ASYMPTOTIC STABILITY FOR KDV SOLITONS IN
WEIGHTED SPACES VIA ITERATION

BRIAN PIGOTT AND SARAH RAYNOR

ABSTRACT. In this paper, we reconsider the well-known result of Pego-
Weinstein [I7] that soliton solutions to the Korteweg-deVries equation
are asymptotically stable in exponentially weighted spaces. In this work,
we recreate this result in the setting of modern well-posedness function
spaces. We obtain asymptotic stability in the exponentially weighted
space via an iteration argument. Our purpose here is to lay the ground-
work to use the I-method to obtain asymptotic stability below H!,
which will be done in a second, forthcoming paper [19]. This will be
possible because the exponential approach rate obtained here will defeat
the polynomial loss in traditional applications of the I-method [20], [6],
[18].

1. INTRODUCTION

We consider solutions to the Korteweg-de Vries equation:

U + Ugze + ax(u2) = 07 (1)
which is a well-known nonlinear dispersive partial differential equation mod-
elling the behavior of water waves in a long, narrow, shallow canal. Of partic-
ular interest are soliton solutions to this equation, which are special traveling
wave solutions of the form

Qemo (1) = ol — ct — 20) = %sech%%(a: C—m)). (2

The stability of these solitons has been an area of intense study for many
years. One might first be interested in the orbital stability of the soliton.
That is, if, at t = 0, u(x,0) — ¥.(z) is small in an appropriate norm, then,
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for all time there is some xo(t) so that u(z,t) — .(x — 2o (t)) remains small.
The study of orbital stability in the energy space H' began with Benjamin [I]
and Bona [2], continuing with Weinstein [21]. Merle and Vega established the
orbital and asymptotic stability of KAV solitons in L? [13]. One can also study
the possibility of orbital stability of solitons in H* for s not an integer, and
in [20], [18] it was shown that, for 0 < s < 1, the possible orbital instability
of the solitons is at most polynomial in time.

Also of interest is the concept of asymptotic stability, meaning that there
exist ¢4 and x4 so that, in some appropriate sense, u(x,t) =, (r —cpt—2x4)
goes to zero as time goes to positive infinity. Asymptotic stability for the
Korteweg-deVries equation was first studied by Pego and Weinstein in [I7].
In that paper, the authors considered the behavior of solutions to KdV in the
weighted space H! = {f|||le® f(x)||g» < +oo}, for appropriate choice of a.
In that setting, they were able to conclude that solitons are asymptotically
stable and, in fact, converge exponentially to the limiting soliton. Asymptotic
stability in the space H! was established by Martel and Merle in [12 [11], and
in L? by Merle and Vega via the Miura transform [13]. Recently, Mizumachi
and Tzvetkov [I4] have used the Miura transform together with the work of
Pego and Weinstein to prove that solitons for KdV are asymptotically stable in
L?, providing an alternate proof of the result of Merle and Vega. Buckmaster
and Koch [5] have shown that KdV solitons are asymptotically stable in H*
for any integer £ > —1.

In this paper, we reconsider the result of Pego and Weinstein. We establish
local well-posedness for the exponentially weighted soliton perturbation in a
space X11/21 which embeds into the Bourgain space X?, partially follow-
ing the local well-posedness work of Molinet and Ribaud [15] on dispersive-
dissipative equations; see also [I6], [7]. We then run an iteration scheme
to establish global control of the perturbation in H' and the exponentially
weighted space H], concluding that the soliton is exponentially asymptoti-
cally stable in H!. The purpose of this work is to modernize the techniques
used in Pego-Weinstein so that the result can be used in concert with other
modern techniques. In particular, in a forthcoming work [19] we will combine
this argument with the I-method to obtain asymptotic stability of solitons in
the space H;.

In previous work of Colliander et al. [6], Raynor and Staffilani [20], and
Pigott [18], the question of orbital stability of solitons in H® for 0 < s < 1 has
been considered, for the nonlinear Schrodinger, KdV, and generalized KdV
equations respectively. In each case, it was found that there was at most
a polynomial instability in the orbit. That is, if ||ug — ¥¢||m+ is sufficiently
small, then for some long time interval and some power p depending only on s,
infeoer ||ult, ) —®e(-—x0)||ms < CtP. This possibility of polynomial growth in
the H® error is believed to be an artifact of the technique; whenever estimates
are done with the I-method, there is some small error on each time step which
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grows polynomially when iterated. Our purpose in these papers is to obviate
that error. When working in the Pego-Weinstein weighted spaces, one gains
an exponential decay in the error as the solution evolves. Therefore, one can
hope to defeat the polynomial error and obtain a true stability result in H*®
for s < 1, which will be a substantial improvement in the current state of
the art. However, working with both the dissipative spectral structure of the
weighted spaces and the delicate harmonic analysis required for the I-method
turns out to be rather technical. For that reason, we have split the work in
two. In this paper, we update the well-posedness technology necessary to use
both methods, and then demonstrate how this can be utilized by reproducing
the well-known H' stability result of Pego and Weinstein. The asymptotic
stability of solitons in H*® with % < s < 1 will appear in a subsequent paper
[19]. There we employ the I-method together with some new multilinear
estimates to show that solitons for the KdV equation are asymptotically
stable in H? for 7/8 < s < 1 and that the perturbation decays exponentially
over arbitrarily long time intervals. The results appearing in [I9] are inspired
by the estimates and the iteration argument developed in this paper.

The paper is organized as follows: In section 2, we will set up our notation
and establish basic results. In section 3, we will establish the necessary local
well-posedness. In section 4, we will run the iteration scheme and establish
the main result of the paper.

2. NOTATION AND BAsic RESULTS

Consider a solution u(z,t) to the Cauchy problem:

Up + Ugze + 0p(u?) =0, x€R, >0 (3)
u(x,0) = up(x).

Let ¢ > 0 and consider the function 1. which is the unique even, exponentially
decaying solution to the soliton equation

—et + ol + (7)) =0.
The function . takes the form given in . In this work we will consider
initial conditions u(x,0) = ¢, (z) + vo(x ) Where ||’U0HH1 is sufﬁciently small.
We will make the ansatz that u(x,t) = fo s)ds — y(t)) + v(xr —
fo s)ds —(t), t) where ¢(t) and ~(t) w111 be chosen later. From now on, we

denote by y the quantity = — fo s)ds — y(t).

We are also interested in controlhng v in the space H!, which has the norm
I fllzr = [le® fllgr. This is equivalent to controlling w(y,t) := e™v(y,t)
in H'. We will choose the parameters c(t) and v(t) so that |w(-,t)|z> is
minimized at each ¢. In order to do so, we first need to consider the difference
equations satisfied by v and w, and consider their linearizations about the
soliton.
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Lemma 2.1. The perturbation v satisfies the difference equation
vr = 0y (=02 + co — 2pe)v + 0y (V%) + (§0y + ¢0e) e + (7 + ¢ — co)Dyv  (4)
Moreover, the perturbation w satisfies the difference equation
wy = e“yay(—aj +co— 2 )e”Mw + (¢ — o) (0y — a)w
+ [€™(E0e + 70y Jtbe + 7(9y — a)w + ™0y (c — o + v*)e” Ww).
Proof. For these calculations, see [17]. O

For fixed ¢ > 0, define the operator A, = e®d,(—9; + ¢ — 2¢.)e"Y. We
have the following from [17]:

Proposition 1. For 0 < a < \/g, the spectrum of A, in L? consists of the
following:

(5)

(1) An eigenvalue of algebraic multiplicity 2 at A = 0. A generator of
the kernel of A, is (1 = e®0yt)., and the second generator of the
generalized kernel of Ay is (o = e 0 1),.

(2) A continuous spectrum S¢ parametrized by T — it° — 3a1® + (¢ —
3a?)it — a(c — a?). For any element \ of this continuous spectrum,
the real part of X is at most —a(c — a?) < 0.

The spectrum contains no other elements.

We also need to consider the elements of the spectrum to A}, which are
m = e—ay[elay—lacwc + 021.] and 12 = e Y (031).), where ay_lf is defined
to be fi’oo f(t)dt and 6y, 05 and 3 are appropriate constants to obtain the
biorthogonality relationship ((j,mx) = 6,5 We will define the L? spectral
projections Pw = Zfﬂ(w,m)@ and Quw = w — Pw onto the discrete and
continuous spectrums of A, respectively, with respect to the fixed initial value
of ¢, ¢y. Finally, note that the spectrum is the same in H':

Proposition 2. For 0 < a < \/g, the spectrum of A, in H' is the same as
its spectrum in L?.

Proof. First, note that the kernel elements listed above are also elements of
H'. Therefore the discrete spectrum is the same in H'. (Since H' C L?.)
Second, note that

A, = e“yay(—aj +c—2¢)e” " = (9, — a)(—(9y — a)® + o) — 2(0y — a) ..
Because 1), is an exponentially decaying C*° function, the operator —2(9, —
a)i. is a compact perturbation of AY := (9, — a)(—(8, — a)?® + o), whose
continuous spectrum in H'! is exactly as in L2. O

Returning to the difference equation ([f]), for each fixed ¢ we select ¢(t) and
v(t) so that Pw = 0, and Qu = w. Defining F = [e™(¢0. + 40y]1c + F(0y —
a)w + e¥d,(c — co + v*)e"%Ww], we have that

U)t:Aa'lU"‘Q]:7
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and
4] [(e®dy(c — co + v2)eWw, my)
A{J'_{@”8A600+v%e“%mnﬁ ! (6)

where

A= |:]- + <€ay(aywc - ay"/}co); 771> - <w7 ayn1> <6“y(3c¢c - (9c¢co), 771>
<eay (aywc - ay¢co)> 772) - <w7 8y772> 1 + <eay (ac'(/}c - ac"/}co)7 772>

3. LOCAL-IN-TIME THEORY

The modulation equation for w can be written out as:

Oyw + 2w — 3a0?w + (co — 3a?)0pw + a(co — a®)w — 2(9x — a)(Yew)
—Q[e (¢0c + 02 )the + V(02 — a)w + €0y (c — co + v)e” w] =0,
w(0,2) = wo(x).
(7)

To implement our iteration argument, we need to establish control of the
perturbations v and w as follows: suppose that vg,wy € H'(R) and let
v(t,z), w(t, z) satisfy ([ and (7)), respectively. There is a § > 0 such that

[vllxz S llvollgr and  flwllx; S llwoll (8)

in some space X} of space-time functions localized to the time interval [0, ];
see Proposition [] below.

It turns out that the selection of the space X g is a rather delicate matter,
owing in large part to the requirement that it must accommodate solutions of
both () and (5). A natural candidate is the space X* with b > 1/2 defined
by

7l = = €107,

where f(t,z) is a space-time function and f(T, £) is its (space-time) Fourier
transform. These spaces were successfully implemented in the study of the
KdV equation (see [], [8]) and would be sufficient to establish for v. A
theory applicable to the weighted perturbation w is also available in X} (see
[15]), however, Molinet and Ribaud prove that

[wllxre < llwoll v

Since we require b > 1/2 to obtain the embedding X** < CyH?, this estimate
is insufficient for our purposes. Alternatively, one could try to accommodate
the presence of the dissipative term in the definition of the X1 space; for
instance one could consider the space Y'* with norm

it =&+,
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In this case there is an adequate theory to handle the equation for the weighted
perturbation w (see [10]); however this space is no longer suitable for the
unweighted perturbation v.

Following this reasoning, we are lead to consider a Besov refinement of the
space X 1?, which enables us to choose b = 1/2 while still having an embedding
into CY H!. We begin with some notation. Define the sets A; and By by

A ={(reR? |2 < (g <2} j=0
By:={(r.§) eR? [ 2" <(r—¢) <2"}, k=0
Here we regard 7,& as being the frequency variables associated to the time

and space variables t,z, respectively. We define the space X*%! to be the
completion of the Schwartz class functions in the norm

o\ 1/2

[ llsenn == [ D227 [ > 2" fllp2(a,mm,) . (9)

Jj=0 k>0

A slightly modified version of this space was used by Kishimoto [9] in the case
where s = —3/4 to establish global well-posedness of the KdV equation in
H~3/4(R). Here we are interested mostly in the spaces X*/21 and X ~1/2%1,
We recall the following two embeddings valid for b > 1/2,

X0 XUy CVHS,

both of which are easily verified using the Cauchy-Schwartz inequality.

Following standard arguments in the X spaces [3, 4, 8] we define the

time-localized space X§’1/2’1 to be the space with norm

||uHX§,1/2,1 = inf{||w|| xs.1/22 | w = w on [0,0]}.

Since we work primarily in frequency space, we define the space Xs1/2.1
corresponding to the norm

o\ 1/2

I genron o= | D229 | D 2% fllL2(a,nmy) : (10)

>0 k>0

where f = f(7,€).

3.1. Linear estimates. We introduce notation for the linear evolutions cor-
responding to and . Let W1 (t) denote the standard Airy evolution,

Fe (Wi(0)1) (€) = e f(©).
We also introduce Wa(¢), which we define for ¢ > 0 by
Fo(Walt)f) () = "m0 fg),
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where p,(€) = 3a&? + a(c3 — a). We extend this to all of t € R by
Fo (Wa(t)f) (§) = "€ 1@ f(g),
In what follows we let p be a time cut off function such that
p € CP(R), supp p C [-2,2], p=1lon[-1,1].
Set pr() = p(-/T).

Lemma 3.1. With W1 (t) defined as above we have the following two linear
estimates:

le@Wi () fllxear2a S\ f e, (11)

Hp<t> / Wt ) F(s)ds L L. (12)

Xs.1/2,1

Proof. Recall that ||[W1(t)f|xs1/2+ S || fllmge- By a similar argument, using
the construction of the space and Holder’s inequality, we obtain . The
estimate is established in Lemma 4.1 of [9]. O

Lemma 3.2. Let 0 < a < min(1,¢q), and let s € R. For Wy(t) defined as
above we have the following two linear estimates:

lp(O)Wa(t) fllxsarza S Ilae, (13)
¢
Jxw, 0(0) [ Walt = ) (s)as
0
Proof. Our proof of mimics the argument given in [7] Proposition 4.3.
Observe that it suffices to prove that for each j > 0,
oW () fllzca,y S N fllLzca,)-
If j = 0, then |p,(&)| < 3a + a(cg — a), and

lo®Wa®)follzs S 3 221 (p()e™ ) Foll sz,
k>0

(Ba+a(c2 —a)™ ~ n
< 3 Bt G O ool Ly S Wfolze
n>0

S| F| xs-1/21- (14)
Xs.1/2,1

(15)

Let Py be the projection operator defined by
]:(Pkw)@-v 5) = XBy (Tv f)]:(w)(ﬂ g)
Notice that if £ ~ 27, then for any k& > 0 we have
(| P (exp(=pa(E)EN) ()2 S | Pe(exp(—pa(27)]t])) (1) L2-
This follows from Plancherel and the fact that

Fie ) = O
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In the case when j > 1 we have

IpOWa() Fllsz S 32252 | F©)F (pye#+©1)]
k>0

L2(By)
S S22z [xa, € Pulott) exp(—pal@ )0 e
k>0
It suffices to show that for each each j > 1 the sum
> 252 |xa, () Pr(p(t) exp(—pa(ﬁ)\tl))(t)HLgoLg ; (16)
k>0

is bounded. We may assume that & > 50 in the summation. We first decom-
pose the product p(t) exp(—pq(£)]t]) using the following para-product decom-
position:

po = Z ((Pig1p)(P<is10) + (P<ip)(Piy10)),

>0
where p = p(t) and ¢ = exp(—pq(§)|t]). We have adopted the notation
Py = ZLO Py. Therefore

Pi(pd) = Pe | Y. ((Pis1p)(P<it16) + (P<ip)(Pis16))
i>k—10

We are thus reduced to showing that the following two sums are bounded:

L= 2% % I Pe((Pivap) (Peinad)) [ e

k>50 12k—10
I — Z ok/2 Z HXAij((PSiP)(Pi+1¢))HL?’L?'
k>50 i>k—10

We estimate I as follows:

HES PP Ixa; Pir19ll ez P<ipll g
E>50 i>k—10

5 Z Z 2(k_i)/22i/2”Pi-‘rl(b”LgoLf

k>50i>k—10

SO 0272 Py (exp(—pa(20)[t) 122 = | eXP(fpa@j)ltDIIB;/;-
i>0 '

We recall that the Besov space space B;/f has the following scaling structure:
DN oy g ~o /s,
1725 gz ~ 11
1/2

Since e~I*l € 32’1 , the desired result follows. One can estimate I in a similar
way.
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The proof of proceeds as in the proof of Proposition 4.4 from [7]. Let

L(F)(t,z) := xr, (t)p(t) /0 Wa(t — s)F(s)ds,

and define w(t, x) := Wy (—t)F(t,z). Observe that

t
LE) (1) = X, (0p(t) [ %6 [ et n @09 B(s, ) dsde
R 0

t
— o, (Op(0) [ 5O [ G(r,) [t asar
R 0

R

eitT — ¢ Pa (&

= Wi, (000 [ i) (ST Y arde

R2

Define

eitT _ epa(f)t _

h(t,§) = P(t)/rimw(ﬂf)df

From the definition of the space X /2! it suffices to prove

S 2R ) (1,2 a0 S D2 N@(T, ) L2 (4,080 - (17)
k>0 k>0

We begin by decomposing h = hi + he + hg — hy, where

Mg =) [ STt €
B 1 — e Pa(Ot _
alt €)= plt) [ G

mie) = plt) [ e

e~ Pal)t
ha(t, ) := p(t)/l - mw(ﬂﬁ)df
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Estimate for h;. Use a Taylor expansion to see that

S22, Palha) e

k>0
< ks P (P(t)t"> T e
Nkzz:o nzz:l AN /r|<1 ZT+pa(§)w(T §)dr .
7| N
<Z /| i+ pag O
3
L _
. /m EEGRA

3

Now we apply Holder’s inequality in 7 to see that

1 ~
H/TISI mXAjw(Tyf)dT

L
7|

< T XA X B (T, )dT

k>0 /7—|<1 |57 + pa ()] g 12

XA; XBy

< .Ji Ixa; xs (T, &)l

,;O [iT + pa () *
<Y 27 xa, XBkaL?'

k>0

Estimate for ho. If p,(£) < 1, then we use a Taylor expansion to see that

> 2%2xa, Palho)ll

k>0
< k/2 |p“ )|P n Md
222 S ooy >/|T|§1 Y 4

L?,t

< XA, w(T,§)
S / I dr

<1 [iT +pa ()]

L
XA; XBk
T+ pa

<2

k>0

S 272y, B (T ) 2
k>0 o7

||XAjXBkaL3£
LgOL?r
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On the other hand, if p,(£) > 1, then we proceed as in to find that
S92, Prlha) sz

k>0
Ixa,w(r, )l g
<Y 2"/ sup IIXAij(n@)(l—e‘pa“”))l\Lg/ —
k>0 geA IrI<1 (1)

<322, ()2
k>0

Estimate for hs. Let
X|r|21ﬁ7(7’7 £)
g Ta€ =
8= S
Observe that

22| xa, Pe(hs)llzz, < 22 xa, xm, (A7) #r 907, 6)) |2

5 2k/2 X By

||XAjw(T7§)HL§ <7_> X|"'|Z1 2

S 2_k/2||XAjXBkﬁ;HLZTa

from which the desired estimate follows.
Estimate for h,. Consider
L‘2

e—Pa(&)t ~
PO [ el O

/ XAJ-@(T’@dT

Ixa; Pr(ha)llzz, =

< sup [|Po(p(t)e )]z

t

€EA; riz1 0T+ 0a(E) | L
£
”XAjw(Tvg)HLQ
< sup |PLlpl0e Py [
teA; >t |7

Using a Taylor expansion in the case when 7 = 0 as in , and in the
case when j > 1, we have

I, @, ) 1
> 2 Pulholliy, [

k>0 I7[>1 7|

Note that

- 1/2
I, @) 1 o\ _
—dr < Z 5 dr HXAJ-XB;CU)”Lg .
|[7]>1 |T| k>0 [7|>1 |7—| ’

S D27l xm @l e s
k>0
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from which the desired estimate follows. 0
3.2. Bilinear estimate. To prove we will require the bilinear estimate
[uav]lx1.-1/20 S [Jullxrarza vl xea.
We will prove a more general result:
luzvllxs-1/20 S lJullxeaszafvllxenrza, (18)

provided s > 0. Rewriting this in frequency variables we see that is
equivalent to

1€2LF) * gl gemrr2n SN gens2allgll e s2s (19)

where the space X*1/21 ig as in . In this direction we first have the
following basic bilinear estimates, the proofs of which are given in [9].

Lemma 3.3. Suppose that supp f,supp g C A;. Then

ller2r 9|, S 171 zonallgl gouaa (20)
7€

If
K :=inf{|§; — & | 371,72 such that (11,&1) € supp f, (72,&2) € supp g} > 0,

then

[~ K720 fllgonrzallgl goaras- (21)
7€

161727 +4]

Lemma 3.4. Suppose that supp f C A; and let g be an arbitrary test func-
tion. For k > 0 we have

1F * gllz2zay S 241 F | o2 €I g2 - (22)

If Q C R? satisfies
K :=inf{|§ + &| | 37,71 such that (1,€) € Q, (11,&1) € supp f} > 0,
then
1f * gllz20nB S 22K 7V2 )l gonrea €12l 2 - (23)
We are now prepared to establish our bilinear estimate.

Proposition 3. Suppose that f,g € XU/21 with s > 0. Then

IA€L1S) * gll e -1r20 S N F Lo/ 9l ge0/2- (24)

Proof. We may divide f and g into components as follows: Define f; x, :=
XA;, XBy, | and gj, k, 1= Xa;,XB,,9- We thus have

f= Z Z fjl,kl and 9= Z Z Gja ko -

J120 k120 J220 k220
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Our goal is to estimate

ZQQSj Z Z Z Z Z 2_k/22j1||fj17k1 *gjz,kzlle(AjﬁBk) ; (29)

i>0 k>0 j1>0 k1 >0 j2>0 ko >0
indeed we aim to establish an estimate of the form
S llgl%son

It suffices to prove in the following cases:

(1) At least two of j, j1, jo are less than 20.

(2) j1,J2 > 20 and j < j; — 10.

(3) Jj1 = 20, |j — ju] < 10.

To simplify our notation below we let
Fj17k1 = 2j152k1/2||fj1,k1 HLZ, and Gj27k2 = 2j282k2/2“gj2,k2||L2(R2)'

Case (1). We may assume that j,j1,j2 < 30. We apply Young’s inequality
followed by Hélder’s inequality to see that

Hfjhkl *gj2,k2||L2 < ||fj1,7<?1HL2 L4/3||gj2’k2||Ll L3
7€
. g b gl

< <2l5k1/32\\fj1,k1||L§1 ) (2j2/2215k2/32\|gj2,k2||L§2,2)'

After summing in k£ and summing over j (a finite sum), we find that is
controlled by

,T1

30 2 30 2
3 S g ) (355 s
71=0 £, 50 . 7220 k>0 o

Observe that since the sum in j, is finite, we have

30
SN an 290R/32 g e
’ 79,62

Jj2=0k22>0
30
_ sj2o(1/2—8)ja0l5ks /32
DI LT
Jj2=0k22>0
1/2 2\ 1/2
30 30
2(1/2—5)js $j2015k2/32)|
< E 22(1/2=5) g 5 2°722 / ||g]27k2||Lf_2Y52
J2=0 Jj2=0 \ k22>0

S gl g
A similar argument can be used to show that
30

Z Z 2]‘1215k1/32||fj1,1€1”Lglj1 S ||f||)~(5v1/2'1’

j1=0k12>0
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thereby yielding the desired estimate.
Case (2). Here we may assume that |j; — jo| < 1, for otherwise f;, * gj, =0
in A;. For (m1,&1) € Aj, N By, and (72,&2) € Aj, N By, we have
(i +72) = (61 +&)° = (n = &) — (2 — &) = =3¢&1&. (26)
It follows that fj, k, * gj,.k, = 0 on A; N By, unless
9kmaz > 97971972 ., 2j+2j1,
where kjq. = max{k, ki, ka}.
Suppose that k = Eyqz, meaning that 27%/2 < 279/2=51 Notice that in
order for f;, *g;, to have low frequency support we require that £ and & must

have opposite signs for §; € supp fj,,&2 € supp gj,. It follows that supp f;,
and supp g;, are separated by K ~ 271, In light of we have
272 fjy ey * Ggaka | 24,0y S 27IPR2TI2TIOE 4 Gy

Thus

Jji+1

’S Z Z Z Z Z 25j_j2_j1/2_j152_j25Fj1J€1 sz,kz

J20 \Jj12j+11 k120 j2=j1—1 k2>0

§Z2728j73j Z Z Z Z Fjlylej21k2

320 7120 k12035220 k220

2

SN ar2a gl 52
Next we suppose that k; = kpaq, so 21 > 201201 We use with
K ~ 271 to get that
||fj1,k1 *gj27k2HL2(Aijk) 5 2k/227j12k2/2||fj17k‘1||L2||gj27k2||L2
< 2k/2gmigmiisgmiasg =2, W Gl .
Therefore

Ji+1 k1

b
BH<D (D Do D X D THIRE LG,

720 \k=0j12>2j+11 k1>j+2j1 jo=j1—1 k2=0
Now we estimate

2js—k1/2—j13—j28 < 2—jS2—k/162—7(j+2j1)/16 < 2—js—21j/162—k/16.

It follows that
2

5 Z2fjsf21j/16 Z Z Z Z Z 27k/16Fj1,k1Gj2,k2 ,

7>0 k>0 5120 k1 >0 j2>0 k2 >0

and the desired estimate follows.
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Finally we suppose that ko = kjuaq- Since |71 — j2| < 1 we may proceed in
the same way as the case when k1 = k4, to obtain the desired estimate.
Case (3). We may assume that jo < j + 11. Returning to we require
Qkmax 2> 22i+32 We first suppose that k = kypas. In this case we use to
see that

||fj1,]€1 * G52,k ||L2(AjﬁBk) 5 2_j/42k1/22k2/2 ||fj1,k?1 HL2 ||gj2,’€2 HL2
5 27j/427jls27j2st17k1 sz,kz'
Therefore is bounded by

2
j+10 Kk

k
PO ED DD DD DD DD D R R (A

320 \k>2j+j2 j1=7—10 k1=0 j2=0 k2=0
410k j411
Jjsoj19—j—J2/29—j/4o—J1s9—J2s . )
SO\ D0 Do D0 Y iy yieg Ty 4 Gy,
j=>0 J1=7—10 k1 =0 j2=0 k2=0
2
—3/2 —Jj2s—j2/2 1p. .
SO DIDIDIDIE: Fju G |
j=0 Jj120k12>0j2>0 k220

which is sufficient.
Suppose that kpqe = k1, so that 281 > 227+72 - We use to estimate

I fjr ok * ool L2a,0m,) S 2F/22770 /42822 11 011219 ks | 2

S 2k/42_j1/42_j182_j232_k1/2Fj1,kl sz,kz :

It follows that is controlled by

k j+10 I Ky
)31 DD DD DD DI Dt R e S A IS
J20 \k=0j1=5—10 k1>2j+j2 jo=0 k2=0
2
S22 2 2 2 2 Y G |
j=0 J1>20k12>0j2>0k2>0
which is sufficient.
Finally, suppose that k... = k2. Here we divide our analysis into the
following two cases:
(1) lj2 —Jl <5
(if) [j2 — 4 > 5.
In Case (i) we use (22) as above to see that

k/do—ja/do—j150—jaso—ks/2
[ fjs ok * ool L2(a,08,) S 28742772/ 407 diegmizsg=ke 2y Gy
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After summing in k we thereby find that is bounded by

j+10 k2

11 IS0 VD S RE T

320 \ n=j—10k1=0 j2>0 k2>2j+j>
[7—721<5

j+10

SO D D D D2 EehaTI kR 4G,

320 \ 1=j=10k1>0 j2>0 ky>0

|7—721<5
2
3j/4
<§:2 E:E:E:E:]laljz,kz )
j=0 j120k120j220 k220

which is sufficient for our purposes. In Case (ii) we can use (23) with K ~ 27
to estimate

||f]17k1 *9]2,k2||L2(A NBL) ~ <2k/22 J/22 j2/22 JISQ J252 k2/2FJ17 sz,kz'

We use
2—k2/2 < 2—k/162—7k2/16 < 2—k}/162—7j/82—7j2/17

to see that, after summing in k, is controlled by

J+10 ka

)OI EDDED DED DED D e A

520 | j1=5-10k1=0 j2>0 ks>0

[j2<j—5
2
—3j/4
S22V D0 D Finm G
j=0 J120k120 7220 k220
This completes the proof of the Proposition. O

3.3. Local-in-time control of the perturbations. The purpose of this
subsection is to establish estimates of the form . Before stating a proposi-
tion to this effect, we note that from the modulation equations @ we have

€], Y] S llwllgemy S llwllx1a/20. (27)

We also require control over |c¢(t) — ¢g|, which is obtained by integrating the
control on ¢(t):

t t
e(t) — co| < / é(r)ldr < / leo()lmmdr S ol
0 0

Since we have restricted ¢ € [0, §], Holder’s inequality gives

le(t) = col < 82wz < 6V w] rar2a. (28)
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Proposition 4. Let 0 < a < +/co/3. There is an r > 0 such that the
following statement holds: If vo € H*(R) satisfies ||vo|l g <1 and ||wo|lg <
r where wo(z) = e*vo(x), then there is a 6 > 0 so that the equations (4
and admit solutions v(t, z), w(t, ), respectively, on [0,0]. Moreover, these
solutions satisfy

[Vl 1220 S llvollar,  and fwll 10720 S flwoll - (29)

Proof. We begin with the equation for v, given by . Changing variables
T x— (y— 2cot + fot c(s)ds) leaves us with

Oy + O30+ (702 + €0 )Ue(r) + 205 (theyv) — Bz (v?) = 0. (30)

This can be rewritten as an integral equation using Duhamel’s formula:

v(t, ) = Wi(t)vo(x) +/O Wit = 5) (70 + 0e)e(s) + 202 (Yoo v) — 00 (v) ) ds.

We will show that the operator ® given by

B0 = p(OWA (00 + pl1) [ Wt = 9)((30; +0.)o(s)ecy + 20203 ey 0)

— 0.(p*(s)v?))ds,
(31)
is a contraction on a ball that is to be chosen momentarily, and where 7 is a
smooth cutoff adapted to the time interval [0, §]. We now estimate

t
||(I)’UH}(;~1/2~1 S ||’UQHH1 + H/ Wl(t - s)((v(’)w + é@c)pwcds)
0

‘ 1,1/2,1
X5

/Ot Wit — s)@z(p2v2))ds

t
/ Wit — S)az(p21/}001))d8
0

= [Jvollzrx + (I) + (I11) + (L1I).

"

+ ’
1,1/2,1 1,1/2,1
Xri X(S

Before proceeding further, observe that as a consequence of the embedding
Xtate s XL1/21 for any € > 0 and the standard inequality (see [I0], for
instance)

ol oy S 0Nl g

we have that

||7/f||x;=1/2»1 5 567
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provided § > 0 and € > 0 chosen sufficiently small. We estimate (I), (II), and
(III) using Proposition [3| along with Lemmas and
(D) S U+ 1D 19l 120 S 8wl 10725
(D) S 10 (W)l 22720 S ol o
(IT1) S 110w (v*)l| 1-1720 S ||U||§(;,1/z,1-
It follows that

190l a2 S Toollas + llwll graan + ol aron +llol5amn (32)

Turning to the w-equation , we again change variables with an eye to-
ward removing the first-order term: let x +— a:—(co—3a2—|—a)t+f0t ¢(s)ds—~(t).
The equation then reads

Byw + 03w — 3a0%w + a(co — a)w + ayw — e (¢80, + 40 ) e — €278, (v?)
—a(c—co)w + (F(t),m)C + (F(t), n2)C = 0,
where
F(t) = e (40, + ¢0c)e” ““the — afyw + 0, (v*) — a(c — co)w.
We will show that, along with ® defined above, the map ¥ defined by

W = p(OWa(t)un +p(6) | Walt =N (5)ds,

where
N =2(0, — a)(p*vew) + apywe® (é0e + ¥0,) ptbe — €0y (p"v?)
—alc—co)pw + p(F,m)& + p(F, n2)&2.
is a contraction on an appropriately chosen ball in X;’l/ > We begin by
estimating

wllyra/20 S lwollas +[1(8: — a)(P%//cw)HX;,—lm + oyl g1 -172.

1@+ 3000l 1 2720+ 105 (67 2/

+ e = o)l gr s + I )algrvos + [(F )l 2700

=: |lwollgs + (I) + (II)+ (III)+ (IV) + (V) + (VI) + (VII).
To estimate (I) we use the fact that e**0,e” %" = 9, — a to see that

(I) = He“xaze_‘“”pz/}cw||X1,71/z,1
S5
S N@tpe)wl . -1r20 + (€ e )vall 17172

S 6EHU}||X;,1/2,1 + 5E||U||X61,1/2,1.
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Term (1) is estimated easily using (27):
(D) S lleellwlr 20 S ||w||§(;,1/2,1-
Similarly, we see that
(L) S (lellzz + ez 1l 1220 S 0wl 2072
Recalling that w = e**v, we have
(IV) = 2vax||X;'71/2’1 ,S ||w||X;‘1/2‘1 ||1}||X;,1/2,1.
To estimate (V') we use to see that
(V) < lle = collpgellwll 1 -120 S ||w||§(§,1/z,1~
To estimate (VI) and (VII) we require the following lemma.
Lemma 3.5. Let f be a space-time function and let s > 0. Then
7 m)Gilgrmvan S Wfllgeman,  i=1,2
Proof. Let fj = XAJJ?, as before, so that f =3, f;. Then

1 )&l rmvrmn < SN m)&l rmvre

J20

o\ 1/2
=D [ o2 | oI il anm)
j>0 \ n>0 k>0

Note that <E, ni) = <J7J7 X4,;7i), which is a function of 7 only. Here we denote

the Fourier transform of n;,(; by 7;, Zi, respectively, to emphasize that these
are functions of the frequency variable £ only. It follows that

1{f5: MGl L2 sy = 15 xa; ) 2B Gill 22 a,0)

< xsifillzz il z2capllCill 2z a,)-

It remains to estimate

o\ 1/2
Z Z 2%ne Z 272 fll2ca, 00 17 22 A 1Gill L2 4, - (33)
>0 \ n>0 k>0
In the case when n < j we have 227 < 22J% 50 that
o\ 1/2

j
B3) <D Niilleacay) | Do 2%0MGHT20a, [ Do 2721 24,80 ;
n=0

720 k>0
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so that after carrying out the sum in n we have that is bounded by

Do ldillzzcan | 02027 2 Flleaynmi

>0 k>0
o\ 1/2
S22 | 22227 U s :

J20 \k=0

where in the last line we’ve used Cauchy-Schwartz and the fact that n; is
smooth. If n > j, then 227 = 2272727522/ and we find that can be
rewritten as

o\ 1/2

S o2 willaay) | D0 270G L2 an) ZTWQHﬂh?(AmBk) ;

=0 n2j k>0

and after summing in n (using that &; is smooth),

D@ ey | D227 2 FllLe (4,00

>0 k>0
o 1/2
S Z ZQjSTk/2||f||L2(AmBk)
>0 \k>0

Returning to our estimates, we now have that

(VI), (VD) S 1Fl yrmrrms S Nl a4l o oot ol o ol orms,

following the estimates of (I7) through (V). Taken together, these estimates
now give

0wl raen S Jwolls + 0 [wlraan + 8ol rar2n + 0l 12

-+ ||UJHX;,1/2,1 H’UHX;,l/z,l.

Suppose that ||vo| gs, [|wo|lms < r < 1, and consider
B= {U,w € X;’l/z’l | ||11||X;,1/2,1 < 2cr, Hw||X§,1/2,1 < 207“}.
According to our estimates we have
[[®v]| o121 < or 4 4edr + 4c*r?,
5

[Pw][ ye1/21 < er+4edr + 4cr?,
s
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It follows that if 6 and r are chosen sufficiently small, then the maps ®, ¥ :
B — B.

To see that ®, ¥ are contractions on B we let v1,vo € B with wy = e*®v; €
B,wy, = e**vy € B. Associated with these functions are modulation pa-
rameters (71, c1) and (72, c2) corresponding to vy, va, respectively. From the
modulation equations we find that

[ér = Callrge + I + el < [lv1 — vallLee mr[Jwi + wallLoe a2
+ [Jv1 + 2| e g1 [Jwr — wal| L= m,

where we use the notation L° as shorthand for the space L;’g[o 5 Thus we
have

ler = éallnge + I +Aellez < cllor —vallyrar2aflwn + wal 1172
+ CH'Ul + UQHX;,l/z,l le — w2||X;,1/2,1
< 4c? - 4c? - :
S 4c ’I“||1}1 U2||X;’1/2’1 + 4c ’I“le w2||X§,1/2,1

Also,
t
|él — CQ| S / |01(S) — éQ(S)|dS
0

t
S/ ([lor = w2l llwr + wall g1 + lor + voll g1 [Jwr — wa| 1) ds
0
§(51/2 (H’Ul — ’l)2||X;,1/2,1 HU}1 + U12||X1,1/2,1 + Hvl + v2\|X51,1/2,1||w1 — ’lU2||X§,1/2,1>

<ders/? ( - - ) .
<4er ||111 U2||X;,1/2,1 + ||w1 w2||X;,1/2,1
We thus have

[9(01) — B(0) | 075

IN

t
p(t) /0 Wl (t - S) ((718$ + C.1861)pw01 - (728x + C.QaCQ)prQ)

‘ s,1/2,1
Xé

+ ot / Wit — )05 (5 (begvr — theyva))ds

5,1/2,1
XE

+ote) [ W= 90, (20 = )

X o1/2.1
5
SC(Se (4027““’()1 — UQHX;,l/z,l + 4C2THUJ1 — w2||X;,1/2,1) + C(SGH’Ul — U2HX§’1/2’1
+CH’L}1 + U2HX§’1/2’1 H’Ul - 112HX§,1/2,1
<6¢(4cr +¢)|lvg — V2l 51720 + 4c*r|lvy — V2l 51720
5 5

4376 |wy — s1/2,1.
+ 4c°r ||w1 w2||X5'1/2'1
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It follows that if §,r are chosen sufficiently small, then

1
[@(01) = @)l 21721 < 5 (||u1—02||X31/21+||w1—w2||xsl/21),

so that ® is a contraction on B.
Turning to estimates for ¥, we find similarly that

”\P(wl) - \I/( )Hxl 1/2,1

<(6° + 8c3r2 4+ 8c%r + der) (||w1 — w2||X1,1/2,1 + ||lvg — ’02||X1,1/2,1)
5 5

—|—2cr||w1 — w2||X§,1/2,1.

We conclude that if §,r are sufficiently small, the ¥ is a contraction on B.
This establishes the local well-posedness for the weighted and unweighted
perturbations. O

4. ITERATION

In this section we wish to gain long-term control on the behavior of the
perturbation by iterating the short-term control gained in Section 3, along
with some energy and spectral estimates. Our goal is to show that v remains
bounded in H' for all time, while w enjoys exponential decay in H' as time
grows. To do this, we will iterate along local well-posedness time intervals
and prove the desired bound by induction. Specifically, we wish to show that,
for all ¢ > 0 there exist ¢(t) and 7(t) so that

(1) ¢(t) and «(t) are smooth functions of time,

(2) ¢ and % are uniformly small, and decay exponentially as t — oo,
(3) c(t) — co is uniformly small,

(4) ||lv(@®)]| g2 is uniformly small, and

(5) ||w(t)|| g2 decays exponentially as t — oo.

To reach these conclusions, we rely on the modulation equations described
above, and . The first is a result of a now-standard implicit function
theorem argument.

We will prove the rest together via the theorem below, which provides an
explicit expression for the decay of |w||g: as a function of time, thereby con-
cluding the exponential decay of the perturbation and the asymptotic stability
of the weighted perturbation which are our main result.

Theorem 1. There is an € > 0 so that if ||w(0)| gr + ||v(0)|| g1 +]c(0) —co| < €
and v, w, ¢, and vy are as defined above, then there exist k with 0 < kK < 1 and
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C1 > 0 so that, for any n € N,
[w(nd)||m < K"e
[o(nd)||lm < Cre
|é(nd)] < K™e (35)
[(nd)| < K"e
le(nd) — co| < (2 — k" He.
Here, § is the local well-posedness time interval found in Proposition[]] corre-

sponding to an initial condition of size up to (2+ Cy)e, and C1 depends only
on cg.

Proof. First, let € be sufficiently small so that, whenever
lw(to)llz + [[v(to) [ + [e(to) — col < (2+ Ch)e,
it follows that v(t) exists on [tg, tg + d], and
ol am + ol < Cold+2C1)e
[t0-t0+9] [t0.t0-+9]

where Cj is the implicit constant in the conclusion of Proposition
We wish to prove the claim by induction. First note that ¢ and % satisfy
the following modulation equations:

Yl A (e0y(c—co +v)e”Ww,m) L2
¢l ey, (c—co+v)e"Yw,ma)p2 |’
where

am [Fen e ) o) (@G- b))
<eay((i)y,¢c - 8y¢c0)7 772> - <w7 ay772> 1+ <eay (acwc - ac’(/}co)7 772>

At any time when |c¢ — ¢g| and ||w|| g1 are sufficiently small, it follows that
Al <2, so that

d

Therefore is satisfied at t = 0 because of our assumptions on the initial
data, so long as 4(max;—1 2 ||n;||g1)e < 1.
Now, assume that is satisfied at ¢t = (n — 1)d. We need to control all 5
quantities going forward to ¢t = nd. Without loss of generality assume § < 1.
Let n be a sufficiently small constant satisfying

0< (20+4C))e <y < 1. (36)

(e¥0y(c—co +v)e”Ww,n) 2
= 21| gay —ay
ey (c — co +v)e"Yw,n2) L2

< 2(max [|l| zr2) (le = col + [Jv]| ) llw]l -

For convenience, define

L(t) = lw®)ll g + vl + @]+ 15| + e(t) — col-
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Note that by the inductive hypothesis (35), L((n — 1)d) < (5+ C1)e < n. By
continuity, then, there exists o > 0 so that L(t) < non [(n—1)d, (n—1)d+Jo].
Let d1 be the largest such dy which is at most §. We will first show that §; = 9.

Let us first estimate ¢ and 4 on I := [(n —1)d, (n — 1)6 + &1]. As above, we
have that for each t € I, |¢| + |§] < C(|e(t) — co| + [[v(®) | g ) |w(t) || g2 < Cn?,
which is less than {57 so long as 7 is sufficiently small. Then

() = ol < lel(n = 1)) = e(0)] + [ lee)lde < (2= " 2)e-+ T <z

Next, we estimate ||v(t)||g1. This can be done using the Lyapunov functional

Eu] = [T 2(8,u)? — 2u®+ Leou? and considering E[u(t)] — E[ug,], which is a

constant of the evolution. Exactly as in [I7], this leads to the conclusion that,
for n sufficiently small, [[v(t)||zn < Cie < in on I for some C; depending
only on cg.

Finally, we estimate ||w(t)|z:. Define M = ||w((n — 1)8)||%:, and N =
w((n —1)8 + 61)[|%.. Then we have that

_[4d 2
N—M_/IdtHw(t)HHldt

= 2/<w,wt)H1dt
I

:2/<w,Aaw+Q}">H1dt
I

—2 [ (w, Auw) 2 [ (w0, Qe (60, 450, ) st
I I

—2a(¥+ (¢ — )) /(w7 Qu) g dt + 2 /(w, Qeayay(UZ»Hldt

I I

_9 /(w,AaQw>H1dt +2 /<w, Qe (60, + 30, ) Jwoe) it
I

1
- QG/(W + (¢ = co))(w, Q(8y — a)w) prdt + 2/<w, Qedy (v%)) 1 dt
I I
= (I) + (II) + (III) + (IV)
We may conclude by Propositionthat (I) is less than or equal to —2b [} [|[w(t)|3; dt.

For (II), we have (IT)= [;(w, Q[e™ (¢, + 30y)] (e — Ucy + Uc,)]) 1. Since
Q(e™due,) = Q(e™0y(ue,)) = 0, it follows that

(IN) = A(va[eay(C'achwy)](wc — ) S /I[\éJr7\|C—Co|||w(t)||m]-
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For (III), consider
(w, Q(Oy — a)w) g1 = (w, QOyw) g1 — a{w, Q) g1
= (w, Oyw) g1 — (w, POyw) g1 — a{w, Q) g1
=0 — (w, (Oyw, i) 12Gi) 1 — a{w, Q)
< N0ywllzzllmill 2 lwl g 1€ 12 + allw][F
S llwlFs-

Therefore, (III) < [;(|e — co| + |¥])||w(t) |13 dt.
Finally, we need to estimate (IV). To do so, we write

<w,Qeayﬁy(02)>H1 = <w76ay8y(’l/2)>H1 — <w,Peay3y(v2)>H1.

Note that
2

P(e™)y(v?) = > (™0, (v*), i) 2&,
=1
SO

/I<w,P(eay6y(02))>H1dt = ;/I<w,§i>H1<wvy,m>L2dt

2
SO [ Ul mllwl e vyl 2 llnall et
i=1"71

S [Qo® I dolvlze s
Then we need to estimate

[ w.ea, @)

I

This has two terms:

// wyay(wvy)dxdt—i—// w?v, drdt.
1JR I1JR

We estimate the first term as follows:

[ [ @yt 5 oo 10, 00 o
< g 0172 19y ()l o725
S T2, g ol g

< Mol i,
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using (18). For the second term, we get:

n+1
2
dxdt| < oo 6
[ wtosdedt S lullgzs v g,

S hlzgzsll g ol
S ||wHL§?°L‘;°Hw||L;’°L§||UyHL;?°L§
S el ol g
< Ml 1y
via Strichartz estimates.
In total, we obtain the following estimate for the increment of w:

N-M< / [-2b+ CP + ¢ — col + Clloll e mallw(t) |2, e

+ /C[|C + 'YHC - C()|||’w(t)||H1]dt + M||’U||X1,1/2,1.
I

Using our controls above, this yields
N — M < (=2b+ Cn)n?*s + Cn*nd + C1Mn
Hence we may conclude that
N < M(1+Cin) +Cn.
Therefore, it follows that N < €2(1 + C1n) + Cn3, so, for n sufficiently small,
lw((n = 1)3+61)llsr < G-

Finally, we conclude that L((n—1)6+61) < ({5 + £ + § + 3)n < n. Hence,
we may continue past d; with remaining valid. Hence d; = 8. Therefore,
we have that L(t) < n on [(n —1)d, nd]. Now, let us verify at t =nd. Set
J = [(n —1)d,nd].

As above, we have that for each ¢t € I,

e[ + [7] < C(le(t) = col + [o@ o) [w) |z < C(A+ Cr)nllwt)||m,

which is less than ||w(t)||g: so long as 7 is sufficiently small. Hence, the
control on ¢ and  is valid whenever the control on w holds. When it holds,
then,

le(t)—co| < |c((n—1)5)—c(0)|+/] le(t)]dt < (2—Kk""2)e+r""F < (2—K" e

The estimate on v is the same as above, with the same result.
Finally, we estimate ||w(t)]|z1. Define m(n) = inf; [|w(t)[|3 and N(n) =
[w(nd)||%.. Then we have that

N = Nw=1) = [ Zle@lnat
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which has the same four terms to be estimated as above. As above, we obtain
the following estimate for the increment of w:

N(n) — N(n—1) < /J (=26 + CF + ¢ — col + Cllol| oo s (®) 2t

+ /J Clle+Alle = colllw(®) | r]dt + N(n = Dol 1.1
Using our controls above, this yields
Nn) = Nin=1) < [ [-26-+ Cull @)yt +2N(n = 1)Ci,
So, for n sufficiently small, we have
N(n) — N(n—1) < —-bm(n) + CeN(n —1).

In order to close the loop, we need to relate m(n) and N(n — 1). There
are two possible cases. First, suppose that m > jN (n). Then in the above
argument we obtain

N(n) - N(n—1) < fng(n— 1)+ CeN(n — 1) (37)
On the other hand, if m(n) < 2N (n—1), then [m(n)—N(n)| > $N(n—1). Let
t* be the time at which the minimum value m(n) occurs. By the increment

calculation above, then, we have that

1N(nfl) < N(n—1)—m(n)

4
"
= | (w, Aqw + QF) g dt|.
(n—1)¢8
Therefore,
t* 1 t*
| (w, Aqw)H'dt| > ~N(n —1) — | (w, QF) g dt|.
(n—1)6 4 (n—1)6

By the increment calculation above, we then obtain
.
1
|/ (w, Aqw)H*dt| > ZN(n —1)— (CnN(n—1) + CeN(n —1)).
nd

Since (w, A,w)g:r < 0 for all w by Proposition [2| i.e. this quantity has a
definite sign, it follows that

1
| [ w gt = TN = 1) = (€0 + NG~ 1),
J
Hence in this case,

N(n)—N(n-1) < —%N(n— 1) +2(C+Nmn—1)).  (38)
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Hence, in either case, it follows that, with 8 = min(2b, 1),

Nn)—Nmn—-1)<—-BN(n—-1)+CnN(n—1), (39)

So, N(n) < (14 Cn — B)N(n —1). For n sufficiently small, it follows that
with k=1 — g, k <1and N(n) < kN(n—1). So, since N(n — 1) < k" Le,
N(n) < k™. By the arguments above, the corresponding controls on ¢, ¥,

¢ — ¢g, and ||v(n)| g: immediately follow. Hence, by induction, the theorem
holds. O
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