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ABSTRACT. We study the long-time stability of soliton solutions to the Korteweg-deVries equation. We
consider solutions u to the KAV with initial data in H®, 0 < s < 1, that are initially close in H® norm
to a soliton. We prove that the possible orbital instability of these ground states is at most polynomial
in time. This is an analogue to the H® orbital instability result of [7], and obtains the same maximal
growth rate in ¢. Our argument is based on the “I-method” used in [7] and other papers of Colliander,
Keel, Staffilani, Takaoka and Tao, which pushes these H® functions to the H! norm.

1. Introduction

We will consider the long-time stability of soliton solutions to the Korteweg-deVries Equation. The
KdV equation, which was developed as a model for one-dimensional waves in shallow water, is as follows:

(1.1) Up + Upzz + (u2)z =0.

We will consider the initial value problem for the KAV with initial data ug € H®,0 < s < 1. Local well-
posedness (that is, short-time existence, uniqueness and uniform continuity with regard to initial data)
for the Cauchy problem is known. (See [1] and [11] for the most recent results.) Moreover, the KdV
equation has an infinite sequence of conservation laws which hold for any solution which is sufficiently
smooth. The first few are:

G(u):/Ru(x,t)dx:/Ru(x,O)dx,
2, = | |Ju(z,t)?dz = [ |u(z,0)|*dx
[u(®)]|z. = RI (z,0)|°d /RI (z,0)["dz,
2

H(u) = /}R(\&Eu(gc,tﬂ2 — gu(x,t)?’)dx = /]R(|(‘9Iu(:v,0)|2 — gu(LO)?’)dac.

Using the local well-posedness arguments, these conservation laws, and iteration arguments, global well-
posedness can be deduced for s > 0.1

It is known that the KdV equation admits traveling wave solutions called solitons which satisfy
Q(z,t) = ¥(x — Ct), and ¢ therefore is a solution to the following ODE:

(1.2) Vae — O + 42 = 0.

There exists a unique even, positive solution 1y to this equation. This soliton is smooth and rapidly
decreasing as |z| — co. In fact,

(1.3) Po(x) = %csechQ(%c%x).
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LGlobal well-posedness also holds for s > —% [10].
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For simplicity we will consider only the case C' = 1, as the others can be recovered by scaling. We will
define ¥ = {¢o(z — zo)|xo € R} to be the one-parameter space of all solitons moving with speed 1. Note
that the KdV flow preserves ¥ and that each element of ¥ is a solution to (1.2).

It was proven by Benjamin [3] in 1972 that soliton solutions are stable in the following sense: if u
is a solution to the KAV which is initially close to a soliton in H' norm, then for all time u is close
to a soliton. Some corrections and extensions of his result were offered by Bona [4]. More recently,
Weinstein [14] has offered a general theory which proves the stability of soliton solutions to generalized
KdV equations as well as a class of non-linear Schrodinger equations. In [7], Colliander, Keel, Staffilani,
Takaoka, and Tao exploited Weinstein’s result to prove that the instability of soliton solutions to the
NLS in H*,0 < s < 1 grows at most polynomially in ¢. They made use of a multiplier operator which
they had developed in their proof of global well-posedness for dispersive equations with initial data in
H*, 0 < s < 1.[10] This multiplier operator allowed them to work with H! norms, which they could then
control using Weinstein’s result.

In this paper, we will again exploit the multiplier operator which they developed, as well as the
original proof of H! stability of solitons for the KdV. We will prove that in H*,0 < s < 1, soliton
solutions to the KdV are at most polynomially unstable. Our main result is:

THEOREM 1.1. Let 0 < s < 1, Let 0 = distys(ug, ) < 1, and let u be the solution to the KdV such
that u(-,0) = ug. Then distgs(u(t),X) <t~ ¢q, for all t such thatt < o~ =

To prove this, we will employ the Lyapunov functional introduced by Benjamin [3]:
2
L(u) = |ull7e + H(u) = /Rluacl2 +[ul* = Sluf.

It can be shown using the Gagliardo-Niremberg inequality that £ > 0. Note that if u is a solution to the
KdV equation with v € H® and s > 1, then L£(u) is conserved. In fact, we have the equation

O L(u) = 2/ut(—um +u — u?)dz,
R

which vanishes if « is a solution to (1.1) by integration by parts. This calculation also shows that solitons,
which are solutions to (1.2), are critical points of the functional £. In [3] (see also [14]), Benjamin proved
that they are minimizers and moreover that, for all u € H' such that disty: (u,¥) < 1,

(1.4) L(u) — L(Q) ~ dist g (u, £)%

This then implies the stability of the solitons because L(u) is conserved in t.

We will extend this result to H®, 0 < s < 1, finding the possible growth in time of the distance
between u and the solitons to be at most polynomial. To do so, we will exploit the fact that the quantity
L(Iu) is almost conserved in time, where I is a smoothing operator that maps H® to H'. This techniques
was used by Colliander, Keel, Staffilani, Takaoka, and Tao in [7] to prove polynomial stability bounds for
solitons solutions to the Schrodinger Equation. We will follow the technique developed in that paper in
general outline, making the necessary estimates for the KdV equation. We will also follow the structure
of that paper, giving progressively more sophisticated arguments that get closer to Theorem 1.1 with
each iteration.

Several interesting open questions remain. It is not known whether the power of ¢ which we obtain
in the theorem is sharp. Moreover, we have not completed the estimates for the modified KdV equation

Ut + Ugpzx + (Us)r =0

and it is not known whether such stability results hold in that case. Finally, a recent paper of Merle and
Vega [13] has concluded that in fact KdV solitons are stable in L2.> The authors are currently studying
whether this result and the I-method exploited in this paper can be extended to prove polynomial stability
bounds below L2.

2The reader may think that some sort of “interpolation” between the H! and L? stability should give an even better
result than the authors obtain, but unfortuntely it is no obvious how to “interpolate.”
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The structure of this paper is as follows. In section 2, we define our notation and quote some
important estimates that will be used in the following sections. In section 3, we make our first attempt at
proving the main theorem, obtaining a weaker form of the estimate. In section 4, we refine the techniques
of section 3 but still miss the main theorem by an e power in distgs(ug,>). Finally, in section 5 we
complete the proof of the theorem.

2. Notation and Set-Up

We will use the notation A < B to mean that A < ¢B where ¢ is a constant depending on s that
may vary from line to line, and similarly for the notation A ~ B. We will use (§) to denote 1 + |¢].
We define the spatial Fourier transform by

fe) = [ fwyie
R
and the spacetime Fourier transform by

a(g, ) = / e~ @) £ (g t)dadt.
R

We define the X space, as in [1], by the norm

lullxes = €Y (7 — €6,z -
We will also use the notation
X;’b = {u|pxr: u e X%}
with the norm
HUHX;,b = inf{||v]|xs.b: v|rRxs = u}.

We will use the notation

An(m(§1,-~-,§n)§f1,--~7fn): / [m(£17~-~7£’rb)]f1(§1)'---'fn(fn)d§1~-~d£m
&1+...+€,=0
where [m(&y,...,&,)] is the symmetrization of the multiplier m in the &; variables. Note that we will not
always work with the symmetrized multiplier if it does not matter, but that occasionally symmetrization
will be necessary to obtain the appropriate estimates.
For N > 1 and fixed, we define the operator I = Iy to be a smooth even multiplier operator such
that

—  [a €| < N
(2.1) (Iyu) = {fvu €~ 107

We generally omit the subscript N unless it is necessary for clarity. We also use the notation N; for a
dyadic block in the frequency space of the function u;, that is, in the domain of the variable £;. Note
that N; is not necessarily positive. We will write u; n, for the function obtained from u; by restricting it
to its components with frequency in N;. That is, if ¢, is a smooth cutoff function which is the identity
n [N;,2N;] and which has support in [N; — 1,2N; + 1], then u; n, = ¢, ;-
Finally, we will denote by W (¢) the solution operator for the linear KAV equation, us + gz, = 0.
We will also use the following estimates:

(1) By the Plancherel Theorem and Cauchy-Schwartz, we have® and the proof of Lemma 8.1 in [8]:

(2.2) //|u1u2\ dudt — //< T_|1213| b+€> ((r — ) <|@3]) dedr < [lur[lxo.s-«

(2) The KdV bilinear estimate [11]:

(2.3) 0 (u1u2)| xo0.0 < |lur]l xo.041([ual| xo.041,

u2||X0,b+e

forb——f—i-e for any € > 0.

3For a more precise proof of this estimate on a finite interval in , see 9]
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(3) The Strichartz Estimate [12]:
fa
(2.4) 1Dz ull gy < CO, )ull yo.3+c,

for all (6, ) € [0,1] x [0, 1], with p = {25 and ¢ = ﬁ. Here, as elsewhere, the norm || -|[Laz»
will mean to take the LP norm with respect to x first and then to take the L? norm with respect
to t.

3. A First Pass at the Theorem

In this section, we obtain a weaker version of the main result of this paper. As mentioned in the
introduction, we will follow the structure of [7] because we believe that in this way the argument can
be better understood. Even though the structure is the same we have to repeat most of the arguments
because the estimates are different. In addition, in following sections we will use the estimates proven
here.

PROPOSITION 3.1. Let 0 < s < 1. Let 0 = distys(ug,X) < 1, and let u be the solution to the KdV
such that u(-,0) = ug. Then
dist g (u(t), ¥) < 7=z g5=2:=e
for some small e > 0 and for all t such that t < o~ T
PRrOOF Fix s, ug, and o.
Let N > 1. We will fix N later subject to some future constraints. Let I be the multiplier operator

discussed in 2.1 with cutoff point N. From now on we will refer to Iy simply as I unless that is unclear.
Define

(3.1) En(t) = L(Tu(t)).

Let v be a ground state such that ||ug — 9| gs = 0. Then |[Tug — I¢|| < CN'=%¢. Moreover, because 1
is smooth, its Fourier transform is rapidly decreasing, so ||[I¢) — | g1 < CN~C for any C; we choose.
So, if we require that N > o~ for some € > 0, then we obtain ||[I1) — 9|1 < CN'~%0, so

[ Tug — || < CN'™%0.
By (1.4) this implies (for ¢ sufficiently small with respect to N) that
|En(0) — L()] S N*7*0°.
We will need the following lemma, the proof of which is postponed until later:
LEMMA 3.2. If there is tg € R such that |En(to) — L(¥)| < 1, then

1

|En(to +0) — En(to)l < O(57=,)

where & is an absolute constant depending only on s.*

For now we will assume the lemma. Once we have this lemma, by the same argument which appears

in [7], we can iterate to say that

|En(t) — L(¥)| S N*7*°0,
for all ¢ such that t < N17¢N2725¢52, We may therefore conclude that, for all such ¢,

lu(t) = pllgs S N0

We finally optimize N under the necessary constraints:
(3.2) N3-25—€52 5 | t < N1-eN2-25,2 N22552 |
and conclude that - )

lu—la St o=,
for all t < o7+ <. O

4Note that § may depend also on ||u(to)|| s, but |Ju(to) — 1||gs < 1 by [14] and ||¢|| s depends only on s, so
[lu(to)|| s also can be controlled by a constant dependent only on s.
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It remains for us to prove the lemma:

PROOF (of Lemma 3.2) To prove Lemma 3.2, we first control |[Tul| , ;.. 5 We will then use this
[tg—5.t0+3]
control to take a d-step forward in time and measure the growth of En(t) in this time step.

CLAM 1. There exists a 6 > 0 such that, for 0 < e < 1,
Il oy ST

[to—5.t0+3]
PrOOF (of Claim) First note that by (1.4), ||[Tu(to)||g: < 1, because |En(to) — L(¢)| < 1 and ||¢|| g
is a constant. Moreover, I commutes with differentiation and with W (¢). We may therefore apply
the standard X*° estimates (see, e.g., [11], pp. 587-8). Let 4(t) be a cutoff function with support in
[to — 3, to + 3], such that ¢ =1 inside [tg — 2,t9 + 2]. Then, u is a fixed point of the operator

Lu = ¢(t)W (t — to)u(to) + ¢(t) /tt W(t — )0, (u(t')?)dt

on the interval [tg — 2,tp + 2]. Then, for 0 < § < 1:

t
1l oo < IOOWE = to)ult) oy +1T000) [ Wit =)0 gy

[to—d,t0+3] [to—d,t0+9] [to—3,t0+9]

< Ol Lulto)ll s + ClOTu?|| 1 g4
Xlto—5.t0+9]
< CllTulto)llsr + CONoLTu | s yse

[to—d,tg+3]

Now, by the bilinear estimate for the KdV (see [11]), we have, for s > —3:

S

(|02 || sty S ||UH2S,%+E
[to—d,tg+3] [to—d,tg+3]

Consider the multiplier operator I, which is the same type of operator as I but with N = 1. It is clear
that [|fllxso ~ [11f]lx10, s0
”azIIUQH 1L-L42e HamUQH 5,— % +2¢ 5 ||u||2 s te ~ ||Ilu||2 1,1 4e
[to—3,t0+3] [to—3,t0+3] [tg—6,tg+5] [tg—3,to+3]
But then, by Lemma 12.1 of [6] it also follows for general N that
||awINU2|| 1,12 N ||INU||2 1,3 4e
[to—6,to+d] [to—38,tg+36]
We may therefore conclude that
1ull ayre < CllTuollm + CoIull® L < CH+COTul?, 4.
[to—3,t0+3] [tg—8,tg+0] [tg—3,tg+35]

Therefore, by a continuity argument, there exists a § > 0 for which

Hull 1yee <205 [[Hulto)lm S 1.

[to—8,to+3]

This concludes the proof of the claim. O

We now want to take a step forward in time. Let f € H'. Define Q(f(t)) = 0;(L(f(t))). Then:
Af0) = () =00 [ (724 12~ 5 i)
R
=2 [(fufur+ Thi~ P
R
(3.3) = 2/th(—fm + f = f)da.

5Due to the special features of the KdV equation, the X*:® norms have been found to be effective to work with.
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In our case, we are interested in

to+0
En(to +0) — En(to) = / Q(Tu(t)) dt

to

to+9o
- 2/ / Tuy(— Ty + Tu — (Tu)?) dz dt
to R
to+0
- 72/ /(Ium + I(u?) ) (—Tuge + Tu — (Tu)?) dz dt
to R

to+0 to+9
- 72/ / Tugpe((Tu)? — Tu?) dx dt + 2/ /(uz)zfzu dx dt +
tO R to R

to+9
— 2/ /I(uz)z(Iu)2 dx dt
to R

to+6
S / As (Em(€) (m(E)m(€s) — m(€a + &) ws ) dt +

to

to+9
+4 / As (€xm(€5)?); us ;) di +

to

to+9
- 4/ Ay (Eem(& + &2)m(Es)m(€a); ususus u) dt.

to

We will prove the following more general estimates in order to control Ex(tg + ) — En(to):

to+9 3
(3.4) / A (Em(&)(m(&)m(&s) — m(&a + &) ur; ugsug) di) SN IHwill e
to i=1 X[t0—5,10+5]

to+6 3
(3.5) / A (Gam(€s)?);unsugsug) dt| SN 1wl vgee
to i=1 [to—3,t0+3]

to+d 4

(30 | At€@mi + gm(eami€aiuniuaiugiun) | NI Tul g

0 i—1 [to—6,t0+5]

Recall that m(€) is the multiplier associated with the operator I, and it is identically 1 for || < N,
s—1

and equals % for [£] > 10N. Note that because our norms are of L? type, we may replace @ by ||

without affecting the estimates. For each estimate, we will divide the functions u; into dyadic blocks N;

in frequency space and make appropriate estimates. We will then sum over these dyadic blocks to obtain

the full estimate.

PROOF (of Estimate (3.4)) We consider the multiplier N{m(Ny)(m(&2)m(€3) — m(&2 + &3)). Recall that
we have N7 + Ny + N3 = 0 and note that we may assume Ny > N3 because of the symmetry, and that
Ny > N or else the whole symbol is 0. We will consider two cases:
(1) N3 > N3: This implies that N; ~ Na.
First suppose that N3 < N. Then m(N3) =1, so

NPm(Ny)(m(Na)m(Ns) —m(Nz + N3)) = NPm(Ny)(m(Na) — m(Ny + Ns)).

By the mean value theorem, this is < NPm(Ny)m/(N2)N3, so, since Ny ~ Ny and m’(Ny) =
m(N2)
No )

(3.7) N¥m (N7 ) (m(Na)m(N3) — m(Ny + N3))legNy NoNam(Ny)m(Na)m(Ns).
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Now, consider the whole integral, and use inequality (2.2):°

to+0
NlNQNgm(Nl)m(Ng)m(Ng / /|U1 N1u2 N2U3 N$|d€ dt

< NiNaNgm(Ni)m(Na)m(Ns)llu1, vy us, v [l o, 3+

U2,N, HXD,%+5~

Then, by the KdV bilinear estimate and because ||Ozu1 ny|| ~ Nillui | and N3 < Ny, we
obtain:

to+90
N1N2N3m(N1)m(N2)m(N3 / /|'LL1 Nl)u2 N2U3 Ng‘dg dt

U2HX0,%+e

1
< NuNa Nym (N m(Na)m(Ny) 51105 (w0585 | o 44

< NaNgm(N1)m(N2)m(Ns)llua,w, || o3+ w2, nall o, g +ellus, v Il o34

But then, by definition of I and the X*? spaces and because N; ~ Ny, this is controlled by
1 1 1
T — IU 1., Iu
N Ng“ L e [Huz s |
When we sum this in the V;s, we will lose a power of €, and obtain a term of size N% as
claimed.

1 3+e [[Tus, N, ”Xl’%“'

Now, suppose instead that Ny > N3 > N. Then
Nm(Ny)(m(Na)m(Ns) — m(N2 + N3)) =
NPm(Ny)(m(Na)m(Ns) — m(Ns)m(Na + N3)) + Nym(Ny)(m(Ns)m(Na + N3) — m(Ny + N3))
= M + M,
For estimate M7, use the mean value theorem (recall that N ~ Nj):
My < NyNoNsm(Ny)m(Ng)m(Ns).

Then the same calculation as before implies that the part of the left-hand side of (3.4) containing
M, also sums to N% as desired.
On the other hand,

My = N3m(N1)m(Na + N3)(m(N3) — 1).
Note that |m(N3) — 1] < 2, and m (N2 + N3) ~ m(Nz) because N3 > N3. So,
m(Ng) < NngNgm(Nl)m(Ng)m(Ng)

My < Ni¥m(Ny)m(No)

m(Nz) ™ N3m(N3) ’
where m(N3) ~ x%:’ SO Nsml(Ns) Nle . Therefore, we find that
1 1
My 3 Ni- sNeN1N2N3m(N1) m(Nz)m(N3)N1.

As before, we compute that

to+0
/ /|U1 Ny G, Ny Ui, N5 |dE it < [Jurus] o,y [luzll

X0 T+

<

N w1, ‘lXO’%+€ U2,Ny ”XO,%-%—E U3,N3 ||X0,%+e~

And so, the part of the left-hand side of (3.4) containing My is bounded by
1 1
N5 N3

|| u1 N1||X1 L+e IU2N2||X1 S+ IU3N3||X1 e

SHere we are ignoring that we are on a finite time interval. To be precise one should repeat the argument given in [8]
during the proof of Lemma 8.1
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To sum this, we use Cauchy-Schwartz and the fact that N; ~ Ny | to obtain the same estimate
as before.

(2) Now consider the case where Ny ~ N3. Then N1 = —(N3 4+ N3) may be smaller. We once again
want to estimate the multiplier

N3m(Ny)(m(Ng)m(N3) — m(Ny + N3)) = Nim(N1)m(Ny)m(N3) — Nim(Ny)? = My + M.
We have
Nt
N3 N3
< NlNgNgm(Nl)m(Nz)m(Ng)

Mz = N3m(Ny)m(Ny)m(N3) = Ny NoN3m(Ny)m(Nz)m(Ns)

Then, by the same argument as for the first part of the first case, this sums to O(5+=). For
My, we have

N{  m(Ny)
N2N3 m(Ng)m(Ng)
N ®

We then use the bilinear estimate as before to conclude that

to+9d
me(Nl)Q/ /|711,N1ﬁ27N2ﬁ37N3|d§ dt
to

My S NiNaNsm(Ni)m(No)m(N3)

= NlNgNgm(Nl)m(Ng)m(Ng)

NS
N N1N2N3m(N1)m(N2)m(N3)WJiW||U17N1 o +elluznell o1 e lus nall o1 4e
1 1 1 1
~ Nl-s N26 ERNE R [[Tus N1||X1 1+e||1u2 NzHXl 1+5||Iu3 N3||X1 Lie
3
after using again the fact that N3 < Ns ~ N3. Summing in the N;s, we can see that this again
gives O(x1—=).

This concludes the proof of estimate (3.4). O

We next need to prove the estimate (3.5):
3

to+9
/ As (Gm(&s)?);wsusu) dt] S N T Iwill e

to i=1

PROOF (of Estimate (3.5))

We will consider the multiplier Nym(N3)2. Note that if Ny, Ny, and N3 are all less than N, then
the operator given by the symmetrization of this multiplier is identically zero. So at least one of Ny, Na,
and N3 must be greater than N. If N3 < NN, this multiplier is just N7, and, as above,

to+0
Nl/ /Iﬂl,Nlﬂz,Nzﬁs,Naldé dt S Nullua, vy us,ng [l o, 34

U2, N, ||X0,%+s

S llur,v ”XU’%“ U2, Ny ”Xo LicllUs NsHXo L+e

1
N Nlm(Nl)NQm(Ng Ngm

ill 1, e

Since at least one of Ny, N> is greater than IV, the quantity computed above sums to no more than

O(5).
Now, if N3 > N, as above

to+o (NS)
Nam(Na)® [ [ i vt i S H\uumnxlum

which again sums to O(54=) in the worst cases. O
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Finally, we need to prove estimate (3.6):

4

to+4d
/ A ((E)m(En + E)mi(E)m(Ea)s wsususu) dt| S N7 will gy

to i=1

PROOF (of Estimate (3.6)) We consider the multiplier Nym(Ny + No)m(N3)m(Ny). Recall that we have
N1 4+ Ns + N3+ Ny = 0 and by symmetry we may assume N3 > N4. Consider

/ [T, v, T, N, Uz, Ny T, N, | dE S
=1

We use the Strichartz estimate (2.4) with (0, a) = (%7 0) and p = 4, ¢ = 12, obtaining
ullzgozs < Clull oy

In our case, therefore, we may conclude that

to+d tots 4
/ /lm Ny U2, N, U3, N, T, v, | dEdE < / H l[wi, v, [z dt

<H1|| 3H| < 053H| ill 0. F+e-
t =1
Therefore
Nim(Ny +N2)m(N3)m(N4)/|a1,N1'a2,N2'&37N3a4,N4|d§
m(Ny + N2
< N1N2N3N4m(N1)m(N2)m(N3)m(N4) N2N3N4m Nl X 0.3 +e

4
m(Ny + Na) 1
Tuin || rs.

We will now estimate m”(lj(vj\srtj(vj\f‘}i) ~; J\h ¥, considering several cases (recall that N3 > Ny):

(1) First assume Ny > No.

If N1 S N, m(N1 + NQ) = m(Nl) = m(N2> = 1. Note that if ]\]17 NQ, Ng, N4 are all
less than IV, then the operator is identically zero by symmetrization. Hence at least one of the
dyadic blocks must be at least N for the operator to be nontrivial. Therefore, if Ny < N, then
N3 > N. Hence the multiplier, which reduces to m in this case clearly sums to no more
than O(51=).

So we may assume that N; > N. Then m(N; + Na) ~ m(N;) because N; > Nj. So

our multiplier reduces to mm If Ny < N, this is again m But now, because
Ny + No + N3+ Ny =0, N; ~ N3. Hence we may write

1 1
NaNaN: = NE i
2NsNa ™ N2 N,NZN,

which sums to O(53=).
N5t

~+=t- Therefore, because N1 ~ N3, the

Finally, if N > N as well, we have m(N3) ~
multiplier is controlled by

1
1 1 )
N'=sNSNZNZ N,

which sums to O(55=)-
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N € Ns.
Then m(N7 + N2) ~ m(Ns), so the multiplier is
o
m(Nl)N2N3N4'

The case where N; and Ny are both less than N is the same as before. So we consider first
what happens when N; < N. Then we again have ~ ]\1,3 T As before, the operator is trivial

unless N3 > N, and when N3 > N this sums to O(N%) as desired.
If instead N7 > N, we have

N}T# 1
Lig—e

1—s < 1+s—e 1f+s—e )
N N2N3N4 N1- 5N6N N3 2 N4

which sums to O(54=) as in the first case.
Finally we consider the case where Ny ~ Ns.

Once again the case where both N7 and N, are less than N is the same as before. Therefore,
we consider the case where Ny ~ Ny > N. Then m(N; + Na) < 1, so the multiplier reduces

to m(N1)m(]\}2)N2N3N4' If N3 ~ N1 ~ NQ, then this is controlled by m and since
2°'3

N3 controls all the other quantities, we may again sum to conclude that this is bounded by

O(52=)-

We must at last consider the case N3 < N;. For this case we must reconsider the original
calculations done at the beginning of this estimate. Instead of treating all four functions equally,
we will write:

/|ﬁ1,N1ﬁ2,N2ﬁ3,N3ﬁ4,N4|d§ < Jua, Ny us N || o w2, v, [ 2o | wa vy | o

Therefore, using the Strichartz estimate again, the fact that ||f||xo0 < ||f||X01%+€ for any
function f, and the KdV bilinear estimate:

to+d to+d
/ / i1 v vy B v v, [ < / lern vy vl 22 etz | e, e

to
< Uzgllur, vy us ns Loz e v ws lpp2 pa lva,va | 222 s
1
< 053||u17N1u37N3HX0,%+6 U2,N2||Xo,%+e U4,N4||X0,%+e
<

4
1 1
053m£[1 i, vl o, 3+

NOW, recall that N3 < Nl, Ng Z .N'47 and N1 + N2 +N3 + N4 = 0, SO Ng +N1 ~ N2 ~ Nl.
Therefore, our entire operator may be estimated as follows:

Nym(Ny + Na)m(Ns)m(Ny) / i vy vy T3, v, |

m(N1 +N2)m(N3)m(N4) o34
=1
1 m(Ny +N2
= O
- N1N2N3N4m Nl H” Ui NL||X 1+

We therefore need only to sum

1 m(N1 + NQ) < 1
N1N2N3N4 m(Nl)m(Ng) ~ N2(175)Nf‘NéSN3N4

which as before is at worst O(5z—).
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This concludes the proof of estimate (3.6). O
Having proved all three estimates, we note that

[En(to +0) — En(to)| < 2((3.4) = (3.5) + (3.6)) < O(W)

since we have already checked that [[[u| ,1,. ~ <1. This concludes the proof of Lemma 3.2. O
to—8,t0+

4. A Second Pass at the Theorem

In this section, we will improve the powers of ¢ and of o which appear in Proposition 3.1. We will
do this by exploiting more carefully the fact that ||ug — ¥| g- is small.

PROPOSITION 4.1. Let 0 < s < 1 and suppose distys(ug,X) = 0 < 1. Then we have, for some small
€ >0,
dist s (u(t),¥) < ti-stegltte

for all t such that 1 <t <K o T

PROOF Fix s,ug, and o. We retain the definition of En(t) (see 3.1), and the set-up of the previous
proposition. The main difference will be a sharper estimate for Ex(t9 + §) — En(to):

LEMMA 4.2. If there is a ty € R and & with N~ < & < 1 for some arbitrary constant C, such that
for some solution to (1.2) 1, |En(to) — L()| < % then we have, for some § > 0 depending only on s,

1
En(to+6) = En(to) + O(N1_602)~

We will, as in the previous section, postpone the proof of the lemma until later. First we will
complete the proof of Proposition 4.1 taking advantage of Lemma 4.2. We can again iterate the lemma.
Let & = N'=%¢. We then obtain

|En(t) — L(¥)| S N*7*°0,
for 1 <t < N'7¢ and by 1.4 we can then conclude that for all such times ¢, distys (u(t),X) < N1 =%0.
But now, we may optimize N under the conditions
(4.1) N¢>o t< N'=e N?"%552 <« 1.
Contrast these conditions with (3.2). With this improvement, we obtain
dist s (u(t),8) S ttmstegtte,
forl <tk o_lfi‘ﬂ as claimed. O

It therefore remains only to prove the lemma:
PROOF (of Lemma 4.2)

By 1.4 and the calculations at the start of Lemma 3.2, there exists a ¢ € X such that
([Tu(to) — || S 6. Let Q(x,t) = ¢(x —t). Define

w(xat) = U(:L',t) - Q(l’,t).

As before 9 is Schwartz and since N=¢ < & for some C, we may conclude that ||Tu(to) — I|m < &,
ie. [[w(to)llm <&

Cram 2. [[Twl| ;1. <a.

[to—5,tg+3]

PROOF The function w(t) obeys the following difference equation:
(42) Wi + Wyze + az(w(w + QQ)) =0.
We can therefore use the standard X*® estimates as in Lemma 3.2 to conclude that

Hwll ryve < [Hw(o)llm + 0 (O (w(w + 2@ 1,4+

[to—d,tp+3] X[to*5vto+5]
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We then use the bilinear estimate as in Lemma 3.2, as well as the fact that @ is a Schwartz function in
x, to conclude that

ol oy <o+ G Il g, 0TIy,
[to—8,to+3] [to—8,to+3] [to—8,tg+3]
and therefore, by a continuity argument again, [[Iw]| , 1. < & for some § > 0 sufficiently small.
[to—3,to+3]

This concludes the proof of the claim. O

Finally, we must again take a é-step forward in . We will show that

to+6 1
Exlto+)~ Exlto) =2 [ QU@+ w)()dt = O 576,

to

We will use Lemma 3.2 to do this, following the method of [7], rather than checking it directly.
Because & > N~¢ it will suffice to prove the more general bound

1
N2C+1 )-

52) + O(~——5) + O(

EN(to—i-(S)—EN(to):O( NOTI

1
N1—e€
To do so, consider Q(I(Q(t) + gw(t))) for |k| < 1. Recall that if f is a solution to the KdV, then

QLF(t)) = (L fawa, LF)? = LF?) = ((F)a, I f) + {L(f)a, (1)),
where (, ) denotes the L? inner product. Therefore, Q(IQ(t)+ £ Iw(t)) is a polynomial in k. In addition,
from the estimates in Lemma 3.2, which applies to I(Q(t) + £w(t)) because Hglw(t)ﬂxléﬂ < 1 for

[to—8.t0+]
|k| < 1, we may conclude that the coefficients of the polynomial

Ps(k) =2 /Ws QUIQ(t) + glw(t)) dt

to
are (’)(N%) so all the terms of second order or higher will validate the desired inequality automatically.

We therefore need only to check that the constant term is O(ze+r) and the linear terms are O( 52+ )-
The constant term comes from

Q) = (1Q1, IQ — IQus — (I1Q)?) = (1Q1, IQ* — (1Q)?),
which is O =677 because 1Q? — (1Q)? = IQ(I -1)Q+Q(I —1)Q+ (1 —I1)Q?. But now note that because
Q is Schwartz and m(¢) = 1 for |¢| < N, m(&) < 1 for all £, we may conclude that (I —1)Q = O(N—2%)
for any C' we choose because Q(t) is Schwartz in x. The same is true for Q2.
For the linear term, note that the linear term of Ey(t) is given by:
En(t) = 2(1Q(t)z, Tw(t),) +2(1Q(t), Tw(t)) — 2{(1Q)*(t), w(t)),
so the linear term of () is:
d
Q)= —FE
=L En)

= 2(wy, [(IQ* — (IQ)?)) + 2(w, % (I(IQ* — (IQ)?))) + higher order terms

= —2(Wae, [(1Q?* — (IQ)?)) + 2(w, %(I(Iéf — (IQ)?))) + higher order terms.
We can thus bound those linear terms by: (after integrating by parts)

w2 (I1(IQ% — (1Q)*)|| s + |8:(I(1Q* = (1Q)*))]| 2)

But now note again that because @Q is Schwartz we may conclude that ||[1Q? — (IQ)?||zs < N~ for any

s > 0. The same is true for Q;. Therefore, the linear terms of Q(t) are controlled by |lwl|/z>2 N~¢~1, and

so, also using the fact that [lw]| , ;.. < o, we conclude that
[to—6.t0-+2)

|En(to +6) — En(to)] S O(N*71) + O(N~715) + O(N 157

which concludes the proof of Lemma 4.2. O
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5. Final Proof of the Main Theorem
In this section we will at last obtain the full power of Theorem 1.1:

THEOREM 5.1. Let 0 < s < 1, Let 0 = distys(uo, L) < 1, and let u be the solution to the KdV such
that u(-,0) = ug. Then distys(u(t),X) < t1=5%<q, for all t such thatt < o~ e

To do so, we will need to refine the choice of the soliton ) to which u is close. In the previous
section, we chose a 1 to which u was close at time 0, and then assumed that u remained close to the
soliton evolution of v over time. This required us to make use of the fact that I is close to ¢, which
in turn forced us to require the condition o > N~ for some large C. We must eliminate this condition
in order to obtain the full force of the theorem. We will therefore find a 9* which is close to u for each
t, and study the equation by which this 1; moves in time. Define 1o(x) to be the standard ground state
solution to equation (1.2) centered at 0.

We begin by restating 1.4 in a form which will be more convenient:

LEMMA 5.2 (Weinstein, [14]). Let ¢ € 3, and let w € H' such that ||w| g < 1 and (w, (¢?),) = 0.
Then
LY +w) = L{¢o) = LY +w) = L) ~ [JwlF.
We will use the next lemma to find an appropriate ground state ¢ for each ¢ such that u is close to

1 and w = u — 1) satisfies an appropriate orthogonality condition. Note that, since we will be studying
Tw, not w, we will require (Iw, (¢?),) = 0 instead of (w, (¥)?),) = 0.

LEMMA 5.3. Letu € H®, and suppose distgs(u, ¥) < N*~ with N sufficiently large. Then u = +w
where v is a ground state, (w, [(¥?);) = 0 and |[Tw| g < N 5distgs (u, 8) < 1.
PROOF Define d(u,v) = ||[I(u — v)||g1. Then d(u,¥) < N'~*disty:(u,¥) < 1. So, as in [7], there exists
a 1" which minimizes d(u,X). By the translation invariance of the problem, we may assume that this

minimum occurs at 9. Note that the tangent space to ¥ at 1)y is spanned by g . Therefore, if we
differentiate

Ao, )% = (1w — 0, T(w — ) + (0, (u — ), BT (u — 1))
in the g, direction, we will get 0:
<I(u - wO)a I¢O,x> + <axj(u - 1/J0), axIwO,r> =0.
Let w = u — 1. Then, since ¥y — o,z0 — 12 = 0, after integration by parts we get
(i, I*(¢5)) = 0.
This is almost what we want; we would like to replace the I? in the above equation by I. To do so, we will
perturb g slightly. Write ¢ = vo(z — 20), w = u — 1 and ¢ = ¥ —1)9. We want to solve (w, I (1)?),) = 0.
Using what we know— (10, I?(1)2),) = 0—and some algebra, what we want to solve for is:
(@, 1((o + )*)a) = (@, I((ho + 0)*)0 = T(¥5)2) + (T, (¥5)0 — T(¥5)a)-
Note that the last term is O(N 19| I@|| g1) = O(N~disty: (u, X)), because I — 1 is almost the identity
on tg. For the left-hand side, note that ¢ = 1 — 19 = —x0%0,. + Opnz(|xo|?), where Op2 denotes the
order of the H2 norm of a function. Moreover, ((¢o + ¢)?)s — (V3)z = 220(¥2 + Vtbps) + Oz (|z0?).
Therefore, the equation we wish to solve is
(z0to, + Op2(|xo[*), I (o + @)%)x) — w0 (W, 1205 5 + Yot0,0 + Omz(|zol*))) = O(N ™ dist e (u, T)).
Since 1/)8@, + Y010, z¢ is Schwartz,
(1, 205 4 + Yot ) = O(IT0]| ) = O(d(u, %)) < 1.
On the other hand,
<¢O,xa I(¢3)x> ~ ”¢0H%/V2’4 + O(N7100)7

which is an absolute constant that is not close to zero. So in the end, we get

20 ((Wo,0, T(W5)a) — (10, 205 5 + Yhoth0,0a)) = ON™?distar (u, 2)) + O(|zo|*),
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where the coefficient of zy on the left-hand side is close to a constant independent of w. Therefore, by the
inverse function theorem, we find that there is an zg ~ O(N ~%dist g (u, ¥)) which solves this equation,
and then since |[¢) — ol gz = O(N~distgs(u, X)) the functions ¢ = ¥g(z — 2¢) and w = u — ¢ will
satisfy all the desired conditions. O

We apply this lemma at each time t such that dist g« (u, ¥) < N*~! to write u(z,t) = () + w(w, t).
We will redefine Q(z,t) by:

u(z,t) = Q(z,t) + w(z, t) = Yolx —t — zo(t)) + w(z, t)

For this section, we will redefine En(t) in order to eliminate our dependence on the closeness of ¥ and
Ip and to reflect the more precisely chosen error function w(t) found in the above lemma. We therefore
set”

(5.1) En(t) = L(Q(t) + Tw(t)).

Note that, by (5.3), for each ¢ such that distgs(u, ) < N*=1 (Tw(t), (Q*(t)).) = 0 and ||[[w]|; < 1.
Therefore, by 5.2, |En(t) — L(Q(t))| ~ |[Iw||3.. In particular, at t = 0, we have

|Exn(0) — £(Q(0))] ~ |[Tw]%: S N?~2502
To prove the theorem, we will need the following lemma, a refinement of Lemmas 3.2 and 4.2:

LEMMA 5.4. Suppose there is a tyg € R and a & with 0 < & < 1 such that |Ex(to) — L(bo)| < 72
Then there exists a 6 > 0 depending only on s such that

EN(t() + (5) — EN(to) = O(

~2
Ni=e0 ).
We will assume this lemma for now and conclude the proof of the theorem:

PROOF (of Theorem 5.1) Once again, we set & = N17%¢. As in the proofs of Propositions 3.1 and 4.1,
we can iterate the result of Lemma 5.4. In this case, for Q(x,t) = ¥o(z —t — zo(t)), we obtain that
|En(t) — L(Q(t))] S N?72%¢2 for all t such that t < N'~¢. So, by Lemma 5.2,

dist s (u, 2) < |Jw|lzs < N 40,
for all t < N17¢. We therefore can optimize for N under only the two conditions:

(5.2) t < NI—¢ N?72%52 <« 1.

Contrast these conditions with (3.2) and (4.1). Note that we have now eliminated the condition ¢ < N~¢
and therefore we obtain

dist s (u, ) < 1750,
for all t < 01,1,67 as claimed. O
It thus remains only to prove Lemma 5.4:

PRrROOF(of Lemma 5.4) We write Q(z,t) = ¢o(z —t — x0(t)) and w(x,t) = u(z,t) — Q(z,t). Then w(t)
satisfies the difference equation:

(5.3) Wi + Waae + O (w(w 4 2Q)) + £0Qy = 0°

We know that |[Tw(to)| g1 < & = N'"5c. As before, we start by proving that the X2%¢ norm of Iw is
controlled.

CrLAaM 3.

Iwl ...  Se.
[to—0,to+3]

"Compare to (3.1).
dx

8We use the notation #p to mean the ordinary derivative 7.
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PROOF As in each of the two previous claims, we use the standard X estimates to obtain:

Hwll agve S Hw(o)a + 8 (we + waza) || 1y o

[to—d,tg+3] [to—8,to+3]

S0+ 0 (w(w + 2@))z||xl,—%+2e + §€Hm.0(t)QIHX1.—%+2e

[to—8,t0+5] [to—8,t0+3]

Note that the first term on the right-hand side is the same as in Claim 2 and can be estimated in exactly
the same way. For the second term, we will prove that for each t € [ty — d,t0 + ], [|[Zo(t)[| S [Tw(t)]| a1
Then we will have

Hx.O(t)Qr”XL—%He S ”Iw(t)”Hle”Xl,—%Jrze

[to—8,tg+3] [to—8,t0+3]

- H (<T—<§3>>— (1wl > Qu(€)) m)

<7._§£3>>;26Q~“”(§’ T a)”LgoLg’T

Hy

L2132
—_—
< | Hwlazlles |l

< ClHwl e

t,[to—8,tg+d]
<Cllrwl .y

[to—d,tg+3]

The third line makes use of Minkowski’s inequality for integrals, and the fourth takes advantage of the
fact that Q(z,t) and all of its a-translates are uniformly bounded in X 1,—5+2€ space. The last step is
due to the standard estimate || f||zoo 1 < ||f||X1,%+e. This argument allows us to conclude that:

||Iw||X1,%+e S0+ 6 (w(w +2Q)).|| 1,—4 42 +C(56||Iw||X17%+E J

[to—8,tg+3] [to—8,tg+3] [to—3,t0+9]

and we can then complete the proof of the claim via a continuity argument. Therefore, to check that
[Hwll 114 < 7, we need only prove that, for each t, |@0()| < [[Tw(t)|| a2

[to—5.to+d]
To do so, write

O(z,t) = w(x +t+z0(t), 1) = u(z +t +x0(t),t) — Q@ +t + 20(t), 1) = u(x +t +x0(¢), 1) — Yo()
Then 0 satisfies:
O + Ope + (0(0 + 2Q)) . = To(t)uy + 6.
Recall that w satisfies (w, I(Q?),) = 0. Differentiating in time, we see that, for each ¢,
(00, 1(45)2) = 0

Plugging in for #; and simplifying, we obtain:
@0(t) (e, T(¥5)a) = (Owwa, T(45)a) + (000 + 2000))w, L (¥5)a) + {0z, 1(¥5)a),

ie.

i
<'¢)O,z + 917 I(w(Q))x>
Note that the numerator is controlled by ||/6]|g: and that the denominator is of a size greater than an

absolute constant. Therefore, we conclude that ¢ (¢) is indeed controlled by [|[I6(¢)| g = |[Tw(t)|| g as
claimed. O

do(t) = (102, (¥5)aaa + (0 + 200) (¥8)x + (¥5)a) + (0,10 + 240)s (15)a)) -

The final step in the proof of the lemma is to take a ¢ step forward in t. We want to prove

1

EN(t() + (5) — EN(to) = O(lee 5’2).
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Recall that En(t) = L(Q + [w) = L(Q(z +t,t) + Tw(z +t,t)). Also recall that Q(f)(t) = 0:(L(f)(t)) =
2(ft, f — few — f?). Therefore,
O EN(t) = Q((Q + Tw)(z + t,t))

= (0:((Q + Tw)(z +,1)), Q + Tw — Qua — Ty — 2QTw — (Tw)* — Q?)

= 2(=70(t)Qu + I(~Waax — (w(w + 2Q))s + To(t)Qa), [w — Twae — (Tw)(2Q + Tw))

= 220 (1) ({Qa — Qz), (Jw — Twge — (w)(2Q + Tw))+

(I(wy — Waze — (W(w +2Q)) g, Tw — Twyy — (Tw)(2Q + Tw)).

By integration by parts and the fact that I is almost the identity on @, the first term (when integrated

in ¢) will be controlled by CN (| Tw]]*  , and will therefore be fine for our estimates.
'3

[to—3,to+0]
Note also that the second term is a polynomial of degree at least 2 in w. Therefore, as in Section 4,

we will be done if we can prove that for all v such that ||v]| , 1. <1,
[to—.t0-+3]

to+6

To do so, let v =+ + @. Then

Yz — VYrazx — (fY(’Y + QQ))J, = Vg — VUggx — ('UQ)J:

and

Iy = Iyze — (I7)(2Q + I7) = Iv = Tvgy — (Iv)* +2(10)(1Q - Q) — (IQ — Q)* — (1Q* - Q).

Therefore

to+
/ Tz = Yazz — (VY +2Q)) s I(V = Yaw — 7(2Q + Iyw))) dt =

to

to+0
= / <I(U:c O (’02)36)7 ((I’U - vaac - (IU)Z) + 2(IU)(I - I)Q + ((I - I)Q)2 + (I - 1)Q2)> dt.

to
Then, once again, because I — 1 is nearly 0 on @, the second third and fourth terms are controlled. For
the remaining term, note that, by integration by parts (Iv,, Iv — [v., — (Iv)?)) is zero, so the last term
to be estimated is

to+0
(5.4) / (~pas — (v2)2), Tt — Tugy — (I0)2))dt.
to
But this is exactly the quantity estimated in Lemma 3.2. Recall that the multilinear estimates used to
prove those estimates did not depend on the properties of the function u except that [juf , 1. <1
[to—8,t0+5]
The conclusion was that Y
to+0 1
/ (I(—Vpge — (’U2)I),IU —Tvg, — (Iv)2)>dt = O(F)
to
Since [[v]| 1 1. is indeed controlled by a constant, by the estimates in the proof of Lemma 3.2 the

[to—3.to-+3]
quantity (5.4) is also controlled by 4. This concludes the proof of Lemma 5.4 and, at last, the main
theorem. O
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