ASYMPTOTIC STABILITY FOR KDV SOLITONS IN
WEIGHTED H° SPACES

BRIAN PIGOTT AND SARAH RAYNOR

ABSTRACT. In this work, we consider the stability of solitons for the
KdV equation below the energy space, using spatially-exponentially-
weighted norms. Using a combination of the I-method and spectral
analysis following Pego and Weinstein, we are able to show that, in
the exponentially weighted space, the perturbation of a soliton decays
exponentially for arbitrarily long times. The finite time restriction is
due to a lack of global control of the unweighted perturbation.

1. INTRODUCTION

Consider the initial value problem for the Korteweg-de Vries equation
(KdV)

u(0, z) = uo(x). (1)
This is a well-known nonlinear dispersive partial differential equation mod-
elling the behavior of water waves in a long, narrow, shallow canal.
It is well known that the KdV equation is completely integrable. This
means that, among other things, the equation possesses infinitely many con-
served quantities, the first two of which are the mass

M[u]:/R|u(x)|2dac

{ Opu + O2u + 0, (u?) = 0,

and the Hamiltonian

Hlu] = /R (ui(m) - §u3(x)) da.
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The equation is also known to support traveling wave solutions known as
solitons. Indeed, if one assumes that the solution of is given by Q.(x,t) =
Ye(x — ct) for some profile ¥, and some speed ¢ > 0, we find that the soliton

is given by
3¢ o (y/c
Qe,z (T, 1) = Esech <2 (a: —ct — a:o>) . (2)

The stability of these solitons has been an area of intense study for many
years and is the main topic of this paper.

One might first be interested in the orbital stability of the soliton. In the
Sobolev space H® = H®(R), this means that for all € > 0 there is a § > 0 so
that if ||ug — 9|l s < J, then there is a continuous function zq : [0,00) = R
such that ||u(t) — e(- — ¢t — zo(t))||gs < € for all ¢ > 0. The study of orbital
stability in the energy space H' began with Benjamin [I] and Bona [2]; see
also [3]. This work was made systematic by Weinstein [2I], who established
the orbital stability of solitons for nonlinear Schrodinger equations and for
generalized KdV equations. The orbital stability of solitons in H® with s < 1
is not as well developed. Merle and Vega [12] showed that the solitons are
orbitally stable in H° = L? using the Miura transform together with the
stability theory for kink solutions of the mKdV equation in H'. One might
expect that the orbital stability results in L? and H' imply orbital stability
in H® with 0 < s < 1. However, the natural interpolation argument fails
because H* functions need not be in H'. In the case of H® with 0 < s < 1
the I-method has been used to show that any possible orbital instability of
the solitons can be at most polynomial in time; see [20] and [18].

A stronger notion of stability is asymptotic stability in which one aims to
show that there exist ¢ € (0,00) and x4 € R so that

Ju(t) = or (- = cxt —a4)llx 0 as t = +oo (3)

in some Banach space X. By perturbing the main soliton 1., by a very small
soliton located sufficiently far to the left of the main soliton, we see that this
notion of asymptotic stability cannot hold in a translation invariant space
X. In order to investigate asymptotic stability of solitons in the Sobolev
spaces H?®, the translation invariance of the space must be broken in some
way. Within the current literature there appear to be three approaches to
this problem:

(1) Insert a spatial weight into the Sobolev space so that movement to

the left registers as decay.
(2) Replace strong convergence in with weak convergence.
(3) Truncate the Sobolev space in an appropriate time-dependent way.
The first results on asymptotic stability for KdV solitons were established

by Pego and Weinstein in [I7]. In that paper, the authors considered solutions
of KdV in the exponentially weighted Sobolev space H! = {f | ||e®* f||m <
oo}, for appropriate choice of a. They were able to prove that solitons are
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asymptotically stable and that the rate of decay in is exponential. Mizu-
machi [I3] has since proved that the solitons are asymptotically stable in a
weighted version of H! with polynomial type weight; the decay rate in is
shown to be polynomial.

Martel and Merle [9] have shown that KdV solitons are asymptotically
stable in H' if we replace the strong convergence in ([3)) with weak convergence.
Martel and Merle have gone on to show that for any 5 > 0, KdV solitons are
asymptotically stable in the truncated Sobolev space H!(z > jt); see [10} [11].
Merle and Vega [12] used this approach together with asymptotic stability of
kink solutions to the modified KdV equation to show that KdV solitons are
asymptotically stable in L2 . Buckmaster and Koch [4] have shown that for
any 3 > 0 KdV solitons are asymptotically stable in H*(x > St) for k > —1 an
integer. More recently, Mizumachi and Tzvetkov [I4] have used the approach
of Pego and Weinstein together with the Miura transform to show that solitons
for KAV are asymptotically stable in L?(x > ft), thus offering an alternative
proof of the result of Merle and Vega.

The principal goal of this paper is to investigate the asymptotic stability
of KdV solitons in H® with 0 < s < 1. As in the case of orbital stability, the
standard interpolation argument does not enable us to conclude that solitons
are asymptotically stable in H® for fractional values of s < 1. Instead we turn
to the I-method and implement it in the setting of the exponentially weighted
spaces used byAPego and VZeinstein. To that end we define I : H* — H' by

If(€) = m(&)f(&) where f(£) denotes the Fourier transform of f and the
multiplier m is given by

N i |¢ <V,
m&={ N, il S om,

with smooth, even patching on the intervening intervals, and with N a pa-
rameter that we will choose during the course of our analysis. We also define
the space HS = {f | ||e** f||gs < oo}.

Theorem 1. There exist €4 > 0 and 0 < r < 1 and for every T > 0 there
exists ez > 0 so that if ||[e®T1v(0)|| g < €1, |¢(0) —co| < €1 and ||T1v(0)|| g2 <
€9, then there exist piecewise differentiable functions c(t), ¥(t) and a constant
C > 0 so that for allt € [0,T]:

1) lleiv(t)]|m < Cerrt,

(2) l¢| + %] < Cerrt, and

(3) |e(t) — col < 2C¢;.
Remark. Theorem [I| represents the first asymptotic stability result for the
KdV equation in the Sobolev space H® with noninteger s.

Remark. Due to the absence of good commutator estimates between the
exponential weight and the I-operator, we have chosen to work in the space
with norm |1 f| g1.
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The key difficulty in the proof of Theorem [I]is to accommodate both the
exponential weight which occurs as a weight on the spatial variable and the
IT-operator which occurs as a weight on the frequency variable. We proceed
by first establishing local well-posendess for the exponentially weighted soli-
ton perturbation in a space X*/2! which embeds into the Bourgain space
X#1/2+ partially following the local well-posedness work of Molinet and Rib-
aud [I5] [16], and Guo and Wang [7] on dispersive-dissipative equations. In
so doing we establish multilinear estimates that accommodate the presence of
the exponential weight. For technical reasons, this requires that s > 7/8. We
then use the I-method to map our solutions into an exponentially-weighted
version of H'. Finally, we run an iteration scheme inspired by an analogous
argument in [19] to establish global control of the perturbation in H* and the
exponentially weighted space H, concluding that the soliton is exponentially
asymptotically stable in H? for s > 7/8.

The paper is organized as follows: In section 2, we will set up our notation
and establish basic results. In section 3, we will establish some necessary
estimates to establish local well-posedness in section 4. In section 5, we will
run the iteration scheme and establish the main result of the paper.

2. NOTATION AND BASIC RESULTS
We will define the Fourier multiplier operator Iy by I/N\f(f) = mN(g)f(f),
with my a smooth, even, decreasing function of |{| which satisfies mpy(€) =1

for |¢] < N and my(§) = IJ%IS:II for |£] > 10N. In this paper, N will be a
function of our time-step n, and, in particular

114-&-771)71

N(n) = /-@(_ 1

for n; > 0 very small, where 1 > x > /1 — %, and b are defined below.

We define 0,,(t) = Inmyv(y,t) and w,(t) = e Inmyv(y,t), where y =
x — fot c(s)ds — v(t), and c(t), y(t) are chosen so that, at each time ¢, for
appropriate value of n, ||@,(t)| L2 is minimized. In order to do so, we first
need to consider the difference equations satisfied by © and w, and consider
their linearizations about the soliton.

Lemma 2.1. The perturbation v satisfies the difference equation

(Un)t = 3?,(—85 + o — 2ve)Up + IN(n)By(UQ) + 0y (In(n) (WeV) — Vel n (V)
+ (Y0y + €0c)IN(n)ythe + (¥ + ¢ — o) Oy D
(4)
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Moreover, the perturbation W, (t) satisfies the difference equation
(wn)t = eayay(_aj +co — 2wc)eiaywn + (C —Co — 7)(61/ - a)ﬁ]

= TN (n) Oy (v?) — €Y. + Y0y ) In(nythe — €YDy (In(n) (¥ev) — Vel n(nyv)
(5)
Proof. From [I7], we have that
v = py(faj +co — 20e)v + 0y (v?) + (50y + ¢0.)e + (7 + ¢ — ¢0) Iy
and
wy = eayay(—aj +co — 2uc)e” Ww + (¢ — o) (0y — a)w + [e*Y (€0 + YOy ue
+4(0y — a)w + e, (c — co + v?)e”Yw).
The result here comes from applying I to each equation. O

For fixed ¢ > 0, define the operator A, = eayay(—ag +c— 2. )e” . We
have the following from [I7],[19]:

Proposition 1. For 0 < a < \/g, the spectrum of A, in H' consists of the
following:

(1) An eigenvalue of algebraic multiplicity 2 at X = 0. A generator of
the kernel of Ay is (1 = e*0y1)., and the second generator of the
generalized kernel of Ag is (o = e™¥0.1,.

(2) A continuous spectrum S® parametrized by T — it3 — 3at? + (¢ —
3a2)it — a(c — a?). For any element \ of this continuous spectrum,
the real part of X is at most b := —a(c — a?) < 0.

The spectrum contains no other elements.

We also need to consider the elements of the spectrum to A%, which are
m = e_“y[t%@y_lacwc + 021.] and e = eV (031).), where 8y_1f is defined
to be fi’oo f(t)dt and 6y, O and 3 are appropriate constants to obtain the
biorthogonality relationship ((j,mx) = 6,5 We will define the L? spectral
projections Pw = Zfﬂ(w,m)Q and Quw = w — Pw onto the discrete and
continuous spectrums of A, respectively, with respect to the fixed initial value
of ¢, cp.

Returning to the difference equation , for each fixed t we select ¢, (t)
and 4, (t) so that Pw,, = 0, and Qw,, = W,,. Defining F = (¢ — ¢y — 4)(0y —
a)ﬁ) ieayIN(n)ay (Uz) —e (Cac + ’yay)IN(n)'l/)c - eayay (IN(n) (’l/}cv) - 'IZ)CIN(TL)rU)?
and G = (¢ — ¢)(0y — a)w — e“yIN(n)ay(UQ) — ey (IN(n) (Yev) — Vel Nn)v)
we have that

wy = Aaw + Qf7

A-lem) L

and
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where A is the matrix

A= 1+ <€ay(aywc - 8ywc0)7 771> - <wn7 ay"71> <eay(ac'¢)c - c¢c0)a 771>
<6ay(ay'¢)c - aywco)7 772> - <U~)Na a3/772> 1+ <6ay(6cwc - acd}co)v 772>

3. LINEAR AND MULTILINEAR ESTIMATES

In this section we will review the construction of the space X*1/21 and
mention the linear estimates which were developed in [19]. At the end of this
section we prove a new bilinear estimate which is then used to establish a
multilinear estimate that is necessary for the proof of Theorem

First, we provide a version of the product rule that holds with the multiplier
operator I in place of a derivative:

Lemma 3.1. Suppose that ||e™ f;||12 < 0o and |[InOy fillL2 < oo fori=1,2.
Then

e In0y (f1f2)llz < 20 In full e le™ InDy foll L2 + 20 In foll oo €™ InOy fil L2

Proof. Define wr(y) = x{y<rye®, and consider ||wrIn0Oy(f1f2)| 2. Taking
the Fourier transform and using duality, we find that this equals

HfH 1///“’R E)m(&a + &) (& + &) f1(€2) f2(&3) F(£a),

where 'y = {(&1,&2,&3,84) € R* | & +& + &+ & = 0. Now, either & +&5 <
285 or £9+&3 < 2€3. In the first case, note that m(€2+&3)(&a+E&3) < 2m(&2)ée
by the properties of m, so we have, with & = & + &3 and & = & + &5,

lwrIndy (fif2)2 <2 sup / / / Gr(E)mlEa)eafu(€2) FalEn) F(E4)

1fll2=1

Hfﬁ?f 1///wR &)(19 fl)(£2)f2(£3)f(€4)
=2 sup / f2(55)(w316yf1)A(§5)f(§4)

1l 2=1

&1+E5+84=0
—9 swp / (fawrldy 1) (€6) f(Ea)
Ifllp2=1J&e+E4=0

<2 sup | fowrlI0yfillrzllfllz2
Il 2=1

= 2[| foawrIpy f1l L2

< 2[|faollL=llwrIpy fil 22

< 2[|follm= €™ Ipy fil L2

< 2[|In faollm le™ Ipy f1| L2
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By the symmetry between the two cases, we obtain in total that

lwrInOy(fifo)llLz < 2 In follmlle™ Ipy fillee + 21N filla € Ipy fol L2

Now, letting R — 0o, since x 1, <r}|e*YInpy(f1f2)(y)|? is a pointwise-increasing
function in R, by the Lebesgue monotone convergence theorem we see that

€™ Indy (f12)ll7 :/|€ayIpr(f1f2)(y)|2dy

= lim X{y<R}|€ayIpr(flf2)(y)|2

R—o0
Jim lwrIndy(f1f2)7
Rli—r>noo(2HINf2“Hl le®¥Ipy fillr2 + 2| In f1llme ||eayfpyf2”L2)2

QIHn foll o le® Ipy full 2 + 20 In frll e €V Ipy f2 12)?

as claimed. O

IN

We next recall the definition of the space X*1/21. We define the sets Aj
and By by

A= {(r& €R* |2 < (g <2V}, j20
Bi={(rn) eR? |28 < (r € <2}, k>0

For s,b € R, the space X*%! is defined to be the completion of the Schwartz
class functions in the norm

o\ 1/2
[ fllxspn = 222sj Z2bk||f||L2(AjﬁBk)
7>0 k>0
In taking b = 1/2 we have the following embeddings:
X2 ey X2 <y OV HS,
We will work primarily in the spaces X*/21 and X*~1/21 5o we adopt the

notation X*® := X*1/21 and Y* := X~ 1/21,

The spaces X°,Y® were used in the case when s = 1 to prove local well-
posedness for the perturbations v and w = e®v in H!(R), see [19]. We review
some of the features of these spaces that were used in the aforementioned local
well-posedness arguments. Let W7 (t) denote the standard Airy evolution,

(W1(H)7(©) = e f(©).
Let W5(t) be the linear evolution defined for ¢ > 0 by
(Wa(t)f)7(€) = "€ @ fg),
where p,(€) = 3a&? + a(c3 — a). We extend this to all of t € R in defining

(Wa(t)f)7(€) = e € 1P @M Fg),
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While the Airy evolution Wi(t) is the linear evolution associated with the
unweighted perturbation v, the evolution W(t) is the linear evolution associ-
ated with the weighted perturbation w. A key feature of the space X* is that
it accommodates both of the semigroups Wi (t) and Ws(t), as illustrated in
the following linear estimates which are valid for all s € R:

le@Wi () fllxearza S N lass (7)

t
Hp<t> [ wite-9rs)as N Florions, (®)
0 Xs,1/2,1
and if 0 < a < min(1,¢p), then
1O Wa®)Fllxcosson < 10, ©)
t
me (0(0) [ Wale =) F()ds < Flgemn.  (10)
0 Xs,1/2,1

Here p : R — R is a cutoff function such that
pEe CSO(R)v supp p C [7272]5 pP= 1 on [717 1]3 (11)

and yr, is the indicator function for the set Ry := {t € R |t > 0}. The

estimates (7)), are proved in [§] while the proofs of (9), are given
in [I9]. Also crucial for the result proved in [19] was the following bilinear
estimate, valid for all s > 0 (see Proposition 3 in [19]):

ollx- (12)

In the case when s = 1 we have the following generalization of this result.

Jwvyllys < llullxs

Proposition 2. Let a; € (3/4,1], a2 € (0,1] and suppose that u € X, v €
X, Then

luyvllyr S lullxes [[of xee- (13)

Proof. Since we work primarily in frequency space, we define X551 to be the
completion of the Schwartz class functions in the norm
o\ 1/2

1 lgens i= | 22227 ( D2 flleeca,nmn)

>0 k>0

Here f = f(7,€) is a function of the frequency variables 7 and £. Adopting
the notation X' = X11/21 and Y' = X1~1/21 the estimate reads

1(&21F) * gl S 1l o 191 gece -

Following the proof of the standard bilinear estimate we decompose f
and g on dyadic blocks as follows: Define fj, k, := Xa,, XB, f and gj, 5, =
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XAj, XBy, 9- ‘We thus have
f - Z Z fjhkl and 9= Z Z Gja.ko-
7120k120 5220 k2 >0

Our goal is to estimate

222j Z Z Z Z Z 2_k/22j1|‘fj17k1 *gj2’k2||L2(AjﬁBk) . (14)

=0 k>037120k12035220 k2 >0

Indeed, we wish to establish an estimate of the form
S e, 90 %,

To simplify the exposition we adopt the following notation:
Fjl,/ﬂ =201 2k1/2||fj17k1 ”sz and
sz,kz 1= 20272 2k2/2||gj27k2”lz?'

The proof is divided into the following cases:

(1) At least two of j, ji, jo are less than 20.
(2) ji,J2 > 20 and j < j; — 10.

Case (1). Here we may assume that j,j1,j2 < 30. Applying Young’s in-

equality followed by Holder’s inequality yields

< 2j2/2215k1/32215k’2/32||fj
~ J1,

||f717k1 *gjz,’*ﬁzHL? 7‘01HL2HQ.7'2,7€2||LQ'

After summing in & and summing over j (a finite sum), we find that

30 2 30
" 5 Z Z 211215k1/32|‘fj1,k1”L2 Z Z 2J2/2215k2/32ng2,k2||L2
Jj1=0k1>0 Jj2=0k22>0

Note that the sum in js is finite, so

30
j2/2015ks /32
E E 2J2/2 2/ ||gj2,k2HL2
J2=0k2>0
1/2
30 1/2 30 2 /
1—2as9)j 2aa ] .
DL I DIEEE D DY
Jj2=0 j2=0 k22>0
Slgll gas-

A similar argument shows that

30
Yo 22 e SISl ge s

J1=0k12>0
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which completes the argument.

Case (2). We may assume that |j; — jo| < 1, since otherwise f;, *g;, = 0 on
Aj. For (11,&1) € Aj, N By, and (12, &2) € Aj, N By, we have

(1 +7) — (G +&)°— (1 — &) — (2 — &) = =316 (15)

It follows that fj, k, * gj, k, = 0 on A; N By, unless 2kmas > 27201272 ~ 27425
where ko = max{k, ki, ka}.

Suppose that k = ky,qq. In order for fj i, * gj,,k, to have low frequency
support we require that whenever (71,&1) € supp fj, &, (72,&2) € SUPD gjs ks>
&1 and & must have opposite signs. It follows that supp f;, and supp g;, are
separated by K ~ 271, In light of Lemma 3.3 in [19], we thus have

J/29—3j1/29—a1j19—a2j2 .
Hf,]l k1 * Gjs, k2||L2 A;NBg) ~ S277%2 2 2 F1 leszm'

Therefore, using 2-%/2 < 277/2=71  we have

2
Jit+1l
N Z Z Z Z Z 279/%2 a1]12—a212F1 leszcz
520 \j127+11 k120 jo=j1 1 k220
2
SOIEE DD DD DD DE I A AW

320 120 k120 4220 k320
S 1% 9150, -

Next we suppose that k; = kyqe. In this case we require 281 > 27271, We
apply Lemma 3.4 from [I9] with K ~ 291 to see that

”-fjl k1 * Gjo, k2||L2(A NBL) ~ S 2k/22 j12 k1/22 a1312 azng]h 1Gj2,k2'
Observe that
27}(}1/2 < 2716/16277]{,‘1/16 < 271@‘/16277]‘/16277]‘1/8.

It follows that
2

DT | T 3 2 oo g G,

§>0

S A%, 9%, -
Finally we consider the case when ko = kj,q,. Since the expression to be
estimated is symmetric in (ji, k1) and (jo, k2), we can argue as in the case
where k1 = k00 t0 obtain the desired estimate.

Case (3). In this case we may assume that jo < j + 11. In light of we
require 2Fmaz > 227+32 We begin by assuming that k& = ky,4,. Lemma 3.3
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from [I9] gives
Hfjl,kl * gj27k2||L2(Aijk) rg 2_j/42_a1j12_a2j2Fj1,k1 Gj2,k2'

Therefore, since 27%/2 < 277772/2 we find

2
j+10 j+11
i (3 _ o — ;
" S E 27¢ E E E E 2]1(4 a1+)2( o2 1/2)j2Fj1,k1Gj2,k2
j=0 Jj1=7—10 k1>0 j2=0 k2 >0

S 1% 9l e

provided a; > 3/4 and € > 0 is chosen appropriately small.
Suppose that k1 = k42, meaning that 251 > 22752 We apply Lemma 3.4

from [19] to estimate
I fjs s * Gioska | L2(a,0B,) S 24270/ Agmondigmeizg=h /2y (o Gy

After using 2751/2 < 2-7-72/2

DU DU DB D Ry SR I

7>0 J1>0 k1 >0 52 >0 k3 >0
2 2
S A5 e 915 e
again provided a; > 3/4 and € > 0 is chosen to be sufficiently small.
Finally we consider the case for which ky = kj,qz, so that 2k2 > 22i+7j2,

We divide our analysis into the following two subcases:

(i) lj2 =4l <5

(i) |2 — 4] > 5.
In case (i) we use Lemma 3.4 from [19] to estimate

| Fjs ke * Gjmken HLZ(A,an.) < ok/49=ja/4g—k2/29—aij 2_a2‘j2Fj1,k1Gj2,k2~

We thus obtain

2
J+10 ko
" ’S Z Z Z Z Z 2J1273]2/427Q1]127Q2]2Fj1,klGj27k2
j20 \ J1=7—10k1=0 j2>0 k220
[7—721<5
2
—35/2 j1(—1/4—a jo(—1/4—a
$Tr (S5 3 ¥ pe e,
j=0 J120k120j22>0 k2>0

S A% 1900 -
In case (ii) we again use Lemma 3.4 with K ~ 27 to estimate

k/20—7/20—72/20—ko/20—a1j10—CQ27
[ fjs sk * ool L2(4,08,) S 2F/2279/207 02 27k /2gmondigmonia o Gy ey
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Next we estimate
2—k2/2 < 2—k/162—7k2/16 < 2—k/162—7j/82—7j2/16.

We thus find that

X 2
j+10

J—5
S| D DU DU D e ¥y bRityregreak 4 Gy,

520 \Jj1=j—10 k1 >0 j2=0 ks >0

SOIEELE D YD DD DR A e SN I

j=>0 Jj120 k120 j2>0 k2 >0
2 2
S %a 19l ey
since a; > 3/4. O

In the proof of the modified local well-posedness result we will require the
following estimate.

Proposition 3. Let s > 7/8. Suppose that w and v are spacetime functions
such that u,v € X° and e¥Iu,e®Iv € X'. Then

s () - 1), o

SN ([l Lul| x| Tvl 3 + [[Tul|x2[|e® Tv 1)

Remark. Since s > 7/8 we see that implies
ay _
e o, (I(uv) IuIv) ‘Yl

SNTYEE([le Tul| 1 [[Tv]| 30 + [ Tullx1 [[e® To] x1) -

Proof of Proposition[3 For a function u(t,z) of spacetime we let uy,; denote
the function whose Fourier transform is given by uy, = na,(§)u(§), where
n4, is a smooth cutoff function adapted to the set A; := {{ € R | [{| ~ N;}
with NNV; dyadic.

We truncate the exponential weight using a spatial cutoff function. Specif-
ically, for R > 1 we let 95 : R = R by

1, <R
ﬂR(y):{O Z>R

and define w, r(y) := Ir(y)e®. Observe that w, g € H*(R) for all s €
R; in particular, it makes sense to speak of the Fourier transform of w, r.
Furthermore, we have the following approximation result.

Lemma 3.2. If f € H}(R), then

im |lwa,rfllzr = [ fll -
R—o0
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Proof. Arguing as in the proof of Lemma [3.1] we find that
lm lwa,rfl[L2 = [le® fll>- (17)
R—o0
Observe that || f||2, = ||e® f||2. + |[e®¥(af + fy)|32. One also checks that
lwa,mfll7n = lwa,mfIZ2 + lwa.r(af + f,)]Z:-
In light of this calculation and 7 we obtain the conclusion of the lemma. [
To prove it suffices to show that
g8, [€2 + &s[ (m(&2 + &) — m(&2)m(&3))Un, U, Il
3_, 0—
SNA= (N NS llgw, T, L 7o, (18)
+ N3~ NG M s llgw, Tona 2 )

where g := w, r. Note that by symmetry we may assume that No > N3. We
adopt the notation Ny for |1 + &| ~ Ny when [&1] ~ Ny and [&a| ~ Na. We
adopt similar definitions for N3 and Nas.

Case (1). Na < N. In this case we see that m(&s + &3) — m(§2)m(&3) = 0,
so the expression to be estimated vanishes.

Case (2). N2 2 N > N3. We use the mean value theorem to see that

mi€a+ &) — m(&)m(&)| S Jom(Nom(Ny).
It follows that
|gn 162 + &3l (m(& + &5) — m(&2)m(&s)) | 5

Ny il DU
S ‘9N1|£2 +§3|IUN2IUN3
2

3
N. y!
N3
. (low Tux,0, Tox, s + llgw, Tow, 0y Tuns 1)
N3
o (lgms Fumy csrae LToms xorss + llg, Tow xcoroe [T, xoras )

N3
< 1
~N2<N12>1/4_<N3>1/4_HgNlluNZHX ”IUN?,”Xl

N3
+ N (Nag) /A~ (Nyy 1/ lgn, Tong || xr [[Tun, || x1

S
S

Notice that

N. NI/AE
- S S NN NG
No (N1t /4= (N3)1/4= ™~ Ny(Nyo)t/4-
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and

N N3/4+
3 < 3 SNTVANYTNYG
N (Nyg) /4= (Ng)l/4= ™ Ny(Nyg)t/4-

Case (3). Ny > N3 = N. Here we split the expression to be estimated into
two terms which are then estimated separately:

19N, [§2 + &3](m(&2 + &3) — m(E2)m(€3) ) un, Un, |54
Sllgny [§2 + Ealm(&a + €3)un, Ung |54

+lgn, [€2 + &3l Tun, Tvg |5
=: Term I + Term II.

We estimate Term IT as in Case (2) to see that

Term II < 7 19N Tun, [ [ Tong [|x

1
(N12)t/4=(N3)

1
(N13)t/4=(Na)

+ 1/4— ||gN1]UN3||X1HIuN2||X17

which is sufficient. Turning to Term I, we have
Term 1S m(Nas) (g3, unaByoalys + g, vna Dyt v+

< m(Nag) (llgwy s L xcarae [0l xcres + llgn, o oo s L xasss )

< m(N23)

™ (N2)! /47 m(N2)(N3)

(Na3)
I

(

sm7a lgm Tuns [ x ol xs

3
5

+ < a7 lgv Tons [ xo [lun, [l

Ni3)t/4=m(N3)(No)
m

&

m

< (
~ <N12>1/4_

23

a7 g T, [Lx [ Tons |

)
(N3)
)

3
535

)
(V23 I I
+ <N13>1/4*m(N3)<N2>5*3/4* ||gN1 UN3||X1|| uN2||X17

where in the final inequality we have used that ||f||x: < ||[If]|x1. Observe
that since Ny > N3 and s > 3/4 we have

(No)* =4 mm(Ng) 2 Ny~ TN > N
since s > 7/8. It follows that

m(Ngg)
(Ni3)t/4=m(N3)(Ng)s=3/4=

SN )
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To estimate the other multiplier expression we first note that if Nog = Nj,
then m(Na3) < m(N3) so that
m(N23) < 1
(N1 5= m(No) (N4~ (N 1A= (N7
which is acceptable. If Naz < N3, then we must have Ny ~ N3 (with the
relevant factors being supported at frequencies of opposite sign), in which
case may estimate (N3)m(Ny) > N*73/4=. The estimate is then completed

as above in . 0
From Proposition [3| we have the following result.

Corollary 1. Under the hypotheses of Proposition[3 we have

/t0+6 <e“yh}, o, (I(uv) — IuIv) >H1 dt

to

SNYAZH e Iol| o ([l Tullx1 || To] x1 + | Tullx [[e™ To]|x+) -

Proof. We apply Cauchy-Schwartz together with the embedding X11/2+ —
X11/2.1 6 see that

to+d
/ (e¥Iv,e™o, (I(uv) - IuIv)>H1dt

to

Slle® Iv|| x1 ||e*¥ 0y (I(uv) — Tulv)|y:

SNYA=E e Tyl (e Tul x| To]l 0 + | TulLxs [le vl 1 )

4. MoODIFIED LocAL WELL-POSEDNESS

This section is devoted to the proof of local well-posedness for the v-
equation and the w-equation. We make the change of variables y — y +
~y(t) + fot ¢(s)ds and find that the initial value problem for ¥ = Iyv is given
by

{ 00 + 930 + In0y(v®) 4 0y (VD) + InDy(Yev) + (¥0y + ¢e) Nt = 0,

0(0,y) = vo(y)-
(20)
The equation for w = e®YIyv is given by the modulation equation
O = A0 + QF,
where A, = eway(—aj + co — 2¢.)e” ™, @Q is the spectral projection, and
F=(c—co+7)(0y — a)® — e¥Ind,(v?) — e (38, + ¢0:) Inte
—e0, (In(Yev) — eInv) .
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Upon expanding the operator A,, we find that the initial value problem for
w is
oyw + 831}7 — 3a8§117 + (332 —¢0)0yw + a(co — a®)w
+2(9y — a)(Yew) — QF =0, (21)
w(0,y) = wo(y).
Before we proceed with our local well-posedness argument, we define the
time-localized space X§ to be the space with the norm

w =wu on [0,4]}.

lullx; == mf{f|w]|x

The main goal of this section is to prove the following modified local well-
posedness result:

Proposition 4. Let 0 < a < \/co/3, s >7/8, and N > 1. Thereis anr >0
such that the following statement holds: If vg € H*(R) satisfies ||Ug||gr < 7
and ||@0||g1 < r where ¥y = Iyvg and wy = e Iyv, then there is a 6 > 0 so
that the initial value problems and admit solutions v(t,y), w(t,y),
respectively, on [0,5]. Moreover these solutions satisfy

[ollxy S lvollar,  and  Jwl[xr S [[woll a1

Proof. Let p: R — R be a smooth cutoff function, as in (11)), and let ps(-) =
p(:/9). We begin by rewriting the equation for ¥(¢,y), (20, using Duhamel’s
formula:

T = Wi(t)io + /O Wit — s) <IN6y(1)2) + 20, (1heT) + Oy (In (ev) — wchv))

t
+ / Wi(t — s)(¥0y + ¢0c)INteds.
0

We will show that the map ® given by
t
B3 = pa(OWs (50 -+ palt) [ Wilt =) (Indy (07) + 20, (6:7) ) ds
0

t
+os(t) [ Wit = 9)(0) (L (bew) — beo) + (30, + 0. I ) ds
0
is a contraction on a small ball in X(}. We estimate v in Xg using and
(-
1952 S ooll s + 1230, (@)llva + 19, (0e)lly

T8y (In (Yev) = YeIno)llyy + 1(70y + é0e)INtelly;
=: ||vg||gr + Term I + Term II + Term III + Term IV.

To estimate Term I we first note that

1120y (0*)llyz ~ 110y ()l < Iollxs ~ 1ol
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In light of Lemma 12.1 from [?] we may conclude that
180y (V) vy S Hnoll3s = 10]1%-

To estimate Term II we use the bilinear estimate to see that

Term 11 ([t 7] -
Recall that for §, e > 0 sufficiently small we have

lbellxs S 6.
Thus
Term II < 60| x1.
Turning to Term IIT we argue as for Terms I and II to find that
Term III S |0y In ($ev)llyy + 110y (YeInv)llyy S 6°[0]x; -

Finally, for Term IV we recall that from the modulation equations we have

[Fllzges Mellge S 1wl x:

so that
Term IV 5 6[|wl|x:.

Taken all together we have
193] x; < ol + 1[T1%; + 6°II0llxz + 6|l x; - (22)

For the w equation we expand the spectral projection Q f = f*Z?:l (fimi)¢;

and make the change of variables y — y — ((3a% — co)t + v(t) — fot c(s)ds), so
that the equation for w reads

ow + 83@ - 3a8§1ﬂ +a(co — a* — ¢+ co)w — ajyw — e In0, (v?)
- eay(;}/ﬁy + C.ac)IN'll)c - 6ayay(IN('¢)c’U) - chNrU)
+(F,m)G + (Fom2) G = 0.

Rewriting this equation using Duhamel’s formula leads us to define the fol-
lowing operator

W = ps(OWa(t)T0 -+ pilt) [ Walt =) (200, — 0)(pE0.D) + apsi)ds
0
—|—p5(t)/0 Wo(t — s) (a(c — o) psW — eayINay(p§v2))ds
+5(1) / Walt = 5)( = €™ (30, + D)psIntbe + €0, (In (bov) = e Inv) ) ds

+5(t) [ Walt =) (po(Fmn) o + sl Fomica) s
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which we hope to show is a contraction on a ball in X}. We estimate Yw in
X g using @ and , which yields

1@l < ll@ollzr + 19y — a)pivedllyy + llpsy@lyvy + (e = co)pstlly;
+ e Indy (p3v*) vz + €™ (30y + c0c)psIntelly;

+ [0y (In (Yev) = YeInv)llys + los(F,m)Cllyy + llps (Fome)allyy
= ||wo|| g2 + Term I+ Term IT 4 Term III 4+ Term IV
+ Term V + Term VI + Term VII + Term VIII.

To estimate Term I we use e®¥dye™* = 0y — a, v = e~ *Yw, and the bilinear
estimate ((12)) to see that

Term T = [|eV 9y~ llys = [|e™Dybi]ly.
< 50, cllys + e 0ed, By
Sl bellxs + el 15 x

S 6wl xz + 60l xz -
In estimating Term II we use that ||¥]|z; < [[w]|xz, which gives
Term II < ||15H§(§
In order to estimate Term III we note that
t t
)~ ol < [ elds £ [ 1T ds < 1T
0 0
Since we are restricted to the interval [0, §], Holder’s inequality gives
le(t) = col < 62| @]z S 52| x1-
It follows that
Term I < [l — coll g |l x; < @1%;-
To estimate Term IV we use and to see that
Term IV < [[e*9,, (In (p3v®) = p5(Inv)*) [y + [[€® 8y (Inv)? |y
S lle®Inv|[x: [[Invl]| x:
= [|o]x: |7 x:-

The estimate for Term V is similar to the one we used for the analogous term
in the ¥ equation (term (IV)), yielding

Term V < 6°[|w||x1.
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Term VIis estimated using (16), (12), and the fact that || Inye—tc] x1 S N ™€
with C as large as need be:

Torm VI < e, (L () — Ivthelno) s + €70, (0 — Ine) Invlya

< NV 1+ N7V346 @ 1 + N-C[x1 + N x,
leaving us with

Term VI < 0°[[0]| x2 + 0°[|w] x:-
Turning to Terms VII and VIIT we recall from Lemma 3.5 in [19] that
) Gllvs S Iflyes G =12
It follows that
Term VIL Term VIIL S || Flly S [@ll%; + 18] x2 19] x3 +6 @l x3 +87] x3-
Altogether, then, we have
1@l x; < I@ollr + 8N@l xp + 0°lIDllxz + @5 + @] x; 1]l
Suppose that ||Up]| g1, ||Wo||gr < r < 1 and let
B={7.@e X} | [olx; < 2er, ]y < 2er}.

Using the estimates that we have established, it transpires that ®, ¥ : B — B
are contractions following the arguments from Proposition 4 of [19]. The
desired result follows. O

5. ITERATION

In this section, we prove the main result of the paper, namely the ex-
ponential decay of the weighted perturbation given in Theorem We will
prove the result by induction. Define ¢, and *,, by @, and let the variable
y be defined accordingly as y = x — fot c(s)ds — y(t). Let T > 0 be given.

1
oy L1os - (_;_f_

Let £ = (max(1 — b,%)) s=i- . Let N(n) = & 3ot )n. Now, let ¢
and ¢z be sufficiently small so that, whenever | Iy w(t,)||gr < 2¢; and
1N nyv(tn) | < c2, it follows that v(t) exists on [to,to + ¢], and

||’w||X[1t,0b’t0+5] < 0061 and ||v“Xﬁﬁ,to+5] < C()CQ, (23)
where Cj is the implicit constant in the conclusion of Proposition [l Addi-
tionally, assume that co < 1%. Let ng = %. Finally, choose € sufficiently
small that Cr3" €9 < co, with r to be expressed later.
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We must recall the known control on v. In [I8] it is proven that, with

H(f):f‘az.ﬂQ*% Sa

o ~ G0 + 0,0 — (L2222 ) gy
¥ + On ()]l 2

ol ) ).

= H( -+ 8,(0) ~ HD) + (-

10
Then, since H (1)) is constant and (1— (%) * ) is very small (O(IN ~100),
L

e.g.), it suffices to increment H (1) + 0, (n)). It is then found in [I8], as in [20],
that H(¢+0,(n+1)) — H(¢+0,(n)) ~ N(n) "' *||0,(n)|/%.. Therefore, when
we increment v, we obtain that

1Tn+1(n + D)lIF = 150 (n) 172

=l|Tn41(n + DllE = [0a(n + DllEn + 800+ DlFn = 19 (0)l17

Nmn+1)\"* _ 3 _
< (NW) D)o (n 4 DI+ [Faln+ D2 — ()20
N(n+1) 1os - 2 ~ 2 > 2
< (N(n)) D) ([Tl + D2 — 50 (m)]20) + [0 + 1)[20

~lntolfs + (T =) - Dl

_(N@n+1) o o (n 2 — o (n)|?
_< b ) (13 (n+ )12 = 150 (m)I3)

)
N(n+1) 1_8_ & (2
(RS - i,
(N(n—i—l B N(n+1

7) - n) "o (n) |2 7) 1_8— ¥ (n)]|7
o) e s + (S ) - Dl

=(xCF= (N ()T 1) = 1)[5a(0) .

<

Therefore, for n large,

1—s

. + _ . 8
[Tn1(n+1) S w37 (N(0) ™ + Do)l < rlloa(n)lI7,

1—s

+
where 7 = 1.01k 1" ' is slightly larger than 1. Hence it follows that

[T ()] 712 < Cr"és. (24)

Hence it follows that ||0,(t)|| g1 < c2 on J, for 0 < n < ng.
With all these preliminaries complete, we can state the induction lemma:
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Lemma 5.1. Define w,(t,y) = e Inmv(t,y) and 0n(t,y) = Inmyv(t,y) on
the time interval Jp, = [tn,tny1),where t, = nd. Suppose || W(0)||g < €1,
19(0)||gr < €2, and |c(0) — co| < €1. Then, for all n € N, the following hold:
(1) Define c(t) inductively starting at ¢(0) by c(t) = c(t,) —i—f:n ¢n(t)dt for
t € [tn,tnt1), and similarly for ¥(t). Then é, and ¥, are continuous

on J, for all n, and ¢,y are continuous functions of t.
(2) |én(tn)] < Cerr™,
(3) 1 (tn)| < Cerr™,
(4) |
) |

4) |e(tn) — col < Cll_f:
(5

M’n(tn)HHl < €ek",
3
where C' = 2max{(2 + [[ul L= + [IpyullL=)(Imllz2 + [n2llr2), CF , 1}

Proof. Note that, for n = 0, t = 0 and N(0) = 1, so (4)-(5) are verified
by hypothesis. Also note that the smoothness of ¢, and 4, on each J, is
a standard application of the implicit function theorem. Then ¢ and v are
continuous by construction, so (1) holds for all n. Finally, we need to verify
(2)-(3) at n = 0 in order to begin the induction. Note that

J=a(@m=).
where

A= <[1 + <eay(aywc - 3y¢¢:0), "71> - <u~)7 ay771> <€“y(3c1/)c - acd’t:o)a 771> :|>_1
<eay(aywc - aywco)7 772> - <’LD7 8y772> 1+ <eay((i)cwc - 3c1/)c0)7 772> '

At any time when |c — ¢g| and ||@,||g: are sufficiently small, it follows that
[I4] <2, so that

¥
¢
Finally, by Lemma [3.1

1G22 = ll(c = c0)(9y — ) — e®I(v?), — e®Oy[I (wv) — ulv]|| 2

< le—colll@llm + le™I(*)y L2 + le® 0y I (uv) — ulv]| e

< le = colll@l g + o]l €* 10y v]| L2 + 2[[ul e~ [€* 10y v]| L2

€1, and

<g~7nl>L2 _ ~
=2 ‘ [(gﬂh)m] ‘ = 2(2?}5 7l )G | 2

+ 19y ull L= l[e*pyIv]| L2
< (le = col + [Hvllgr + 2l|ullze + [Oyull o) @] 1
< 2+ 2ffullpee + 18y ull Lo ) @] m1

so long as |c — ¢p| and || Iv]|g: are at most unit size. Therefore (2)-(3) are
satisfied at t = 0 because of our assumptions on the initial data, given our
choice of C' above.
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It remains to make the inductive step. Assume that, at step n, (1)-(5)
are valid. In order to step forward in time, we must first gain some a priori
control of the various functions on the interval J,,. Without loss of generality,
assume § < 1. Select 7 so that 24Ce; < 1% and n+ ¢y < % (and assume €5 is
sufficiently small to allow this). Define L(t) = 8C||@|| g1 + |¢| + || + |¢ — col.
Note that at t = n, L(n) < 11Ce; < Z. Hence, by continuity, there is a
0o > 0 so that L(t) < n on [tn,t, + do). Let d; be the largest such dg which
is at most 4. We want to show that é; = 4. Suppose not; then d; < 4. Then
L(t,+61) = n by continuity. Define J = [t,,, t, +d1]. On J, as above, we have
that ¢ ++4 < Cll@| g < . Moreover, |c —co(t)| < |c(n) — co| +d1sup; |¢] <
2Ce; 4§ < {5 + ¢ = }. Finally, we must estimate ||w(t,, + 1) #1-

We have:

. . d . .
[ (tn +80)2 = l(t) 200 + / &3t
J
— i (t) 20+ 2 / (10, 152
J

= [|@(tn) |7 +2 /J<u~;7 Ay + QF) g dt

S61—|—2/<U~),Aa’u~)>H1dt+/<7J),Q]:>H1dt
J J

20> _
<a-Giga+ [ @ 0Rm
2 2
n 2bn -
<L = .
<%0~ 61c? +/J<w,Q]-'>H dt

by Proposition [1} the inductive hypothesis, the a priori control on w on J,
and the fact that the length of J is at most 1. It remains to estimate

/(ﬁ),Q}')Hldt
J

= / (0, Q((c—co —4)(0y —a)w — e“yIN(n)f)‘y(v2) + e (é0e + 0y ) IN ) Ye
J

- eayay(IN(n) (Yev) — ¢CIN(n)U))>H1dt
=(I)+(ID)+III)+(IV).

For (I), note that Q(9y, — a)w = (9, — a)w, and 9, is anti-symmetric, so
(D=/,((c = co) = ¥)(—a)||w||F: dt, which is at most %, which is certainly
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less than 5. For (II), we have

/]<II}, —e“yIN(n)(‘?y(v2)>H1 dt

:/(ﬁ),e“yﬁy[l—N(n)v2 — (IN(n)U)2]>H1dt+/<’u~}76ay8y(IN(n)1})2>H1dt
J J

g/]<m,e—ayay[[N(n) (0%) = (Iny0)* D)t + 10 1 g2 1€ 0y Iy 0) 2l 131
T _ - - - -
<2N(n)"% Hw”Xl,%,l”w”Xl,%,l””HXl,%,l + ”wHXl,%,l”w”Xl,%,l HU”XL%J
R ~
<L+ 2N ) DI,y 5l .

<(1+42N(n))"1C3e3 ¢y

1 C8,
< >0
=5760 02"

2
<7L7
=20

by Corollary Proposition and the local well-posedness estimate . For
(IIT), recall that Iy ()t — e = O(N~C) for C arbitrarily large. So, since

Q(eayacwco) = Q(eayayz/)co) = 0, we have

(1) = /J(Ul Qe (c0c + 40y ) ((In(n) = Dtbe = Yeo] + [Ye — Veo] + Yey))]) rrdt
= /J(Ul Qle™ (¢0e +40y) ((In (n) = D[the = eo] + [Ye — e, ])]dt

< (1+6NC) /J (1€l + Fle — collli ] ars e

IN
[}

an
43

e
8C
2

IN
l\.’)‘d
O.
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Finally, for (IV), we have
[ {0690, (I 0) = L)
= [ e, L (060) = (Do) vl
+ /J<u~}7€ayay[((IN(n)wc) — ) (In(nyv]dt
<Nl oy N ™ Iyl g a9 oy + Wiyl o I 1p0)
T+ ONCUI oy ™ el a0 g s + el oy 8] g

- 1. -
< 4||w||X1,%,1(N 4 HUHXL%J + HwHXl,%,l))
< 4Coe1(c2 + 1)

< Lﬁ,ﬁ
120 C
2

<

- 20

Adding it all together, we get that

2 2 2 2 2 2 2
N n 2bn neoont Nt n

t4 62 < L — o nn
ot + 00l < 55 — Gacz Y o9 T 20 a9 T 20 < 4

so, L(t, +01) < 7 + 7 + 2 = n,and hence §; = 4.

Now we are ready to make the inductive step. Consider (2)-(5) at time
tnt1. As above, we have that |¢,(tnt1)| + [Fn(tnt1)] < 2C|W(¢En41)] a1, SO
(2) and (3) are validated whenever (5) is. Indeed, the estimates (2)-(3) hold on
the entire interval J,, whenever ||w]|| g1 is similarly controlled on the interval.
Similarly, whenever (2) is valid on J,, we have

eltnss) = ol < lelt) = ol + [ [ea(0)lt

n

1 — g™
SC il 61+Cl<in€1
1-k
1_ n+1
gC’iﬂ )61,
1-kK

so (4) is also validated. It therefore remains only to control ||w, (¢)|| g on J,
and estimate ||wy,41(n+1)||3: — |wn(n)]|3;:. We must therefore do two things:
Estimate ||wp41(n+1)||3: — |wn(n+1)||3:, and estimate [Jw, (t)||3: on J,.
In what follows, for notational simplicity, we will estimate ||wy, (t,4+1)]|%:, but
the same estimate is valid for any ¢ € J,,. Define K,,(n) = ||wy(t,)||%:. Then,
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as computed above, we have the following increment:
K,(n+1)— K,(n)

:2/] (w,Aaw>H1dt+/J (6, QF) gt

n n

9 / (0, Ayt gt + 2 / (5, Q(e — co— 3)(y — a)id — €™ Iy By (v?)
J. J,

n n

+ e (0. + ;Vay)IN(n)wc - eayay(IN(n)(l//cU) - ¢cIN(n)U))>H1 dt
=(0)+(I)+(I1)4(II1)+(IV)

We estimate these terms as above. For (0), by Proposition [1} this is at most
—2b fJ lw||%.dt. For (I), we get

/ (c —co) =) (~a)||wllFpdt < 4a77/ [[w(t)[I dt.
Jn

n

For (IT), we obtain, as above,

/J (B, €V Iy 00yt < (12N () )62, 4, [l o g < CeoN ().

Xl‘%’l
Then, for (IIT), we get as above

(1) < (1+0N’é)[](\él+|ﬁ\)|C*COIII@IIH1dt§ 2/ nlldn (t) | dt.

Jn

Finally, for (IV), we have, as above, with 7 a small positive number,

(V) < bl o g (V55 )0l g+ N0y )

1
X131

< 27N(n)+ Ni~ste N(n).

Notice that N(n) has been chosen so that N(n)i 5% < k™ < Ce;x™. There-
fore, putting everything together, we have that

Kn(n+ 1) — Kn(n) < (—2b + dan + 2n) / 0 (8)]122dt

In

+ (Cco + 27)N(n) + Ceger 6™/ Ky (n).

Now, suppose that K,(n) ~ (e;x")%. Then by the same argument as in
1—s
s

2 ——5
[19], it follows that K, (n + 1) < max{(1—1b),2}K,(n) < k& T3 K, (n).
Finally, it remains to compare K, 11(n + 1) to K,(n + 1). By properties of
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the I'y multiplier, we have that

KnJrl(n + 1) S

+ 2415 -
kit g ei- K,(n)

k2K, (n).

IAIA

On the other hand, if K,(n) < (e1x™)?, then the largest term on the
right hand side is the last one, and we obtain that K,(n + 1) < (e1x")2.
Then Kp11(n+1) < m(ﬁ—l—)(em”)Q, which can be taken to be at most

4

212"+ In either case, after applying the inductive hypothesis, we obtain
that K,i1(n +1) < (ex"t)2, so [[pe1(n + 1)|gn < ex™FL. Hence the
inductive step holds and the proof of the lemma is complete.

O

To conclude the proof of Theorem |1} let 7 = 3. Then (2) and (3) are
immediate from the lemma. To conclude (1), note that
lle®¥ o) ||g < ||[e®Inv(t)||gr = [|[w(¢)||g1 for any N, by the properties of
Iy and Lemma[3.2] Hence (1) follows from the last conclusion of the inductive
lemma.
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