PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103

Notes for Lecture 39:

Review —

1. Thanks for a great semester

2. Continued review of topics and problem solving
strategies
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29 |Fri: 03/29/2024 Chap. 11 Special Theory of Relativity

30 [Mon: 04/01/2024 Chap. 14 Radiation from moving charges #24 04/08/2024
31 Wed: 04/03/2024 Chap. 14 Radiation from accelerating charged particles  [#25 04/08/2024
32 [Fri 04/05/2024 Chap. 14 Synchrotron radiation and Compton scattering  [#26 |04/08/2024
~ |Mon: 04/08/2024 |No class Eclipse related absences

33 \Wed: 04/10/2024 Chap. 13 & 15  |Other radiation -- Cherenkov & bremsstrahlung #27 04/22/2024
34 Fri: 04/12/2024 Special topic: E & M aspects of superconductivity

 [Mon: 04/15/2024 Presentations |

- [Wed: 04/17/2024 Presentations ||

|Fri: 04/19/2024 Presentations |1l

35 |Mon: 04/22/2024 Special topic: Quantum Effects in E & M

36 \Wed: 04/24/2024 Special topic: Quantum Effects in E & M

37 |Fri: 04/26/2024 Special topic: Quantum Effects in E & M

38 Mon: 04/29/2024 Review

39 |Wed: 05/01/2024 | Review L

Important dates: Final exams available ~May 2
Exams and outstanding HW due May 10
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From Lecture 24 --
Electromagnetic waves from time harmonic sources

Charge density : ,0(1‘, { ) = 9%(,'5(1‘, w)e_m)
Current density : J (r, t) = 93(3(1', a))e_iwt)

Note that the continuity condition :

@Pg»fhm(r,z):o e iwp(r. @)+ V- F(rw)=0

For dynamic problems where A(r,w)and J(r,®) are

contained in a small region of space and § — oo,

@
i—Jr—r/
e C

G(r,r W) =

‘r—r'



Electromagnetic waves from time harmonic sources —
continued:

For scalar potential (Lorenz gauge, k = Q)
c
3 ~ 1 ikh—r1

O(r,0)=0,(r,m)+ ¢

jd3r'
dre, r-r'

p(r.o)

For vector potential (Lorenz gauge, k = Q)
C

ikh—rw

~/ ~/

A(r,m)=A, (r,a))+f—;jd3r.ﬁ_r'

J(r',w)




Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :

ik|r—r'|

— =ik j (ke oy (ke )Y, (B)Y " ()

Im

Spherical Bessel function : j, (k)
Spherical Hankel function : &, (k) = j,(kr)+ in, (kr)

&)(r, a)) = &)O(r, a))+ Z%m (r, a))Y,m (f')

¢lm(r W Id3r'pr a))]l(kr )h (kr) (')



Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :

=ik Y ji (ke o (ke )Y, (B)Y "1 ()

Im

ik|r—r'|

4ﬂh—r'
Spherical Bessel function : j, (k)
Spherical Hankel function : &, (k) = j,(kr)+ in, (kr)

m~~/

A(r,a)): Ko (raa))"' zalm (r,a) Im (f)
Im

a, (r,0)=iku, j d*r'I(e', o), (ke Y, (ke )Y i (£)



Electromagnetic waves from time harmonic sources —
continued:

E(r,0)=-VO(r,0)+ioA(r,0)

B(r,w)=Vx A(r,a))

Power radiated :

7 A
9 =), = e (B (r0)<B (r0)




Example of dipole radiation source

J(r,o)=2J """ plr,m)= ol

—r/R
cosBGe"’

— iR

o0

n~~/

A(r,w)=12J, (iky, )j rdrte " hy(kr. )j, (kr.)

0

D(r,m)=— ok cOS Hj rdrte” " (kr. )j (kr.)
£, WR g
Evaluation forr» >> R : Note that this

kr 3 I I
~ i e’ 2R result is valid
A("» 50) =7J 1, > for all k.

22

r (1+k R )

ikr . 3
D(r,w)= Jok cos6 = (1+ l j 215 —~
N r kr (1+k R )




Forms of spherical Bessel and Hankel functions:

()= S ()=
X ix
i (x) _ smgx) B cos(x) i (x) _ _(1 N i j o
X X X)X
j2 (X) _ ( 33 B 1 jSiIl()C)— 3003(36) h2 (X) _ l(l N 3i B 32 j e
XX X X X)X
Asymptotic behavior:

()

vl =) 5

x>l =k (x)x ()" E



Some details

~

d(r,w)=-

5/1/2024

A(r,0) =2, (ikuy)[r? drie”" hy (kr,)j, (kr.)

o0

> <

0

r

0 (zk/zo)(h (kr)jr'2 dr'e”"" j, (kr')+ j, (kr)

0

Jok

E,OR
Jok
E,OR

cosejr'2 dr'e”" iy (kr.)j, (kr.)

r

cosﬁ(hl (k) [ 2 dre™™ j, (k) + iy ()

0

For >R, these terms are negligible
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More details for >R

o0
N A . '2 ' —r'/R !
A(r,0)=1J, (lk,uo)ho (kr)jr dr'e""" j, (kr')
) 0
> assume(RR > 0); assume(k > 0)
xz-exp(—};e)sin(k-x)
> simplify| int x , X = 0 _infinity
2 RR~
(k>RR2+1)
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More details for >R

B (r, o) = ng’; cosOh, (kr) [ dr'e™j, (")
0

I:

| > assume(RR > 0); assume(k > 0)

> Simphfv( inr(xz-exp( _;—R) : ( SH;ZUZ;) — cos;kx*x) ], x=0 ..inﬁnity) J
2 RR- e~

(k> RR2+1)
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Example of dipole radiation source -- continued
Evaluation forr >> R :

N X ikr 2R3
A(r,0)=2J,u, er (1+k2R2)2

ikr . 3
D(r,w)= ok cos6 = (1+ l j ( =L
1

&y r +k2R2)2
Relatlonshlp to pure dipole apprOX|mat|on (exactgvhen kR=>0)
RJ, .
EJCPVI‘,O r, :—.—J‘d?’rJ (r,m)=— ﬂ. 07
L L

Corresponding dipole fields:  A(r,w)=— fall p(w) ©

4 r
. . ikr
Blr.0)=— L plo) {14 |
r

drwe, kr



Electromagnetic waves from time harmonic sources — for
dipole radiation --:

~

E(r,0)=-VO(r,0)+ ia)A(r,a))

dQ)




Another useful approximation for analyzing radiation for time
harmonic sources --

ik‘r—r' ikr
~ € e—ikf‘-r' k — 2
‘r —r " 4 C
forr >>r'

often used for antenna radiation



Radiation from a moving charged particle

Variables (notation) :

X
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Liénard-Wiechert potentials —(Gaussian units)




Electric and magnetic fields far from source:

E(e.)- (R—z'RT SIS

c
B(r,t)— in(r,t)
Let AE% BE% BEX
= c Rx||IR =P )x
B0 T R (R -p)<s]



. Convenient notation :
Lorentz transformations

.
p="
c
- 1
' 1- ﬂvz
v A Y Stationary frame Moving frame
3 ct = ylet+pr)
— 7/(x'+ﬂ6t')
= v = |
X Y -7
I ..-_.--.__’__—-‘I . '
i “ -
i
X’
J S
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Note, the concept of the Lorentz transformation is
quite general, but the specific transformation form
given in the following slides is special to the relative

velocity along the x-axis.



Lorentz transformations -- continued

For the moving frame with v =vX :

(7 B,
£ - B, Y,
0 0
. 0 0
X X'
=L| "
y y
\z) \Z
Notice:

2,2 2 2
ct —x —Yy

0

0
1
0

2 202 2 2 2
-z =ct"—x"—y" " -2

S = O O




Velocity relationships

1 ! '
Consider: u_ = Uity u = "y U = “.
X

l+wu' /c® 7 yv(1+vu'x/cz) ) j/v(1+vu'x/cz).

) = 1 _ 1+vu' /c’

Co =) JI-(uve) 1-(v/e)
=y.c=7,(nctBru')

=y, =7, (' +7,0) =7, (7,0 F By.c)

— ! _ '
j yuuy - yuvu y yuuz - yuvu z

Note that = yvy/u.(1+vu 'x/cz)

/7/010\ ( yu'c \
yuux 7/u'u'x

V.U, y.u',

\7/uu2/ \yu'u'Z/




Field strength tensor FY = (@“Aﬂ —aﬂA“)

For stationary frame

(0 -E, —E, —E,)
v _| B2 0 -B. B,
E, B, 0 -B,
\E. -B, B, 0,

For moving frame

0 -E'. -E'| -E'
F'a’BE Ex O _BZ By
E'' B. 0 -B'
E' -B' B' 0

z y x J



=» This analysis shows that the E and B fields must be
treated as components of the field strength tensor and that in
order to transform between inertial frames, we need to use the
tensor transformation relationships:

Transformation of field strength tensor

FP =L L7

7
- 7P,
0
0
0 —~E'

E' 0 x
7B\ +B,8.) (B +BE)
]/V(E'Z—ﬂVB'y) _7/\/( 'y_ﬂvE'z)

y.p, 0 0
o 00
0 1 O
0 0 1
~y(E",+8,B.) -7(E.-B.B)




Inverse transformation of field strength tensor

v, —rp, 00
FreB — p-lay s p 168 £l =75, Yy 0 0
v v v 0 0 1 0
0 0 0 1
0 -E, -7,(E,-B,B.) -7,(E.+BB,)
| E 0 n(B-BE) £(8+RE)
v,(E,~BB.) 7,(B.-BE,) 0 -B,
v,(E.+B.B,) -7.(B,+BE.) B, 0
Summary of results:
E'x — X B'x — Bx
E' =y,(E, -BB.) B',=7,(B,+BE.)
E'. =y,(E. +pB,) B'.=y,(B.-BE,)




Some comments on synchrotron radiation spectra from
large synchrotron facilities

Slides from Lecture 31



A Spectral intensity relationship:

Z
o'l g |7 jolt, R, (1,)/¢) Ta (=
' 0woQ  Ar’c Jdtr T ["X("Xﬁ(fr))]
0 >y
Top view.
X

R, (t,)=pXsin(vt, / p)
+ p&(l—cos(vt,,/p))
B(t)= ,B(f(cos(vtr / p)+ysin(wv, /,0))

For convenience, choose:

r=Xcos@+zsind




z R, (t.)=pXsin(vt, / p)
r + py(l—cos(vtr /p))
5 ) X B(z)= ,B(f(cos(vtr / p)+§ysin(vt, /p))

For convenience, choose:

x r=xcos@+zsinl

Note that we have previous shown that in the radiation zone,
the Poynting vector is in the r direction; we can then
choose to analyze two orthogonal polarization directions:

A

g =Yy €, = —Xxsmnf+zcosl

(rxﬁ) ,B( sm(vt /,0)+£ schos(vt /p))



. =y €, = —Xsin@+2zcosb
: (f B)=
> Y ( sin(ve, / p)+g, sin@cos(vr, /,0))
d’1 qzwz © A A io(t—t-R, (1)/c) r
= rx(rxf)e T dt

dodQ 4r’c L’O (=7

d’I q w’ B’ 2 2

o) +|C, (w

5= Q@+ C(@)]

zco(t——cos@sm(vt/p))

C (w) = j dtsin(vt/ p)e

ia)(t—ﬁcosesin(vt/,o))

C (w)= f:o dtsin@cos(vt/ p)e
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We will analyze this expression for the case in which the light is produced

by short bursts of electrons moving close to the speed of light

(v=c(1-1/(2y%)) passing a beam line port. In addition, because
of the design of the radiation ports, 6 = 0, and the relevant integration
times ¢ are close to ¢ ~ 0. This results in the form shown in Eq. 14.79

of your text. It is convenient to rewrite this form in terms of a critical
3¢y’
frequency w, = Y
2p

d’l 3¢°7( o i @ T
= 1+7°0°) 3| K, .| — (1 +7°0%)?
dwdQ  4rc (a)j (1+7°0) { 2/3(20) (+7°¢) H

7’0’ @ T
+ Y k| -2+ 520%):
1+7/2<92{ 1/3(2(0 (I+7°67) ﬂ

C

c



Some detalils:

Modified Bessel functions
K,5(&)=3]dveos|3&lr+ 1) K, ,(6) =3[ dvxsin[3&lr+1x7)
0 0
Exponential factor

a)(tr -I-R, (tr)/c) = a)(z‘r —Ecosé’sin(vtr /p)j

C

In the limitof ¢, =0, &~=0, vzc(l—%j
2y

. t, wc’t’ 3 ]
a)(tr_r'Rq(tF)/C)zzyZ (1+7/292)+ 6,02 =§§(x+§x3j
where &=-F : (1+ 7’0’ )3/2 and x = Y,

3cy p(1+7°6%)"



2 2
d’1 377 [ w S s ) o,
= 1+7v°60 K ——(1+y°0°)>
dodQ 4r°c\ w (I+7°67) Pl 2w (I+7°0°)

C

2
2Nn2 3
7/0 Q 2 N2\7
+——— | K .| —A+y760)?
1+7292[ ”{m (+7707) ﬂ

C

By plotting the intensity as a function of w, we see that the

intensity 1s largest near ® = w_. The plot below shows the

intensity as a function of w/®_ for y0=0, 0.5 and 1:




More details
d’I d°I,  d°I,
= +
dodQ) dodQ) dwod)

Il 3¢y (o) © AT
I qr 2 A2\2 2 12

= 1+v°0 K —(1+7°0°)?
dodQ 4r’c\ w (I+7°07) Pl 2w (I+7°0%)

d’1 3¢y [ o 2 2o VO w 2 N5 2
L= (I+y°0°) —= K1/3(E(1+7 0 )Zj

dodQ  4r’c | w 1+ 7°6

0 1 2 3 4 5
0/ o,
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Quantum effects in E & M
--Review of what we learned from Lecture 35

For a single mode plane wave with wave vector k, frequency
®, and polarization c:

EM Field Hamiltonian acting on eigenstate |nk0> ;

where k denotes wavevector and o denotes polarization direction --
fixed _ T _
Hﬁeld nk0> T Z (ha)k'ak'a'ak'a')| nk0'> o hmknka | nk0'>
k'c'
Here n _ =0,1,2,3,4.......

aka nk0> = \/E nka _1>
alta nk0> = \/nka +1|nka +1>

Commutation relations:

r]= _ Pt ]
|:ak0'9ak'o":|_5kk'50'o" [akaﬂak'a'}_o |:ak0'9ak'o":| =0




In terms of the same operators and with polarization unit vectors g, _ ——

Vector potential:

ko C()k
Electric field:
_ OA _ 3 ha)k ik-r—iewt t  —(ik-r—iogt)
E = T = E(r,t) = ZZ We, £, (akge —a,_e )
Magnetic field:

B=VxA = B — ZZ\/zy kxg, (akaeik-r—ia)kt _ al’iae—(ik-r—ia)kt))
€ C()



While the photon eigenstates |nk,0.> form a complete basis for describing

quantum electromagnetic fields, they have some troublesome properties
such as found in evaluating the field expectation values --

Vector potential:

< | A |nk o' > Z 2V€ <nk'0" | (akaeik.r_iwkt + aliae_(ik.r_iwkt) )| nk'o"> - O
0 k

Electric field:

(o ()| ) =i
ko

Magnetic field:

<nk N |B | n. . > _ ZZ T k X, <nk'0'|(akaeik-r—i0)kt _ alige—(ik-r—iwkt))|nk'0'> —0
0®)

o

k ikr—iopt 1 _—(ikr-iog) .
. <nk,a,|(akae a,_e |nk,0,>—0




A convenient superposition thanks to R. Glauber, PR 131, 2766 (1963)

n — a /2
‘ca> Z ‘n> based on a single mode n — n, _
n=0
. . ha)k ik-r—iot * —(ik-r—ia)kt)
Electric field: <ca |E(r,t) c,) =i €. (akae —a, e )
€

0

, h — b —(ilori
Ca> — k Xaka (ako_ezkr iyt _akae (ik-r za)kt))
2V e,

Let o= AeY where both A and W are unitless real values.

(c,|E(r,1)|c,)=-2 /;ZOE Asin(k-r—-ot+y)

(c,|B(r.1)|c,) = _2\/2VZCOkk xg Asin(k-r—ot+y)

Magnetic field: <ca |B(r,t)




Single mode coherent state continued

It can also be shown that

(e, ||E(r,0)[ | c,) = ;i) (4/\28111 (k.r—a)kt+w)+1)
Therefore
(e l[E0 e, - [(e. [E(r0)e, ) = >

2Ve,

This means that variance of the E field for the coherent
state is independent of the amplitude A. Therefore, for
large A the variance is small in comparison.



Review of cylindrical coordinates

Slides from Lecture 8 --



Solution of the Poisson/Laplace equation in various geometries
=>»cylindrical geometry with no z-dependence (infinitely
long wire, for example):

Corresponding orthogonal functions from solution of

Aé Laplace equation: V® =0
P4 106 ( o0 1 oD
| PA T 2 > =0
pop \' op p- 0

®(p,p)= @(p,p+m2r)

Assume:  D(p,9)= f(p)g(P)

@) e

g(p) =cos(mp+a,) = m =integer,a, = phase

Suppose
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Solution of the Poisson/Laplace equation in various geometries
=>»cylindrical geometry with no z-dependence (infinitely
long wire, for example):

Corresponding orthogonal functions from solution of

%é Laplace equation: V=0
1 0 oD 1 oD
| PL T 2 ;> =0
pop ' Op p- Op

Assume:  D(p,9)= f(p)g(9)

df,(p)| m’
- )
pdp( dp j pzf’"(p)

1
fo(p) = {1 S0 =P "
np
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Solution of the Poisson/Laplace equation in various geometries --
cylindrical geometry with no z-dependence (infinitely long wire, for
example):

Corresponding orthogonal functions from solution of

ﬁ Laplace equation: VO =0
> oD 1 0D
= | P |t 2 > =0
pop \ 0p p- O0p
O(p,p)= O(p,p+m2x) = m=integer

—> General solution of the Laplace equation

in these coordinates:

O(p,p)=A,+Byn(p)+ Z(Amp’" - Bmp_’")cos(mgo +a )

m=1
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Solution of the Poisson/Laplace equation in various geometries --
cylindrical geometry with no z-dependence (infinitely long wire, for
example):

Green's function appropriate for this geometry with
%é boundary conditions at p =0 and p =
1 0 0 1 o
- — |t G ’ '9 ’ ! —
(,08,0 (pap) = awzj (PPP, P
o(p—p ,

It can be shown that the following form can be used:
o0 1 m
G(p.p.p.p)=-In(p.?)+ ZZ—(p< j cos(m(p—9"))

m=1 M 10>
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Note that this example is similar to the construction for the 2-d
cartesian case --
For the 2-d cartesian case, for example, we can assume that the

Green's function can be written in the form:

! Y ' Y dz
Glx.x',y. ') = 2, (2, ()8, (3.7") where =, (x) = ~a,u,(x)

The y dependence of this equation will have the required

2
o’

which in turn can be expressed in terms of the two independent

behavior, if we choose: {—an + } g (y,y)=-4r5(y—),

solutions v, () and v, () of the homogeneous equation:

dy " dy



Cartesian example continued --

82
{—a +— g, (v,y)=—475(y—y),
oy’

4r
g,(ny)=—v, (v, ()
Kl’l
d2
where: {—2 — an}vn. (y)=0,
dy ’
dv, dv,
and K =—v —-v —
dy 'dy

For example, choose v, () =sinh(y/e,») and v, (¥)=sinh(\/e, (b— ¥))

where K = \/057 sinh(\/OTn D)

using the 1dentity: cosh(7)sinh(s) + sinh(r) cosh(s) =sinh(7 + s)

G(x,x,y,y") = Zu (xX)u, (X)—vnl (yv, ().



In the cylindrical geometry case,
u,(x) = {sin(me), cos(me)}
v, =>{LIn(p),p",p "}

m o

Gl p.p',0.0) =—In(p.2)+23

m=1 m

(p< j cos(m(p—¢"))

P-

Note that, because we are using curvilinear coordinates, the
Wronskian and the form of the delta function is modified.

More details given in Jackson Sec. 3.7 - 3.11.



Comments and details Change notation

p=r

A\ Gr.rlep)=-In(r, )+2Z (—] cos(m(p—¢'))

r mlm

O(r, ) = jdco jr dr'Gr,r', 0,0 p(r',¢)

472'60

Note that in this case, we have assumed that the
surface integral contributions are trivial.
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Example — uniform cylindrical shell:

Z
Top view:
0 r<a ‘
p(r)=<D a<r<b
0 r>b
vVio=-£
Y Vg -t I GX) 12 82CD§r,¢)
r r 8r or r 0@
X
G(r,r',gp,q)'):—ln( )+2Zm£—j cos(m(p - ¢"))

jd(p jr dr'G(r,r', 0,0 p(r',¢)

O(r,p) = e
0 0

Boundary condition: lim (@j =0
r—>00 | "
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Question — Why only m=0 for this case?

mlm

G(r,r',(p,go'):—ln( )+2Z [—] cos(m(p - "))

O(r,p) = jdco Ir dr'G(r,r', 0,0 p(r',¢)

472'60 g

Note that j do'cos(m(p—¢')=0 form >0
0

So that D, ) = == Tr'dr( In(r, ))p(r)

472'60 g



Some details

G(r,r',p,0")=—In(r, )+2Z (—j cos(m(p— "))

mlm

O(r,p) = jdco jr dr'G(r,r',@,p") p(r',¢)
47[60 g
In our case: ®(r,p) = 2ﬂDjr'a’r'(—ln(r :—j 'dr ln(r ))
dre, € *

For 0 <r<a: cb(rgp)_—j dr'(~In(r"))

6() a
D ’

For a <r<b: (D(V,(O):—(j”'di"(—ln(r)+jr'dr'(—ln(r')]
€ \ g

b
For r>b: ®©(r,p)= Bjr'dr'(—ln(r))
€



Example continued -- m=0 only --
Top view: (0 O<r<a

p(r)=sD a<r<b
@ 0 r>b

G(r,r',0,9")=—In(r, )+2Z [—] cos(m(¢—¢"))

mlm

( D(r,p) = 47%0 j dg' j dr'G(r,r',0,0")p(r',¢)
2(192 ~a* -b’In(b*)+a’In(a’)) O0<r<a
4e,
D(r) =+ 42(192 —r*=b"In(b’)+a’ ln(rz)) a<r<b
o
D
a’ —b*)In(r r>b

460( )Inr)
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Example continued --

5/1/2024
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Solution of the Poisson/Laplace equation in various geometries --
cylindrical geometry with z-dependence

4

p

5/1/2024

li( ag} | 0’ 0’0

Laplace equation : Vd =0

=0

vop\Pon )T o op o

©(p.4.2)=R(p)O(¢)Z(z)
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Cylindrical geometry continued:

Aé Laplace equation : V® =0
TN_ P ®(p,4,2)=R(p)O($)Z(2)
One possibility :
2
i C; ? ~k’Z=0 = Z(z) = sinh(kz), cosh(kz),e™"™
Z
2

) 2
d 12€+ Ldr | kz_m_2 R=0 =J (kp) N, (kp)
dp~ pdp P
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§10.3 Graphics

Contentfs

§10.3(i) Real Order and Variable
§10.3(ii) Real Order, Complex Variable
§10.3(iii) Imaginary Order, Real Variable

§10.3(i) Real Order and Variable

For the modulus and phase functions M,,(x), 6,(x), N,,(x), and ¢,(x)see §10.18.

|
JII
Ji
0 ~ 0
2 o
Yo
-1

Figure 10.3.1: Jy(x), Yo(x), Ji(x), Yi(x),

—
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Cylindrical geometry continued:

Laplace equation:

4

Another possibility:

d*7Z

2

+k°Z=0

dz

2
d%+m2Q=O
do
d’R 1 dR [

—+ +
dp~  pdp

5/1/2024 PHY 712 Spring 2024-- Lecture

VD =0

pd  P(pez)=R(p)0(9)Z(2)

= Z(z) =sin(kz),cos(kz),e™™

= 0(9) = "

m

Jo,

2

T K )
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

O(p,p,z=L)=V(p,P)
O(p,p,z) =0 on all other boundaries

W Well behaved at p=0
©(p.4.2) =3 4,7, (k,,p)sinh(k,,2)sin(mé + )

where J (k, a)=0

1_

0.8 M
(k )0.6_ m=
J yo, 0.4- ~
m 0.2 m=2
: W
*O.Zj
e T
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

0,2=L)=V(p,9)
®(p,p,z) =0 on all other boundaries

O(p,p,2)= Y A,J,(k,,p)sinh(k, z)sin(mp+a,,)

If V(p,p) 1s an even function of ¢ sothat ¢, =7 /2:

27 a
| dpcos(mp) [ pd p, (k,.p)V (p.0)
A — 0 0

mn

27 a
sinh(k,, L) [ dpcos (mo) | pd pJ,* (k,,p)
0 0
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§10.26 Graphics

Contents

§10.26(i)) Real Order and Variable
§10.26(ii) Real Order, Complex Variable
§10.26(iii)) Imaginary Order, Real Variable

§10.26(i) Real Order and Variable

3.
2 Ko
fIJ
I§
|
0 1 2 3
Figure 1_0-26.1: I(x), L(x), Ky(x), K;(x),
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at p=a

(p=a,9,2)=V(p,2)
®(p,p,z) =0 on all other boundaries

D(p,p,z) = ZAmn m[nzpjsm(nzzjsin(m¢+amn)

1, (kp)

\
\

I
\

ko'
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at p=a

WUp=a,0,z)=V(p,z)
O(p,p,z) =0 on all other boundaries

q)(p,(D,Z) Z mn m(nzijIH(nzszin(mgp_l_amn)

If V' (z,¢) 1s an even function of ¢ so thata = 7/2:

nwz
L

nra nrz
)i dpcos’ a’sm2
( )J peos” (mp I - ( L j
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Green’s function for Dirchelet boundary value inside
cylinder:

D(p,¢.z=L)=V(p,9)
O(p=a,p,z)=0, O(p,p,z=0)=0
Expansion in terms of Bessel function zeros: J, (k, a)=0
G(p,p',9.9',2,2") =
8T G X ey (k, o), (k, p')sinh(k, z_)sinh(k, (L-z.))

mn— <

n.az n=l m=—oo kmn (Jm+1 (kmna))2 Slnh(kan)
1
D(p.¢,2) = [dg p'dp'dz'Glp, p'.4.4'.2.2)p(p'.¢',2)
L&y v
1 aG D) ') D) ') b ' ' '
L[ dppap 2oL 8022) )
7Z-S;Z'=L aZ z'=L
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Comments on cylindrical Bessel functions

(d—2+li+(_l—m—2j]F (u)=0
du®  u du u
F'(uy=J (u),N, (u),H (u)=J (u)*iN (u)

F, () =1, ), K, (u)

]__:__-'—'—-.

0.5—2 Ko \y

-0.5-

5/1/2024
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Comments on cylindrical Bessel functions

2 2
d—+li+ _l—m— Fi(u)=0
du®  u du u’

F'(uy=J (u),N, (u),H (u)=J (u)*iN (u)
Fy () = I, (u), K., ()

1-
K, m=1
0.5/‘“'.---”.““”-— M
0_ ! | ! - ' | ' ! |
: 1 3 N
~0.5- J;
_1_:
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Some useful identities involving cylindrical Bessel functions
from Jackson Sec. 3.7

2 2
[d +li+[1_m_2njm(u):0 for integer m

du®  u du U

Properties of Bessel functions in terms of zeros: x_; J (x )=0

a 2
Ipdme (Mj J (MJ — a?(Jm+1 x ))2 o
0

a a

0.5
L2 Us 10812
—0.3
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