z<z;,+h

: (25)
0 otherwise

and ); (y) has a similar expression in the variable y.
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Introduction to Finite element method — continued

Finite element basis functions in this case

(1—"%_—}:“') forz, —h<z<z;,+h
Xi(x) = . : (26)
0 otherwise
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Introduction to Finite element method — continued

The matrix function takes the form:

dX,(z) dX;(z) AV (y) dY;(y)
My ;.= [ d d : X () X J
s = [do [y | TR )3, 0) 4+ ()0 D
(27)
There are four types of non-trivial contributions to these values:
:Bl—l—h 1
[ aptae=n [ (- juh?au= 2 28)
CL‘Z'—]’L —1 3
xz;+h 1 h
/ (X () Xy () da = h/ (1 — wudu = 2, (29)
x;—h 0 6
CIZz—l—h . 2 1
/ (dz%(@) do — l/ du — g) (30)
x;—h dx h -1 h
and .
T;+ . . 1 _
/ (dXz(CU) dXz—H(a?)) do — _l/ du = _1 (31)
z;—h dx dx h Jo h
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Introduction to Finite element method — continued

The basic equations lead to the following distinct values for the matrix:

(

fork=t7and[ =7

wloo

Mpij =4 —=% fork—i==xland/orl—j ==+l (32)

\ 0 otherwise

For problems in which the boundary values are 0, Eq. 22 then can be used to find all of

the interior amplitudes ;.
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Introduction to Finite element method — continued

For the same example we studied before using the 5 x 5 grid, the finite element approach
for this problem thus can be put into the matrix form for analysis by Maple:

([ 8/3 -1/3 -1/3
—2/3  8/3 —2/3
~1/3 -1/3  8/3
—2/3 —1/3 —2/3

0 0 —1/3

\ 0 0 —2/3

WAKE FOREST
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~1/3
~1/3
~1/3
8/3
~1/3

~1/3

~1/3
—2/3
8/3

—2/3

~1/3
~1/3

~1/3

8/3

[ ®(h,3h) )
o(2h, 3h)
(h, 2h)
&(2h, 2h)

&(h, h)

\ ®(2h,h) )

[ 0.028181825
0.039855120
0.039855120
0.056363651

0.028181825

\ 0.039855120 )

poa
€0

(33)
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Introduction to Finite element method — continued

The solution to these equations and the exact results are found to be:

[ ®(h,3n) \ [ 00266572706 ) [ 0.025330296 \
®(2h, 3h) 0.0376990736 0.035822448
®(h, 2h) 0.0376990736 | , .2 0.035822448 | o
= ; (exact) == . (34)
®(2h, 2h) 0.0533145412 | 0 0.050660592 =0
®(h, h) 0.0266572706 0.025330296
\ ®@2h,h) ]\ 0.0376990736 | \ 0.035822448

We see that the results are similar to those obtained using the finite difference approach.
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