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PHY 712 Electrodynamics
10-10:50 AM  MWF  Olin 103

Notes for Lecture 39:

Review – 
1. Thanks for a great semester

2. Continued review of topics and problem solving 
strategies

5/1/2024 PHY 712  Spring 2024-- Lecture 39
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Important dates:  Final exams available ~May 2
                            Exams and outstanding HW due May 10
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From Lecture 24 --
Electromagnetic waves from time harmonic sources
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Electromagnetic waves from time harmonic sources – 
continued:
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Electromagnetic waves from time harmonic sources – 
continued:
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Electromagnetic waves from time harmonic sources – 
continued:
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    :function Hankel Spherical          

  :function Bessel Spherical          
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Electromagnetic waves from time harmonic sources – 
continued:
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Example of dipole radiation source
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Forms of spherical Bessel and Hankel functions:
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Example of dipole radiation source -- continued
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Electromagnetic waves from time harmonic sources – for 
dipole radiation --:
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Radiation from a moving charged particle
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Liènard-Wiechert potentials –(Gaussian units)
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Electric and magnetic fields far from source:
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Note, the concept of the Lorentz transformation is 
quite general, but the specific transformation form 
given in the following slides is special to the relative 
velocity along the x-axis.
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Lorentz transformations  -- continued
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Velocity relationships
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Field strength tensor ( )αββααβ AAF ∂−∂≡
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Transformation of field strength tensor
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   This analysis shows that the E and B fields must be 
treated as components of the field strength tensor and that in 
order to transform between inertial frames, we need to use the 
tensor transformation relationships:
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Inverse transformation of field strength tensor
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Some comments on synchrotron radiation spectra from 
large synchrotron facilities

Slides from Lecture 31
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c
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ω
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∞ − ⋅
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⊥
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−∞
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Ω
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Ω

=
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∫

∫
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
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2

We will analyze this expression for the case in which the light is produced 
by short bursts of electrons moving close to the speed of light 

passing a beam line port. In addition, becau( (1 1/ (2 )) v c γ≈ −
radiation ports, 0, and the relevant integratio

i

n 
times  are close to  0.

se 
of the design of the 

This results in the form shown in E
 

 q. 14.79
of your text.   It is convenient to rewrite this form 

t t
θ ≈

≈

3

.

n terms of a critical

freq 3
2

uency c
cγω
ρ

≡

22 32 2 2
2 2 2 2 2 2

2/32

232 2
2 2 2

1/32 2

3 (1 ) (1 )
4 2

             (1 )
1 2

c c

c

d I q K
d d c

K

γ ω ωγ θ γ θ
ω π ω ω

γ θ ω γ θ
γ θ ω

    = + +   Ω     
   + +   +    
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Modified Bessel functions

( ) ( )[ ] ( ) ( )[ ]∫∫
∞∞

+=+=
0

3
3
1

2
3

3/2
0

3
3
1

2
3

3/1 sin 3      cos 3 xxxdxKxxdxK ξξξξ

( )( ) ( )

( )( ) ( )

( )
( )

2

2 3
2 2 3

2 2

3/22 2
1/23 2 2

ˆ / cos sin /

1In the limit of   0,    0,   1
2

3 1ˆ / 1
2 6 2 3

  where   1   and  
3 1

r q r r r

r

r r
r q r

r

t t c t vt
c

t v c

t c tt t c x x

c tx
c

ρω ω θ ρ

θ
γ

ω ωω γ θ ξ
γ ρ

ωρ γξ γ θ
γ ρ γ θ

 − ⋅ = − 
 

 
≈ ≈ ≈ − 

 

 − ⋅ ≈ + + = + 
 

= + =
+

r R

r R

Exponential factor

Some details:
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c

c

By plotting the intensity as a function of , we see that the
intensity is largest near ω ω . The plot below shows the 
intensity as a function of ω/ω for γθ=0 , 0.5 an : d 1

ω
≈

2d I
d dω Ω

c ω/ω  

22 32 2 2
2 2 2 2 2 2

2/32

232 2
2 2 2

1/32 2

3 (1 ) (1 )
4 2

             (1 )
1 2

c c

c

d I q K
d d c

K

γ ω ωγ θ γ θ
ω π ω ω

γ θ ω γ θ
γ θ ω

    = + +   



 Ω      

  
+ +  + 



 





γθ=0 

γθ=0.5 

γθ=1 
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2 22

222 32 2
2 2 2 2 2 2

2/32

22 32 2 2 2 2
2 2 2 2 2 2

1/32 2 2

3 (1 ) (1 )
4 2

3 (1 ) (1 )
4 1 2

c c

c c

d I d Id I
d d d d d d

d I q K
d d c

d I q K
d d c

ω ω ω

γ ω ωγ θ γ θ
ω π ω ω

γ ω γ θ ωγ θ γ θ
ω π ω γ θ ω

⊥

⊥

= +
Ω Ω Ω

   
= + +   Ω      

   
= + +   Ω +      





More details

/ cω ω

2

 for 0
I

θγ
ω
∂

=
∂ ∂Ω



2

 for 1
I

θγ
ω
∂

=
∂ ∂Ω



2

 for 1I θγ
ω

⊥∂
=

∂ ∂Ω
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Quantum effects in E & M 
--Review of what we learned from Lecture 35
For a single mode plane wave with wave vector k, frequency
ωk and polarization σ:

( )fixed
f

'

†
' 'ield ' ' '

'

i
EM Field Hamiltonian 

r denotes polar

H

 
zation

acting on eigenstate :  
       where  denotes wavevector and 

ere 0,1,2,3,4.....

 di ectio

..

-

 

n -
n

H n a a n n n

n

a n

σ

σ σ σ σ σ σ
σ

σ

σ σ

σ

ω ω= =

=

∑

k

k k k
k

k k k k

k

k

k

k

k

 

†

†

' ' '
† †

' ' ' '

1

1 1
Commutation relations:    

     , =     , =0   , 0

n n

a n n n

a a a a a a

σ σ

σ σ σ σ

σ σ σσ σ σ σ σδ δ ′

= −

= + +

      =     

k k

k k k k

k k kkk k k k
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( ) ( )( )

( )

†

0

†

0

l

In terms of the same operators and with polarization unit vect
l

,  
2

Electric fie d:

,
2

ors 
Vector potentia : 

  

ti ii i

i

t

ti i

t a e a e
V

t i a e a e
t V

σ

ωω
σ σ σ

σ

ω
σ σ σ

ω
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− ⋅ −⋅ −

−⋅ −∂
= − ⇒

−

−
∂

−

= +

=

∑ kk

k
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k rk r
k k k
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kk rk
k k k

A

ε

A r ε
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






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( ) ( )( )†

0

Magnetic field:

  ,
2

t
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i

ii it i a e a e
V

ω

σ

ωω
σ σ σ

σ ω

⋅ −

− ⋅ −⋅ −⇒= ∇ × = × −

∑

∑

k
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r

k

k rk r
k k k

k k

B A B r k ε
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' '  form a complete basis for describin

 

g
quantum electromagnetic fields, they have some t
W

roublesome proper
 

h

i

il

n

e t

e

he p

l

hoton

t

 eigen

g

states 
ties

such as found  va ua in  the expectation values - field - 

n σk
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= + =
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∑

∑
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k
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






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2 / 2

0
    based on a single mode 

!n

nec n n n
n

α

α σ
α∞ −

=

≡ →∑ k

( ) ( )( )

( ) ( )( )

*

0

*

0

Electric field:   ,
2

Magnetic field:  ,
2

tt

t

i ii i

i ii ti

c t c i e e
V

c t c i e e
V

ωω
α α σ σ σ

ωω
α α σ σ σ

ω α α

α α
ω

− ⋅ −⋅ −

− ⋅ −⋅ −

= −

= × −
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k rk rk
k k k

k rk r
k k k

k

E r ε

B r k ε









( ) ( )

( ) ( )

0

0

sin     , 2
2

, 2
2

sin

c t c
V

c t c
V

t

t

α α σ

α α σ

ω ω ψ

ω ψ
ω

= − ⋅ −

= ×

Λ +

− ⋅Λ +−

k
k k

k k
k

E r ε k r

B r k ε k r









. andLet    where both  are unitless real val s ueie ψα = Λ Λ Ψ

A convenient superposition thanks to R. Glauber, PR 131, 2766 (1963) 
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Single mode coherent state continued

( ) ( )( )

( ) ( )

2 2 2

0

22

0

It can also be shown that

sin 1     

Therefo

, 4
2

, ,
2

re 

c t c
V

c t c c t c
V

tα α

α α α α

ω ω ψ

ω

= Λ ⋅ −

=−

+ +k
k

k

E r k r

E r E r









This means that variance of the E field for the coherent 
state is independent of the amplitude Λ.    Therefore, for 
large Λ the variance is small in comparison.
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Review of cylindrical coordinates

Slides from Lecture 8 --
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Solution of the Poisson/Laplace equation in various geometries 
cylindrical geometry with no z-dependence (infinitely 
long wire, for example):

ρ
φ

( ) ( )

2

2

2 2

Corresponding orthogonal functions from solution of 
Laplace equation:             0 

1 1       0

,  , 2m

ρ
ρ ρ ρ ρ ϕ

ρ ϕ ρ ϕ π

∇ Φ =

 ∂ ∂Φ ∂ Φ
+ = ∂ ∂ ∂ 

Φ = Φ +

2
2

2

e

Assume:     ( , ) ( ) ( )
)Suppose  ( )

( ) cos( )       integ r

(

phe , asm m

f g
d m g

d
g

g

m m

ρ φ ρ φ

φ φ
φ

φ φ α α

Φ =

=

=

−

= + ⇒ =
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Solution of the Poisson/Laplace equation in various geometries 
cylindrical geometry with no z-dependence (infinitely 
long wire, for example):

ρ
φ 2

2

2 2

Corresponding orthogonal functions from solution of 
Laplace equation:             0 

1 1       0ρ
ρ ρ ρ ρ ϕ

∇ Φ =

 ∂ ∂Φ ∂ Φ
+ = ∂ ∂ ∂ 

2

2

0 0

Assume:     ( , ) ( ) ( )

( )1 ( ) 0

1
( )          

ln

m
m

m
m

f g

dfd m f
d d

f f

ρ φ ρ φ

ρρ ρ
ρ ρ ρ ρ

ρ ρ
ρ

±
>

Φ =

 
− = 

 


= =

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Solution of the Poisson/Laplace equation in various geometries --  
cylindrical geometry with no z-dependence (infinitely long wire, for 
example):

ρ
φ

( ) ( )

2

2

2 2

Corresponding orthogonal functions from solution of 
Laplace equation:             0 

1 1       0

,  , 2
General solution of the Laplace equation 

              in thes

m

ρ
ρ ρ ρ ρ ϕ

ρ ϕ ρ ϕ π

∇ Φ =

 ∂ ∂Φ ∂ Φ
+ = ∂ ∂ ∂ 

Φ = Φ +

⇒

( ) ( ) ( )0 0
1

e coordinates:

, A B ln cos( ) m m
m m m

m
A B mρ ϕ ρ ρ ρ ϕ α

∞
−

=

Φ = + + + +∑

m=integer
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Solution of the Poisson/Laplace equation in various geometries --  
cylindrical geometry with no z-dependence (infinitely long wire, for 
example):

ρ
φ

( ) ( )

2

2 2

Green's function appropriate for this geometry with
boundary conditions at 0  and :

1 1    , ', , ')

'
             4 '

It can be shown that the following f

G(    

ρ ρ

ρ ρ ρ ϕ ϕ
ρ ρ ρ ρ ϕ

δ ρ ρ
π δ ϕ ϕ

ρ

= = ∞

  ∂ ∂ ∂
+ =  ∂ ∂ ∂  

−
− −

( ) ( )( )2

1

orm can be used:

1, ', , ') ln 2 cos '

 

m

m
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m
ρρ ρ ϕ ϕ ρ ϕ ϕ
ρ

∞
<

>
= >

 
= − + − 

 
∑



5/1/2024 PHY 712  Spring 2024-- Lecture 39 44

Note that this example is similar to the construction for the 2-d 
cartesian case --

2

2 )

For the 2-d cartesian case, for example, we can assume that the 
Green's function can be wr

'

it e

( , ', , '

t n in the f

) ( ) ( ') ( , )  (

orm:

where  ) (n n nn
n

n n
dG x x y y u x u x g y y u x u x
dx

α= = −∑

1

2

2 ( , ) 4 ( ),

(

The  dependence of this equation will have the required 

behavior, if we choose:   

which in turn can be expressed in terms of the two independent
solutions  ) an

n n

n

y

g y y y y
y

v y

α πδ′ ′ ∂
− + = − − ∂ 

2

1 2

2 1

2

2

d ( ) of the homogeneous equation:

( ) 0,

and the Wronskian constant:  

i

n

n n

n n
n n n

v y

d v y
dy

dv dv
K v v

dy dy

α
 

− = 
 

≡ −
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1 2

4( , ', , ') ( ) ( ') ( ) ( ).n n n n
n n

G x x y y u x u x v y v y
K
π

< >= ∑

1

1 2

2

2

1

2

1

2

2

2

2

( , ) 4 ( ),

4( , ) ( ) ( )

where:       ( ) 0,

and   

For example, choose sinh( )    and   sinh( ))
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i
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n n n
n

n n

n n
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n n n n

g y y y y
y

g y y v y v y
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d v y
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dv dv
K v v

dy dy
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π
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 ∂
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=

 
− = 

 

= −

≡ −

=

   sinh( )        
          using the identity:  cosh( )sinh( ) sinh( )cosh( ) sinh( ) 
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r s r s r s

α α
+

=

= +

Cartesian example continued --
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{ }
{ }

1,2

)
In the cylindrical geometry case,

sin( ),cos( )

1

(

, ln( ,),
n

m m
n

u m

v

x mϕ

ρ ρ ρ

ϕ
−

→

→

( ) ( )( )2

1

1, ', , ') ln 2 cos '

 

m

m
G(  m

m
ρρ ρ ϕ ϕ ρ ϕ ϕ
ρ

∞
<

>
= >

 
= − + − 

 
∑

Note that, because we are using curvilinear coordinates, the 
Wronskian and the form of the delta function is modified.

More details given in Jackson Sec. 3.7 - 3.11.
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Comments and details Change notation
rρ ⇒

r
φ ( ) ( )( )2

1

2

00 0

1, ', , ') ln 2 co

 

1 ,( , )

s '

', ,' ' ' ( , )
4

')

m

m

rG

r

(r r  

r

r m
m r

d G(r rr dr
π

ϕ ϕ ϕ ϕ

ϕ ϕ

ϕ
π

ϕ

ρ

ϕ

∞

∞
<

>
= >

′ ′Φ

 
= − + − 



=


∑

∫∫

Note that in this case, we have assumed that the 
surface integral contributions are trivial.
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z
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y

Top view:
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Example – uniform cylindrical shell:
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Question – Why only m=0 for this case?
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Some details
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Example continued --  m=0 only --
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Example continued --

( )rΦ

r
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( )rρ

( )d r
dr
Φ
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Solution of the Poisson/Laplace equation in various geometries --  
cylindrical geometry with z-dependence

ρ
φ

( ) ( ) ( ) ( )zZQRz

z

φρφρ

φρρ
ρ

ρρ

=Φ

=
∂

Φ∂
+

∂
Φ∂

+







∂
Φ∂

∂
∂

=Φ∇

,,

0    1   1

 0             :equation Laplace

2

2

2

2

2

2
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Cylindrical geometry continued:
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d
dR

d
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






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±
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φ
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φ
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 0             :equation Laplace 2
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https://dlmf.nist.gov/

https://dlmf.nist.gov/
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Cylindrical geometry continued:

( ) ( )kρKkρI    Rmk
d
dR

d
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eQQm
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φ
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φ

ρ
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( ) ( ) ( ) ( )

2Laplace equation:             0 
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Another possibility:
z R Q Z zρ ϕ ρ ϕ

∇ Φ =

Φ =
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

( )

0)(   where

sin)sinh()(),,(

boundariesother  allon    0),,(
),(),,(

,

=

+=Φ

=Φ
==Φ

∑
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z
VLz
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mn
mnmnmnmmn αφρφρ

φρ
φρφρ

kρ

)( ρkJm

m=0

m=1
m=2

Well behaved at ρ=0
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

( )

( )

( )

,

2

0 0

2

( , , ) ( , )
( , , ) 0   on all other boundaries
( , , ) ( )sinh( )sin

If ( , ) is an even function of  so that / 2 :
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z L V
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z A J k k z m
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d m d J k V
A

k L d m

π

ρ ϕ ρ ϕ
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ρ ϕ ρ ϕ α

ρ ϕ ϕ α π

ϕ ϕ ρ ρ ρ ρ ϕ

ϕ ϕ

Φ = =
Φ =

Φ = +

=

=

∑

∫ ∫
2

2

0 0

( )
a

m mnd J k
π

ρ ρ ρ∫ ∫
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( )∑ +

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
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==Φ
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L
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L
nIAz

z
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,
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αφππρφρ
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at ρ=a
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)( ρkIm m=0

m=1 m=2
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( )

( )

,

2

0 0

( , , ) ( , )
( , , ) 0   on all other boundaries

( , , ) sin sin

If ( , ) is an even function of  so that /2:

cos sin ( , )
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n m

mn
L

mn

m

a z V z
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Φ =

   Φ = +   
   
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 
 
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

∑

∫ ∫

( )
2

2 2

0 0

cos sin
L n zd m dz

L

π πϕ ϕ  
   
   ∫ ∫

Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at ρ=a
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Green’s function for Dirchelet boundary value inside 
cylinder:
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Comments on cylindrical Bessel functions
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m=1

J1N1

K1
I1/50

Comments on cylindrical Bessel functions
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Some useful identities involving cylindrical Bessel functions 
from Jackson  Sec. 3.7

( )

2 2

2 2

2
2'

1 '
0

1 1 ( ) 0     for integer 

Properties of Bessel functions in terms of zeros:   ;      (  ) 0

2
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mn m mn

a
mn mn
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+ + − =  
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