PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103

Class notes for Lecture 3:

Reading: Chapter 1 (especially 1.11) in JDJ;

1. Continued discussion/derivation of Ewald
summation methods

2. Example for CsCli
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PHY 712 Electrodynamics

MWF 10-10:50 AM Olin 103 Webpage: http:ﬂwww.wfu.edul~nata|iefsz4p_hy712/\

Instructor: Natalie Holzwarth|Office:300 OPL e-mail:natalie@wfu.edu ‘

Course schedule for Spring 2024

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW  Due date
1 |Wed: 01/17/2024 |Chap. 1 & Appen. Introduction, units and Poisson equation #1 101/19/2024
2 |Fri: 01/19/2024  Chap. 1 Electrostatic energy calculations #2 01/29/2024
3 Mon: 01/22/2024 Chap. 1 Electrostatic energy calculations #3 |01/29/2024
4 Wed: 01/24/2024 |Chap. 1 & 2 Electrostatic potentials and fields #4 101/29/2024
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PHY 712 -- Assignment #3

Assigned: 1/22/2024 Due: 1/29/2024

Continue reading Chap. 1 in Jackson.

1. Calculate and numerically evaluate the electrostatic energy of the following 5 ion molecule
scaled by the factor (1/(411eg)) (g2 / a). Comment on the significance of the sign of your result.
Note that x, y, and z denote unit vectors in the three Cartesian directions.

o Charge = -4q Position =0

o Charge = q Position = (a/2)(x+y+ z)
o Charge = q Position = (a/2)(-x-y+ z)
o Charge = q Position = (a/2)(x-y+ z)
o Charge = q Position = (a/2)(-x+y+ z)

PHY 712 -- Assignment #4

Assigned: 1/24/2024 Due: 1/29/2024

Continue reading Chap. 1 in Jackson.

1. Using the Ewald summation methods developed in class, find the electrostatic interaction
energy of a NaCl lattice having a cubic lattice constant a. Check that your result does not
depend of the Ewald parameter n. You are welcome to copy (and modify) the maple file used
in class. A FORTRAN code is also available upon request.
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Last time, we argued that we need to carry out the
following summation of all pairs of ions using Ewald’s
very clever trick with the erf and erfc functions:

wo Ly eu _ 1 (5 agzert (3 /It —xif) > qigzerfe(3y/mlri — ;)
ST,D vy r; — ;] 8mep Z r; — rj] vy r; — ;)
Must be evaluated in Can be converged
“reciprocal” space as is (in real space)

In order to make progress, we need to systematically
enumerate all of the ion positions in the system
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Using CsCl as our
example system

® Cs

o« Cl

Notice that a unit
cell contains one
Cl and one Cs

r,=t,+1T
for o =Cl or Cs
and T=nT +n,T, +n,
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For CsCl -- a

Tes =0 and 70 = §(X+ ¥ +2).
| T,=ax T,=ay Ts=az
; Note that in general --

A i |
L8 . !

aﬁT
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Note that, using r, =71, +T

1 Z 4.9 ; N 4,495

+T‘

W =

I —rj‘ 87T€y o 5.1|T

3

omit term o =
when T=0

Z ‘ 4045

N 872'600513]* ,B+T‘

Note — this works for CsCl
and more generally
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872'60 a,B,T Ta,B +T‘
1 < .95 erfc(%\/; T, +T‘) 2
W, = = A
87T€y 4. 5.7 T,;+ T‘ 37T€,
For CsCl:

Tos = 0 and 7 = 2(X + § + 2).

(e
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ml
D

leEﬂ% ngﬂj;’ ngﬂi,

=Y 2 derff =v/n|Tl) ZZEI‘fC(%\/mTC] + T|)

T=0 |T‘ T |TC31 ‘|_T‘
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For evaluating w, which needs to be evaluated in reciprocal
space, additional considerations are needed --

It can be shown that --
Y 6 (r — Z e'
T

‘ Volume of unit cell
In real space

In this discussion, will assume we have a 3-dimensional periodic system. It can be easily
generalized to 1- or 2- dimensional systems. In general, a translation vector can be described
a linear combination of the three primitive translation vectors T, Ty, and T';:

T =nT; +n-To + T13T3_._ (12)

where {n,,ny,n3} are integers. Note that the unit cell volume € can be expressed in terms
of the primitive translation vectors according to:

= |T, - (T x T3)]|. (13)
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1 +
Preview — what happens if > _ 6°(r —T) = 9 > el
is true? T G

1

872'60 a,B,T|T

4.4
+T‘

Recall: W =w, +Ww,
N

.45 erf(% 1|t ﬁ+TD

Tﬂ+T‘

.49 erf(% 1T, +TD )

T ﬂ+T‘

\
n 2
—_— qa
3
A /
Subtract out self-energy

contribution
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Continued --

1 +
Preview — what happens if »_6°(r —T) = Q) > el
is true? T G

3 vl + T _ [ > st - 1) e Vles )
T

|To.f;3 + Tl | T |Ta-,3 + I'l

iZ/ (1!3?,6)1'@-1'erf(%\/ﬁ'ﬂwﬁ + rl) _ A7 Z E:_?"G-TO:I.'S E:—GQ/??Q N i/%\/ﬁdi
() @l .. ’ L () ;2 2 Jo "ZLS s

G+0

where the last term. which is infinite, comes from the G = 0 contribution.
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Back to “proof” --

The reciprocal lattice vectors GG can generally be written as a linear combination of the three
primitive reciprocal lattice vectors GG, Gs, and Gj:

G = 'T?llGl + 'T}'IQGQ + 'T?lgGg:

(14)

where {m,, m2, ms} are integers. The primitive reciprocal lattice vectors are determined
from the primitive translation vectors according to the identities:

Gi . TJ' = 2m5ij.

Note that the “volume” of the primitive reciprocal lattice is given by

Example --

1/122/2024

(27)°
5

|G1 . (Gg X Gg)‘ —

CsCl] structure

A.

There are two kinds of sites — 7¢ = 0 and 7¢) = 5(X + ¥ + 2).
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Consider the summation;

f k(Grr) _ sin (( M+ 3)Gy - r)
k=—M sin(Gq - r/2)

Behavior of function for various values of M:

16

sin ((M + %)x)

sin(%x)

-im im

M
x=G,r Z e™ has large peaks at x = multiples of 2z
k=—M
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“Proof” of identity --

Consider the geometric series

Jrir Jik(Gyr) _ 51D (M +3)Ga -x) (17)
k=—M sin(Gy - 1/2)

The behavior of the right hand side of Eq. (17) is that it is small in magnitude very except
when the denominator vanishes. This occurs whenever G, - r/2 = n;7m, where n; represents
any integer. If we take the limit M — oo, we find that the function represents the behavior
of a sum of delta functions:

sin (M + 3)Gy - r)
lim
M—o0 sin(G; -r/2)

=21> 0(Gy-(r—n.Ty). (18)

The summation over all lattice translations n;T; is due to the fact that sin(G; -r/2) = 0
whenever r = n;T;. Carrying out the geometric summations in the right hand side of Eq.
7 for all three reciprocal lattice vectors and taking the limit as in Eq. 18,

;eﬂ'f =(2m)° Y 0(Gi-(r—1miT1))d(Ge - (r —1n2T2))5(Gs - (r —nzTs)).  (19)

ni.1n2,1n3
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Final result

(27)°

ef.i('j‘r-r _
2=

1/122/2024

G (G2 x G3)| ET: 53(F_T) =Q§T: 53(1'—T)

1 +
Z 63(1‘ — T) — ﬁ Z EIGT*;
T G
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4.9
N 872'60 azﬁ:T“r ﬁ+T‘_Wl+w2

1 49,495 erf(% n Ta[)’+T‘) B e’
"= 87T€y o 51 T, +T‘ B 87e, d
9.9, erf(% 1T, +TD

2

a,p,T

‘raﬁ+T‘

B 4.4, erf(% 1T, +T‘) . erf(%\/;x)
;{; T+ _5%6]21}3{ X

1&101{6&(?/;)6)} _ \/%
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zerf{%ﬁhﬂﬁ—ﬂ /dﬁ zﬂ‘-‘ Llf{ 5/ 7as + 1)

T Tag + T |Tag + T

‘ | pfi 1|7, .
LS ] el e

Taf T 11|
At Z e~ 1GTap o—G*/n? /% VT d'u
O 2
Q) G20 (7 2

dlvergent results
Der1vation includes :

erf(x)=— I e dt + appropriate changes of variables
and order of integration
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Summary --

2 QaQﬂ erf (%\/;

‘raﬂ+T‘

B 9.9p erf(%\/ﬁ Tas+TD \/H
Zﬁ{z 1, 4] R

~iG-1, 2 l\/;
iG Ty G?/n a1 2Ny

_ 4r e e - , |n
;ﬂ:anﬂ( @) (;) G2 + O .(‘). u3 aﬁqa\/;}

T,z +TD

a,p,T

Note that for a neutral system Divergent term

Z 4,9, =0 and divergent term vanishes
a.p
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Problem — Electrostatic energy of a periodic non-neutral
system is not defined!

Solution -- Add uniform compensating charge and find the
electrostatic energy of periodic neutral system, carefully
analyzing diverging terms to determine a convergent

expression.

W Goqs [ 4 e—iGTas o—G*/n - ' erfe(2./mlr.s + T 1T ()?
o e S
N ad OTEQ i G0 G m T |Tﬂj -+ T| 87 Epatn

Where Q= Z q,



Some details

W Gaqs [ dm e~ G Tas ¢—G7 [
VT (fn T s

] 8e 0
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w'o

G0
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Tag o—G2/n 77 ! l'_‘l'f{:‘{ \/ﬁ|"'_r::3 + T|}
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For CsCl -- a

ﬂ e
Tcs = 0 and 7¢) = (X + ¥ + 2)
a | T]_:Eli Tg:aj} ngai
— — % - B B
‘ es =€ oy = —€
A “h L}
i,
F r \
LT
T
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4

V g3 [ 4w e~1GTas g=G*/n . ' erfe(5/nTag + T Ar(Q)*
_r=zq"§ij' . Z - _v.'ﬂdaa_z {‘_"-.-n|'l .3 |fl' . l_ﬁ.ﬂ
N aB 8e 0 () G0 G m T |Ta_3 -+ T| &T:[)-__?j'
wooe
~ e (F+F)
N 8re,
4?1- (1 — e_ﬁG'TCl)€_|G|E/ITJI n
h=g 2’ GP R
G0 G m

fe(d T fe(d 1+ T
=Y , C c(34/nT]) _2261" c(54/M 71 + |)

T ‘T(_:l-I—T‘

=»Can be evaluated using Maple or Mathematica
or other programming language
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Using Maple example, we find that for a CsCl lattice constant a :
w e’
N 8reya

(—4.0707)

This result 1s consistent with the Madelung constant.
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