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Abstract

Research into solid electrolytes has recently attracted significant interest along with
the emerging demands of developing all-solid-state batteries with major benefits of
superior safety, high energy density, and long operation life. The general purpose of
this dissertation work is to apply first principles calculations and other computational
techniques to reliably explain and predict the detailed structural and ionic transport
properties of known and designed solid electrolyte materials. On this basis, five re-
search projects are incorporated into the present work. In the first project, we have
focused on NayP,Sg and LisP2Sg for which the structures optimized within the frame-
work of density functional theory with PBEsol and harmonic phonon approximations
agree with the experimental findings. Compared to the poor ionic conductor Li PySg,
NayP2Sg appears to be a competitive electrolyte for Na ion batteries. Of particular
interest is that the Na ion conductivity can be enhanced by alloying NasP2Sg with
Li to form new favorable electrolyte Li;NasP5Sg. In an effort to understand the dis-
continuities in the phonon dispersion curves of anisotropic ionic materials, the second
part of this work investigates in detail the coupling of long wavelength electromag-
netic waves with the vibrational modes of ionic crystals from some fresh perspectives.
We then modeled the stability and ionic conduction mechanisms of pure and doped
Li3sBO3 and LizBN, crystals. By performing extended quasi-harmonic phonon anal-
ysis, the X-ray diffraction data of the corrected o form of LigBN, presents improved

agreement with the experimental measurements. Given that the Li ion migration
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in the high ionic conducting phases of both materials proceeds most likely via va-
cancy mechanisms, we computationally substituted F for O in Li3BO3; and B for C
in 5-Li3BNy to introduce excess Li vacancies, finding increased ionic conductivity
relative to the pure compounds. Continuing computational efforts are devoted to
exploring the structural stability and diffusion mechanisms of lithium haloboracites
Li4B7015Cl and LizB7;0155Cl. Although the two materials, both characterized by
rigid B-O frameworks, have remarkable similarities in atomic arrangements, our sim-
ulations show that they exhibit distinct performances as electrolytes. Further attempt
finds the Li ion conductivity can be promoted by substituting S for O in LisB;0,Cl
to form LigsB7;S15Cl. Our current efforts focus on the crystalline members of the
Liz 5B1051sX1.5 (X = Cl, Br, I) family, which are identified to be superionic conduc-
tors with measured room-temperature ionic conductivity on the order of 107® S/cm.
The preliminary simulations are consistent with the experimental report, indicating
that these materials are very promising solid electrolytes for possible use in solid-state

Li ion batteries.
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Chapter 1

Introduction

1.1 Fundamental understanding of Li ion batteries

A lithium (Li) ion battery is a leading type of rechargeable battery that stores and
releases energy by Li ions moving between the two terminals of the electrochem-
ical cell. Due to their superior advantages, lightweight, high energy density, stable
performance, long battery life, etc., Li ion batteries are widely used in various applica-
tions, from portable electronic devices such as mobile phones and laptop computers
to large-capacity power sources needed for electric vehicles. In terms of lessening
world dependence on traditional fossil fuels, Li ion batteries play an important role
in energy storage technologies used with renewable solar and wind resources, to make
a fossil-fuel-free society possible. As the most essential energy transport and storage
medium at present, Li-ion batteries have benefited the intelligent life of human beings
and are benefiting the world in unpredictable ways with the continuous improvement
of battery performance.

The story of exploring Li ion batteries goes back to the energy issues caused by
the oil crisis in the 1970s. In this context, Stanley Whittingham, who was working at

Exxon with the aspiration of developing fossil-fuel-free energy technologies, proposed



the pioneering concept of Li ion batteries.* He developed TiS, as an intercalation
material accommodating Li ions as the positive electrode material and pure metallic
Li as the negative electrode material, to bring out the world’s first prototype Li
ion battery that can be charged and discharged with a voltage of 2 volts. In 1981,
John Banister Goodenough found that the layered positive electrode material LiCoO,
is more suitable for storing Li ions than TiS; because of its high energy density.’?
This innovation has enhanced the voltage of Li ion batteries to 4 volts, pushing
forward a significant step for the development of more robust and practical modern
batteries. Inspired by the discovery of Goodenough, Akira Yoshino® patented the
first near-commercial Li ion battery. Instead of using the high reactivity of metallic
Li as the anode, he employed a safer carbon-based material called petroleum coke,
which also allows the insertion of Li ions. In 1991, the Li ion battery invented by
Akira Yoshino was successfully commercialized by Sony Corporation, marking the
large-scale commercialization of Li ion batteries. With more than three decades of
improvements in science and technology, Li ion batteries have made considerable
progress in terms of performance, cost, and safety and have revolutionized all aspects
of our daily life and industrial production. On October 9, 2019, the 2019 Nobel
Prize in Chemistry was awarded jointly to the three scientists mentioned above to
acknowledge their outstanding contributions in promoting the development of Li ion
batteries, which further affirmed the tremendous value of Li ion batteries in our era.

An individual electrochemical unit of a Li ion battery consists of three major
functional components: the positive electrode (cathode during discharge), the nega-
tive electrode (anode during discharge), and the electrolyte. While the positive and
negative electrodes are made up from different chemically active materials determin-
ing the energy density of the battery, the electrolyte provides a medium for Li ions
transfer between the electrodes. As a rechargeable battery, the conversion of chemical

energy into electrical energy and vice-versa in the cell of a Li ion battery is carried out



by the transport of Li ions between two electrodes through the electrolyte. For this
reason, the Li ion battery is also commonly referred to as the “rocking-chair battery”
or “swing battery”. Customarily, the processes of Li ions moving in and out of the
structures of two electrode materials are called intercalation(insertion) and deinter-
calation(extraction), respectively. Taking LiCoO, as the positive electrode material

and graphite as the negative electrode as an example,
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LiCoO, Electrolyte Graphite

Figure 1.1: Schematic of basic components and operation principle of a Li ion battery
cell with LiCoO, as positive electrode and graphite as negative electrode. Reprinted
(adapted) with permission from Illa et al.! Copyright 2018 Springer.

The corresponding chemistry (oxidation/reduction reactions) accompanied by Li

ion transport takes place according to the following equations’

charge
Positive electrode LiCoO, ~ hg CoOq + Lit + e~
1scharge
charge
Negative electrode Cg+ Li" +e” ~ hg LiCq (1.1)
ischarge
charge
Battery as a whole LiCoO, + Cq i LiCg + CoOs
discharge

The movement of Li ions within the battery cell is driven by the potential difference
between the two electrode terminals upon charge and discharge. Specifically, when
the battery is charging up, the Li ions are deintercalated from the high-potential

positive electrode material, move internally through the electrolyte toward the neg-
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ative electrode, and sequentially insert into the pore spaces of the layered graphite
material. At the same time, the compensating electrons flow through the external
circuit generating the current. They combine with the graphite at the negative elec-
trode, forming neutral LiCq. When the battery is discharging, the character of each
electrode is switched, as the Li ions are extracted from the negative electrode, move
back to the positive electrode through the electrolyte, and revert to the original com-
ponent LiCoO; together with the electrons flowing back through the external circuit.
During this process, the stored chemical energy is converted into electrical energy to
power the applied load. It can be seen that the charging-discharging cycle of a Li ion
battery is ideally reversible, including small structural variations of each fundamental
constituent during the process. Although for years of intense research, advanced elec-
trodes and electrolyte materials for Li ion batteries are continuously being discovered,

their overall structure and working principle have remained basically unchanged.

1.2 Electrolyte of Li ion battery

Li ion battery electrolytes can be grouped into liquid electrolytes, solid electrolytes,
and solid-liquid hybrid electrolytes that have been extensively studied recently. Act-
ing as a crucial medium for ionic conduction, the electrolytes for Li ion batteries
should satisfy the following stringent set of requirements:®*'* (1) Excellent ionic con-
ductivity with adequate diffusion of Li ions. Generally, the ionic conductivity of
commercial electrolytes ranges from 3 x 107 to 2 x 1072 S/cm; (2) Electronically
insulating to avoid self-discharge of the battery cell; (3) Strong thermal stability at a
wide operating temperature range (-40 - 60 °C); (4) No substantial degradation due
to the electrochemical reaction over a broad potential window; (5) Certain mechanical
strength and elasticity for accommodating volume changes of the electrode materi-

als and to preserve the physical stability during operation; (6) Compatible interface



with electrode materials to minimize Li ion transport resistance; (7) Environmentally
friendly, safe, non-toxic and non-polluting.

The Li ion batteries typically use organic liquid electrolytes containing a conduct-
ing Li salt, commonly LiPFg, dissolved together with various additives in an organic
solvent system such as cyclic carbonate (PC, EC), and chain carbonate (DEC, DMC,
EMC).% 12 While the conventional liquid electrolytes have significant merits of high
ionic conductivity, their drawbacks in terms of safety, such as leakage, corrosion, and
flammability are obvious and inevitable. In the case of experiencing external shocks
and collisions or operating in harsh conditions, there are risks of short circuits, over-
heating, overcharge, and so on. These may lead to accidents involving severe combus-
tion or explosion accidents with thermal runaway inside the battery. In addition, to
maximize the energy density of the existing battery system, it is preferential to employ
the pure Li metal as the anode material'® ! for its desirable attributes of lowest elec-
trochemical potential (-3.04 V versus the standard hydrogen electrode), lightweight
(0.53 g/cm™2), and ultrahigh theoretical specific capacity (3860 mAh/g). However,
there are some technical issues that must be addressed. For example in the case of
overcharged or charging too fast, some migrated Li ions may not be able to catch
up with the pace to access the void space of the negative electrode, forming metallic
Li by occasionally trapping electrons in the vicinity of the electrode-electrolyte inter-
face. The deposited “dead lithium” grows into dendritic crystals, commonly known as

15:16 which will greatly reduce the battery capacity and the reversibility of

dendrites,
energy conversion. Furthermore, they may pierce the separator and results in safety
hazards.

Driven by the rapid development of electric vehicles and large-scale energy storage,
the construction of Li ion batteries with high energy densities has attracted more and

more interest from academia and industry. What comes along is that the higher the

energy density of the battery, the more critical it is to ensure operational safety. In
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Figure 1.2: Histogram of the number of solid electrolyte publications from the year
2011 to the year 2020. Results were obtained by searching for titles with “solid
electrolyte” in Web of Science core collection database.

this context, solid electrolytes that replace organic liquid electrolytes and separators
are expected to provide a viable solution to overcome the safety issues. Besides,
by assembling solid electrolytes with the high-potential positive electrodes and Li
metal negative electrodes, the resulting all-solid-state batteries are projected to bypass
the two critical bottlenecks, namely, narrow electrochemical window and low energy
density, of conventional Li ion batteries. Due to those distinctive features, there
has been a growing worldwide upsurge in research on solid electrolyte materials in
recent years, as quantified in Fig. 1.2. Specifically, the significant advantages of solid
electrolytes are:>'718 (1) Robust safety and high thermal stability for eliminating
potential safety hazards such as lammability, corrosion, volatilization, and leakage of
liquid electrolytes; (2) Large electronic band gaps leading to minimal conductivity due
to electrons; (3) Key component to forming all-solid-state batteries with competitive
energy density. Since there is no liquid content and the separator, together with the
metallic Li directly used as the negative electrode, the energy density of all-solid-state
batteries is remarkably enhanced, up to 400 Wh/kg of specific energy; (4) Excellent

structural rigidity and mechanical strength which can effectively inhibit the growth

of the Li dendrites and greatly improve the battery’s cycle performance and service



life; (5) Superior chemical stability and physical stability; (6) Wide electrochemical
window of 5 V versus Li/Li* or more.

However, there are still shortcomings for most solid electrolytes, such as high cost,
complicated production processes, low room-temperature ionic conductivity, poor
stability of the electrode-electrolyte interface, and large-scale grain boundaries, etc.,'
that dramatically hinder the practically achievable of solid electrolytes for commercial
use. Encouragingly, those challenges are met actively through joint intellectual efforts
from both theory and experiment. For example, researchers have been striving to
develop machine learning tools and other advanced computational techniques to gain
insights into structure—property relationships and to accelerate the discovery of new

materials with highly optimized properties.?%-2!

1.3 Categories of solid state electrolytes

The solid electrolyte materials with the most marketable prospects are generally clas-

22,23 5olid polymer electrolytes and inorganic solid

sified into two main categories:
electrolytes, while the latter being further subdivided into oxide and sulfide solid
electrolytes.

The solid polymer electrolytes, formed by diverse solvent-free alkali metal salts
dissolved into an organic polymer matrix, have been regarded as a promising solid
electrolyte candidate for Li metal battery following the detection of ionic transport
since 1970s.2* Primarily attributed to their great solvation power and compelling
capacity of ion transport,?® the polymer matrix composites include classic polyethy-
lene oxide (PEO), and its derivatives polypropylene oxide (PPO), polyacrylonitrile
(PAN), and polyvinylidene fluoride (PVDF), etc. are commonly adopted as solid

hosts to conduct ions through a segmental motion of the polymer chains.”?¢ The

polymer-based solid electrolytes are recognized for having high safety, good flexibil-



ity, excellent interface compatibility, and processability.?” However, the generally
low room-temperature ionic conductivity, as well as narrow electrochemical window,
remain to be improved in order to meet the needs of commercial applications.

The inorganic solid electrolytes cover a vast family of materials which are featured
most intuitively by structural distinctions. Among them, the earlier successfully de-
veloped LiPON (lithium phosphorus oxynitride) by Bates et al?®3° at the Oak
Ridge National Laboratory in 1990s represents a typical class of inorganic oxide solid
electrolytes. The exploration of LiPON type electrolytes in terms of synthesis, prop-
erties, and electronic structure has been attracting substantial interest because of
the merits of high chemical statbility, reasonable ionic conductivity, and good com-
patibility with both metallic Li anode and a high voltage cathode.®3* To date,
LiPON is still the best option to fabricate the all-solid-state thin film batteries and
has been commercialized for years.?> Motivated by the discovery of LiPON, there
are a number of attractive structural families of oxide-based electrolytes being ex-
tensively studied, including Li conducting garnets such as LisLazM;O15 (M = Nb,
Ta) and LizLn3Te;O15 (Ln = Y, Pr, Nd, Sm—Lu),* LISICON-like (Li superionic
conductor) of various variants of Lisy2,Zn;_,GeOy (—0.36 < z < 0.87),%6 NASICON-
like (sodium superionic conductor) derived from the example structure with chemical
formula Naj,ZrsSi,P3_; 015 (0 < 2 < 3),%7 and perovskite such as Liz,Lag/3_, TiO3
(0.01 < z <0.15) formed by Li ions being placed on the A-type site of the prototype
structure ABO3 (A = La, Sr, or Ca; B = Al or Ti).*®

The inorganic sulfide solid electrolytes mainly contain crystalline thio-LISICON-
type LGPS with orthorhombic 8-LizPSy structure and amorphous sulfide LiyS-M,S, -
P,Ss (M = Al, Si, etc.)®® As opposed to the O ion, the S ion has a larger atomic
radius, lower electronegativity, and higher polarizability. Those features, in principle,
hold the promise of relatively fast ion transport in the interconnected network of

expanded conduction channels. For example, as illustrated in Fig. 1.3 for different
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Figure 1.3: Tonic conductivity for the representative electrolyte materials. Reprinted
with permission from Kamaya et al.? Copyright 2011 Nature Publishing Group.

types of Li ion conductors, the widely studied Li;qGePsSi5 was found to exhibit
excellent ionic conductivity of 1072 S/cm at room temperature,? which is comparable
to that of liquid electrolytes currently the most used in the market. However, the air
or moisture sensitivity and suboptimal electrode/electrolyte interface are remaining
the major challenges for sulfide-based electrolytes.3? 40

Similar to Li ion conducting electrolytes, the investigation on the counterpart Na
ion electrolytes for solid state Na ion batteries is also an essential part of electrochem-

14! reported a Na ion sulfide

ical energy storage technologies. In 2019, Hayashi et a
solid electrolyte with the composition of NasggSbgssWo.1254. The measured room
temperature ionic conductivity for this novel material is up to 3.2 x 1072 S/cm,
exceeding that of the best Li ion thiophosphate conductor Lig54Si1.74P1.44511.7Clo 3
(025 oc = 2.5 X 1072 S/cm) which has the LijgGePyS o-type crystal structure.*> More
recently, another example of superior Na ion conductor Nag_,Y; ,Zr,Clg (NYZC),
with ionic conductivity of 6.6 x 107> S/cm at room temperature, was characterized

to be chemically stable and mechanically compatible when incorporated into high-

voltage oxide cathodes.*> Those findings, together with the lower cost and higher
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abundance of sodium resources, make Na ion conductors the immense potential can-
didate for developing long lifespan, high performance, and cost-effective solid state

Na ion batteries.

1.4 Objective and structure of this work

In terms of computational materials science, reliable simulation modeling is of great
value for assessing the critical physical processes of the actual materials. The general
purpose of the present work is to apply computer simulations developed based on first
principles approaches to understand the fundamental and technological properties of
bulk inorganic solid electrolyte materials designed to be used with pure Li or Na
anodes.

In our research projects, we have been focusing on crystalline materials and the
detailed diffusion process of working ions in viable ionic conductors. Following the
methods within the framework of density functional theory (DFT)*%5 and den-
sity functional perturbation theory (DFPT)%675% of past computational studies, it is
straightforward to investigate many of the known crystal structures to find the static
lattice energies and the corresponding Helmholtz free energies of vibration in the har-
monic phonon approximation. This would allow us to examine the relative stabilities
of crystals that have been determined to have multiple structures. In the aspect of
analyzing the electrolyte properties, the calculation results using nudged elastic band
(NEB)®!"5% methodology and ab initio molecular dynamics (AIMD) techniques can
provide insight into the Li or Na ion migration mechanisms that are responsible for
ionic conductivity. As a key to the success of the battery system, the behavior of the
idealized interface between electrolyte and electrode such as pure metallic Li or Na
anode is also conveniently accessible through modeling study. Overall, the goal of our

computational effort from first principles is, in the first place, to provide a systematic
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and quantitative comparison with experimental measurements on an already exist-
ing electrolyte material and to help interpret the related experimental phenomenon
qualitatively and quantitatively. Additionally, reliable and accurate predictions using
computational tools could offer experimentalists great guidance to synthesize new
plausible materials starting from theoretically proposed compounds and structures.
The present chapter (Chapter 1) has presented the basics of batteries and the
significance of studying solid electrolyte materials. The other chapters of this disser-
tation are structured as follows. Chapter 2 is devoted to giving an overview of the
theoretical and computational approximations that constitute the elemental basis of
effective DFT modeling. Based upon the theory discussed in the previous chapter,
Chapter 3 generalizes the concepts for understanding and calculating the vibrational
properties of crystalline solids. Chapter 4 briefly introduces diffusion and ionic con-
ductivity in ionic solids, and two well-developed numerical approaches, namely nudged
elastic band for estimating transition states and molecular dynamics simulations for
statistically evaluating ionic transport process. Summaries of first-author publica-
tions are presented in Chapters 5-9. To be specific, in Chapter 5 we studied the
structural and electrolyte properties of known electrolytes LiyP2Sg and NayPoSg, and
the predicted mixed-ion material with the composition LisNaysP5Sg through a col-
laborative effort with Prof. Natalie Holzwarth and Dr. Zachary Hood. Motivated
by the observed discontinuous phonon dispersion curves of anisotropic ionic materi-
als, Chapter 6, with the work done in collaboration with Prof. Natalie Holzwarth
and Prof. William C. Kerr, discusses in detail the coupling of long-wavelength elec-
tromagnetic waves with lattice vibrations from some new perspectives. Chapter 7
includes two closely related papers on similar materials LizgBO3 and Li3sBNy, one fo-
cuses on electrolyte properties of pure and doped crystals, the other contributes the
stability analysis of pure phases and of model interfaces with Li anodes. Those two

companion works covered in Chapter 7 were done collaboratively with Prof. Natalie
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Holzwarth and Dr. Zachary Hood. Chapter 8 presents the current computational
results on Li ion conducting boracites Liy;B7015Cl with fractional occupied Li sites
and LisB7;0155Cl with all fully occupied sites. This project addresses the question
of what factors led to the dramatic differences in electrolyte properties between two
materials similar in crystal structures. Chapter 9 is a ongoing study of recently re-
ported Li thioborate halides with formula Li; 5B10S15X1.5 (X = Cl, Br, and I) which
exhibit excellent ionically conducting properties with measured room-temperature
ionic conductivity on the order of 1072 S/cm. A summary and some conclusions of
this dissertation are presented in Chapter 10.

Presently there are various software packages developed for electronic structure
calculations and materials modeling. In our work, we mainly use ABINIT?* and
QUANTUM ESPRESSO® with implemented projector augmented wave (PAW) pseu-
dopotentials. Both packages are based on quantum equations of DF'T and consist of a
set of computer codes that provide powerful capacities in analyzing various properties
of materials. The ATOMPAW,® for which the source code and the related documents
available at the website http://users.wfu.edu/natalie/papers/pwpaw/man.html,
generates atomic datasets for use in first principles simulations using the PAW for-
malism. Computations were performed on the Wake Forest University Distributed
Environment for Academic Computing (DEAC) cluster, a centrally managed resource
with support provided in part by the university and in part by contributions from

grants.
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Chapter 2

Starting theoretical framework and

numerical methods

“The fundamental laws necessary for the mathematical treatment of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty lies
only in the fact that application of these laws leads to equations that are too complex

to be solved.”

— Paul Dirac, 1929

2.1 Many-body Schrodinger equation

The understanding of the equilibrium behaviour of quantum particles requires to
solve quantum mechanic Schrodinger equation® to obtain eigenstates and the corre-
sponding eigenvalues in the ground state. For example, the time-independent version
of the Schrodinger equation for a stationary electronic state containing N electrons
with coordinates ry,ry, -+ ,ry and M nuclei with coordinates R, Ro, -, R/ has

the form

Hiot W (ry,19,- - ,rn; Ry, Ro, -+, Ray) = Eeot U (ry, 19, -+ ,r; Ry, Roy -+ Ryy), (2.1)

14



here ¥ is the many-body wavefunction which depends on positions of all electrons and
all nuclei, F\. represents the energy eigenvalue described by W. The full Hamiltonian

[:Itot is given by

Hige = To(r) + T (R) + f/;N(r R) + Vee(r) + Van(R)

_ 2 Ze? Z17Z; (2.2)
__%Ziv“z Z|F*R1\ Z\rwm Z|

I;U R;—Ry|’

where m denotes the mass of electrons, M; represents the mass of the Ith nucleus
having atomic number Z;, the indices i(j), I(J) run from 1 to N and 1 to M, respec-
tively. The five terms included in the above expression, in order, are kinetic energy of
N electrons, kinetic energy of M nuclei, Coulomb attraction between electrons and
nuclei, Coulomb repulsion between electron pairs, Coulomb repulsion between nuclei

pairs. We now demand that the total wavefunction be normalized

<\I/|\I"> :/\\If(rl,rg,~~ 7I‘N;R1,R2,"' 7]11\/[)|2dl‘1,dr2,"' ,dI'Nde,dRQ,"' 7d]i]\/[ =1. (23)

In practice, we put effort only into the electron density p(r), namely the probability
of finding any electron at r. Conceptually, the quantity is equivalent to the sum of
the probability P(r; = r) of finding electron number ¢ at position r. Since in quantum
mechanics electrons are identical fermions, the electron density can then be written

as

Z P(r = NP(r; =r)
(2.4)

= N/|\Il(r,r2,--- ryv; R, Ry, -+ Ryy)drg, -+ ,drydRy, dRyg, - - - ,dRyy,

here the integral was computed over all possible nuclear coordinates. Integrating p(r)

throughout the whole material yields the total number of electrons N of the system

/p(r)dr = N. (2.5)

The many-body Schrédinger equations given by Eq. (2.1) is easy to be written

15



down, but in practice, solving it for a large number of interacting electrons and nuclei
is too complicated. In fact, solving this equation directly is essentially an impossible
task for most many-body systems. Through efforts over many years, numerous phys-
ical models and theories have been proposed to simplify this problem and developed
the so-called “first principles approach” which refers to studying the materials prop-
erties through a series of well-established physical approximations and simplifications

starting from the complete form of the many-body Schrédinger equation.

2.2 Born-Oppenheimer approximation

In the study of solids and molecules, it is reasonable to assume that the nuclei are
hold immobile in known places, or as a consequence of heavier masses, only move a
pretty short distance with trivial velocities in comparison with electrons. Therefore
for each configuration during the evaluation of the system, the electrons respond
instantaneously to the motion of the nuclei, namely, the electrons can always remain
the lowest-energy eigenstates associated with the nuclear coordinates. Under this
idea which goes under the name of the Born-Oppenheimer approximation,®®%? it is

possible to separate the electronic and the nuclear coordinates in the many-body wave

function

W (ry,ro, -+, ras Ry, Ry, oo Ray) = Ur({r})x({R}), (2.6)

where Vg ({r}) = Ug(ry,re, -+ ,ry) represents the normalized electron-only wave-
function depending parametrically on the fixed nuclear configuration, and x({R}) =
X(R1, Ry, -+ ,Ryy) represents the nuclear-only wavefunction. Before proceeding fur-
ther, we need to aware that in a rigorous treatment the total wavefunction ¥ should
be written as a linear combination in the product form U = Y, ¥% ({r})x' ({R})
staring from the lowest electronic eigenstate [ = 0. For the purpose of illustrating
the idea of Born-Oppenheimer approximation, we assume that only the lowest-energy

term is being used in the linear combination. Combining Eqgs. (2.1), (2.2), and (2.6),
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the full Schrodinger equation reads
[7.(0) + T (R) + Vo (1, R) + Vo) + Vi (R)| m (fr)x({R)) = Fuon T ({(r)x((R)). (27

The fact that M; > m implies that in contrast to a wide-ranging movements of
electrons, the motions of nuclei are quite