TRACES OF SINGULAR MODULI ON HILBERT MODULAR
SURFACES

KATHRIN BRINGMANN, KEN ONO, AND JEREMY ROUSE

ABSTRACT. Suppose that p =1 (mod 4) is a prime, and that Ok is the ring of inte-
gers of K := Q(y/p). A classical result of Hirzebruch and Zagier asserts that certain
generating functions for the intersection numbers of Hirzebruch-Zagier divisors on the
Hilbert modular surface (h x h)/SL2(Ok) are weight 2 holomorphic modular forms.
Using recent work of Bruinier and Funke, we show that the generating functions of
traces of singular moduli over these intersection points are often weakly holomorphic
weight 2 modular forms. For the singular moduli of J;(z) = j(z) — 744, we explicitly
determine these generating functions using classical Weber functions, and we factorize
their “norms” as products of Hilbert class polynomials. We also explicitly compute all
such generating functions in the “SLy(Z) case” for the primes p = 5,13, and 17.

1. INTRODUCTION AND STATEMENT OF RESULTS

For primes p = 1 (mod 4), let O = Z [#} be the ring of integers of the real

quadratic field K := Q(y/p). The group SLy(Ok), i.e., the group of 2 x 2 matrices with
entries in Ok and determinant 1, acts on h x b, the product of two complex upper half

planes b, by
(a 6)o<z ) = (azﬁﬁ a'mﬁ/)
Y 0 b2l ’)/214—(5”}/,224‘5, )

Here ' denotes the conjugate of v in Q(/p). The quotient X, := (h x b)/SL2(Ok) is a
non-compact surface with finitely many singularities. It can be naturally compactified
by adding finitely many points (i.e. cusps), and Hirzebruch showed [6] how to resolve the
singularities introduced by adding cusps using cyclic configurations of rational curves.
The resulting modular surface Y}, is a nearly smooth compact algebraic surface with
quotient singularities supported at those points in f x h with a non-trivial isotropy
subgroup within PSLy(Ok).

In their famous work [7] on these surfaces, Hirzebruch and Zagier introduced a se-

quence of algebraic curves Z}p ), Zép ), --- C X,, and studied the generating functions for
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their intersection numbers. They proved the striking fact that these generating func-
tions are weight 2 modular forms, an observation which allowed them to identify spaces
of modular forms with certain homology groups for Y,. To define these curves, for a
positive integer N, consider the points (z1, z2) € b X b satisfying an equation of the form

(11) Aleg\/ﬁ—F)\Zl —A/22+B\/]3:0,

where A, B € Z, A € O, and AN + ABp = N. Each such equation defines a curve in

h x b isomorphic to b, and their union is invariant under SLy(Of). The Hirzebruch-

Zagier divisor Zj(é’) is defined to be the image of this union in X,,. If (%) = —1, then one

easily sees from (1.1) that Z](\f) is empty.

We let Zj(é’) denote the closure of Z](\f) in Y, If (Z,(ff), Z{ )) denotes the intersection

number of Z& and Z{ in Y, (see [7] for the precise formulation), then Hirzebruch and
Zagier proved in [7], for every positive integer m, that

(12) OB (2) == a®(0) + > (2%, ZP)q"
n=1

(note ¢ = €®™ throughout) is a holomorphic weight 2 modular form on [y(p) with

Nebentypus (5) Here aSﬁ)(O) is a simple constant arising from a volume computation.

More precisely, @%)(2) is in the plus space M, (Fo(p), (5)), the space of holomorphic

weight 2 modular forms F(z) = > 7 a(n)¢" on T'y(p) with Nebentypus (;), with the
additional property that

(1.3) aln) =0 if (ﬁ) S

p

In the present paper, we require the space M (Fo(p), (E))’ the space of weakly holomor-
phic modular forms of weight 2 on I'g(p) with Nebentypus (E) Let M3 (Fo(p), (E)) be
the subspace of those forms in My <F0 (p), (5)) that satisfy (1.3). Recall that a function
is weakly holomorphic if its poles (if there are any) are supported at cusps.

The geometric part of the proof of the modularity of (1.2) provides a concrete descrip-

tion of the intersection points fof) OZ,(LP ), Loosely speaking, the “finite points” fof) OZ,(LP )
are identified with CM points in h which are the “roots” of I'y(m) equivalence classes
of binary quadratic forms with negative discriminants of the form —(4mn — z2)/p (see
Section 2.1). The values of modular functions at such CM points are known as singu-
lar moduli, and in view of the modularity of (1.2), it is natural to consider generating

functions for the values of singular moduli over the CM points constituting AN WAL
Suppose that ¢ = 1 or that ¢ is an odd prime with ( ) # —1, and let I'j(¢) be

‘
p
the projective image of the extension of I'g(¢) by the Fricke involution W, = (9 ')
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in PSLy(R). Suppose that f(z) = > o a(n)q" € Mo(I'5(£)), the space of weakly
holomorphic modular functions with respect to I'j(¢). Furthermore, suppose that a(0) =
0. We define the “trace” of f(z) over Z" N ZP) by

(1.4) (2P, 2= Y

reZPnzP

f(7)
#L5(0):

where I'$(¢), denotes the stabilizer of 7 in I'§(¢). For these traces, we consider the analog
of the generating functions in (1.2) defined by

(1.5) oP)(2) == APNz) + B (= +Z ARA L
Here we have that

mz*mzp 362 77n2p
AL = =) Y mal-mn) |3 g Y

m,n>1 EZ TEL

x2=m2p (mod 2¢) x=m (mod 2)

BY)(2) = 2¢(0) Y (01(n) + oy (n/0))a(—n) Y ¢,
n>1 TEL
where €(¢) = 1/2 for £ = 1, and is 1 otherwise. As usual, o1(x) denotes the sum of the
positive divisors of x if x is an integer, and is zero if x is not an integer.
Using recent works of Zagier [13], and Bruinier and Funke [4], we show that these
generating functions are also modular forms of weight 2. In particular, we obtain a
linear map:

o) M) — Ma (Tuto). (2] )
(where the map is defined for the subspace of those functions with constant term 0).

Theorem 1.1. Suppose that p = 1 (mod 4) is prime, and that { = 1 or is an odd
prime with (I—‘;) # =1 If f(2) = >, s o a(n)g" € Mo(T'5(¢)) , with a(0) = 0, then the

generating function @@p}(z) is in Mo (FO(PF% (;))

Remark. In [4], Bruinier and Funke establish that the generating functions for traces of
singular moduli are modular forms in great generality. In the case of modular curves,
for simplicity they work out the details for X (¢) for £ = 1 and for odd primes ¢. We
follow their lead by making this assumption as well in Theorem 1.1.

Remark. 1If we allow the constant term of f(z) to be non-zero, non-holomorphic terms
would be included, as in [4]. In particular, if f(z) = 1, then we obtain the Hirzebruch-
Zagier modular forms restricted to the “finite” points of intersection.
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We turn to the problem of explicitly computing natural examples of these modular
forms @g’ }(z) Let Ji(z) = j(z) — 744, where j(z) is the usual elliptic modular function

o BEaz)?
(1‘6> j(Z) - n(z>24

where 7(2) = ¢Y* 02, (1 — ¢") is Dedekind’s eta-function and

Ey(z) =1+ 240 i > diq

n=1 djn

= ¢ ' 4 744 + 196884¢ + - - - ,

is the usual Eisenstein series of weight 4. The modular forms <I>§?, (z) can be described

in terms of n(z), E4(z), and the classical Weber functions
z/2 2z
(L7 o) =TE2 g (o) = vE- 122
n(2) U
Theorem 1.2. I[fp=1 (mod 4) is prime, then

p 1(22)1(2p2) E4(p2)f2(22)f2(2p2)? 4 2 4 2
&), (2) = o) (1(42)'12(2)” — Fu(4p2) fa(p2)°)

Remark. Using the classical theta functions ©(z) and Ooaa(2) (see (3.1) and (3.3)), the
formula in Theorem 1.2 may be reformulated as

), (2) = —%ﬁ;(j’)? (O(p2)Ouia(2/4) — O(2)Ouaal(pz/4).

It turns out that the forms @g’j ?,1 (z), the generating functions for the traces of singular
moduli on X, are closely related to Hilbert class polynomials. The singular moduli
j(1), as T ranges over Cp, the equivalence classes of CM points with discriminant —D,
are the roots of the Hilbert class polynomial

(1.8) Hp(x) = [] (& —j(r)) € Za].
7€Cp

Each Hp(x) is an irreducible polynomial in Z[z| which generates a class field extension
of Q(v/—D). To relate the forms @&{’ }1(2) to Hilbert class polynomials, define N,(z) as
the “multiplicative norm” of @, j,(2)

(1.9) N =[]  oP.lm
MeTo(p)\SL2(Z)
If N;(z) is the normalization of N,(z) with leading coefficient 1, then
A(2)Hzs5((2)) if p=5,
oy L ) Ei(2)A(2)°Ha(j(2)) Hsor (j(2))  if p =13,
]Vb(Z) - 3 .
A(2)*Ha(j(2)) Hser (7 (2)) if p =17,

A(2)°H7(j(2))* Has3(j (2)) if p = 29,
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where A(z) = n(2)?* is the usual Delta-function. These examples illustrate a general
phenomenon in which N (z) is essentially a product of certain Hilbert class polynomials.
Before we state the general result, we fix some notation. Define integers a(p), b(p), and

c(p) by
(1.10) alp) = g (@ + 1) |
(1.11) b(p) := % <<§) + 1) ,

(1.12) p) = ¢ (p— (j;)) |

Furthermore, let D, be the set of negative discriminants —D # —3, —4 of the form
with x, f > 1.

x2—dp
16 f2

Theorem 1.3. Assume the notation above. If p =1 (mod 4) is prime, then
N3 (2) = (Ea(2)Hs(§(2)™ - Hi(§(2))"" - A(2)P - Hype(i(2) - [ Hp(i(2)*
—DeD,

For the primes p = 5,13, and 17, and when ¢ = 1, work of Bruinier and Bundschuh [3]
make it possible to obtain explicit formulas for the traces of every weakly holomorphic
level 1 function, with constant term 0, on X,. There is a natural sequence of modular
functions J,,,(z) which forms a basis of such functions. For every positive integer m
let J,,(z) be the unique modular function on SLy(Z) which is holomorphic on § with a
Fourier expansion of the form

(1.13) Im(2) =q¢ ™ + i cm(n)q".

In particular, note that
Ji(2) = j(2) — 744 = ¢ +196884q + - - - .

Each J,,(z) is a monic degree m polynomial in j(z) with integer coefficients, and its
generating function is given by

> m 124(2)2126(2) ) 1
R C R B

where Eg(z) =1-5043277, 37, d>q".
To describe @g{’}m for p = 5,13, and 17 we give a basis for M7 (Fo(p), (7—3)> In

)

particular, for m > 0 with (%) # —1 there is a unique function K,(ff)(z) with Fourier
expansion of the form

(114) K9 =0+ 0l € M (1ol (£} ).
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In Section 4, we will provide formulas for K (z) and K" (z). Furthermore, we provide
a description of each Ky(,f)(z), for m > 1 in terms of the action of Hecke operators on
KP(2).

We have the following connection between the functions K& (z) and (IJ% }7n(z).

Theorem 1.4. If p=>5,13, or 17, and m > 1, then
o) (2) =20(m)KP (2) = > d > K& . .(2).
d|

z=d (mod 2)
z2<d?p
Remark. Theorem 1.4 shows that the linear map described in Theorem 1.1 is not neces-
m2
sarily surjective. Specifically, the leading term of @g{’ ?,m (2) is —mgl™T", and this easily

implies that for p =5, K ip )(z) is not in the image of the linear map.
However, the linear map is always injective. If f € My(I'§(¢)) is a nonconstant modular
function, then since I'j(¢) has only one cusp, f has a pole at co. Suppose that

f(Z) — cq_m+0(q_m+1),

with ¢ # 0 and m > 1. The formulas for @2{’ }(z) obtained in the proof of Theorem 1.1
easily imply that

() —clmg P4 4 O(qU-rm)/4) if m is even,
e
—2clmqg =P L O(¢B=Pm/4) if mis odd.

and hence q)g?}(z) # 0.

In Section 2.1, we recall the exact relation between the points in ZT(ff:) N Z,(Lp ) and CM
points (see Definition 2.1), and in Section 2.2 we recall works of Zagier, and Bruinier
and Funke which describe generating functions for traces of singular moduli on modular
curves as weight 3/2 weakly holomorphic modular forms. Using these facts, we prove
Theorem 1.1 in Section 2.3. In Section 3 we investigate the traces of J;(z) = j(z) — 744,
and we prove Theorems 1.2 and 1.3. In Section 4, for p = 5,13, and 17 we compute each

@g{’ }m(z) using works of Bruinier and Bundschuh, and we prove Theorem 1.4.
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2. THE MODULARITY OF @%’}(z)

2.1. Intersection points on Hilbert modular surfaces as CM points. The goal
of this section is to provide (for £ = 1 or an odd prime with (ﬁ) # —1) an interpretation
of Zép "N ZP as a union of I'6(€) equivalence classes of CM points. This is given by
Definition 2.1 below.
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For —D = 0,1 (mod 4), D > 0 we denote by Qp the set of all (not necessarily
primitive) binary quadratic forms

Q(z,y) = [a,b,d(z,y) := az® + bry + cy®
with discriminant b* — 4ac = —D. To each such form @, we let the CM point g be

the unique point in b that satisfies Q(ag, 1) = 0. The group SLy(Z) acts on Qp in the
usual way, i.e., for M = (‘f{‘ g) € SLy(Z) we define

la,b,c] o (: g) (x,y) :=[a,b, c|(ax + By, yx + dy).

It is easy to see that Qp is invariant under the action of SLy(7Z).
For ¢ = 1 or an odd prime and D > 0, —D = 0,1 (mod 4) we define Q%} to be

the subset of Qp with the additional condition that £|a. It is easy to show that Q%] is
invariant under I'§(¢).

Suppose that ¢ = 1 or £ is an odd prime with (ﬁ) # —1. Then, there exists a prime
ideal p C Ok with norm ¢. Define

SLy(Ok,p) := {(: ?) € SLy(K) :a,0 € O,y €p,B € p‘l}.

In this case there is a matrix A € GLJ (K) such that A7!'SLy(Ok,p)A = SLy(Ok).
Define
¢ : (b xb)/SLa(Ok, p) — (b x h)/SLa(Ok)
by
&((21,22)) == (A2, A'zp).

Let T" be the stabilizer of {(z,2) : z € h} C h x b in SLy(Ok,p). Then I' = T'y(¢) if
¢ #pand I' =T§(¢) if £ = p. The image of {(2,2) : z € h} under ¢ is Zép). Hence, we
have a natural map ¢ : h/T" — Zép ), Using work of Hirzebruch and Zagier, we make the
following definition.

Definition 2.1. If / =1 or an odd prime with (ﬁ) # —1, and n > 1, then define
4 *
2wz = Y {aQ Qe Q) ., /To(l) }

x2=4fn  (mod p)

Here the repetition of x and —x indicates that Zép) NZP) is a multiset where a CM point

ag occurs twice if Q € Qgén—ﬂ)/p for x # 0. In addition, if { > 1 and {|n, then we
include
14 *
U {eer@e gy, /Ti0},
TEL
x2<dn/l

z?2=4n/f (mod p)
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where each point with non-zero x is taken with multiplicity 2¢, and a point where x = 0
15 taken with multiplicity 0.

To justify our definition we argue as follows. Hirzebruch and Zagier ([7], p. 66) show
that if t € h, n > 1 and Y(¢) € Zép) N ZP | then

N — e\
alt! + ———t+b=0
VP

for (a,b,\) € Z® Z & p~t with AN + abp = n. This follows as a result of considering
the inverse image QS‘I(Zép)) C (h x b)/SLy(Ok, p).

Write /X = ¢+ d1+2*/i), for ¢,d € Z. We have that the discriminant of the equation

above is d? — 4abl. However, this implies that
(2¢+d)*> —4nl
p

Thus, the discriminant is of the form (x? — 4nf)/p. From Hirzebruch and Zagier’s

d? — 4ab.

Theorem 3 ([7], p. 77), computing the number of transverse intersections of Zép ) and

7P we see that each z € § with discriminant of the form (22 — 4nf)/p occurs with the
appropriate multiplicity.

2.2. Generating functions for traces of singular moduli on modular curves.
Throughout we let ¢ be 1 or an odd prime. Motivated by Borcherds’ work [1] on the
infinite product expansions of certain automorphic forms on orthogonal groups, Zagier
[13] computed the generating functions for the “traces” of the J,,(2) singular moduli, as
well as several other classes of modular functions. If m, D are positive integers and —D
is a discriminant, then Zagier defined the trace of the singular moduli of discriminant
—D for J,,(z) by
(2.1) (D)= Y - Ja(oa)
QeQp/PSL2(z) @

where wg is the order of the stabilizer of () in PSLy(Z). He proved the striking fact
that these generating functions are essentially weight 3/2 weakly holomorphic modular
forms.

We now recall some of Zagier’s generating functions. Following Kohnen [8], for integers
k let MZJF 1 (To(4)) be the space of weakly holomorphic weight & + £ modular forms on

[g(4) with a Fourier expansion of the form

(2.2) > a(n)q".

n>=—oo
(-1)kn=0,1 (mod 4)

Zagier’s trace generating functions are described in terms of a special sequence of
weight 3/2 forms g,,(z). For positive m = 0,1 (mod 4), g,,(2) is the unique form in
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M7 (To(4)) with a Fourier expansion of the form
2

(2.3) gm(2) = ¢+ B(m,n)g

Zagier proved that the forms g,,(z) determine the generating functions for traces and
“twisted traces” of singular moduli on SLy(Z). For example, his work shows that

(2.4) 91(2)2%— =2 (D) =gt -2+ 248¢7 — -

To state his more general result, for positive integers m, let

(2.5) B,,(1,D) := the coefficient of ¢” in g;(2)|T(m?),

where T'(m?) is the usual Hecke operator on M$(T'g(4)). Zagier’s formulae for the traces
tm(D) are given by the following theorem (Thezorem 5 of [13]).

Theorem 2.2. Ifm >1and 0< D =0,3 (mod 4), then t, (D) = —B,,(1, D).

Recently, Bruinier and Funke [4] have generalized Zagier’s results to include traces
of singular moduli of modular functions on groups which do not necessarily possess a
Hauptmodul. A particularly elegant example of their work applies to modular functions
on I'g(€). Suppose that f(z) = > o a(n)q" € Mo(I'§(¢)) has constant term a(0) = 0.
The discriminant —D trace is given by

(2.6) B0 = Y o 1() - f(ag).

Q€EQp ¢/T5(0)

Here I'f(¢)q is the stabilizer of @) in I'j(¢). Following Kohnen [8], we let for e € {1}
M;::;(F 0(40)) be the space of those weight k + 1 weakly holomorphic modular forms
2

f(2) =25 a(n)g" on T'y(4€) whose Fourier coefficients satisfy

14

Bruinier and Funke’s generalization of Zagier’s work (Theorem 1.1 of [4]) gives the
following theorem.

Theorem 2.3. If { =1 oris an odd prime and f(z) = > o a(n)q" € Mo(I'5(£)),
with a(0) = 0, then

Gi(f,z) = — Z ma(—mn)q -’ +Z o1(n) + loi(n/l))a —|—th

m,n>1 n>1 D>0

is an element of M3 (Dg(40)).

(2.7) a(n) =0 whenever (—1)*n=2,3 (mod 4) or ((_1)kn) = —€.

Remark. Theorem 2.3 recovers Zagier’s Theorem 2.2 when ¢ =1 and f = J,,.
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2.3. Proof of Theorem 1.1. To prove Theorem 1.1 we require the classical Jacobi
theta function

(2.8) O(x) =Y ¢ =1+20+2¢" +2¢"+ .
TEL
It is well known that ©(z) € M (To(4)).

Suppose that f(z) = > o a(n)q" € Mo(I'5(£)) satisfies the hypotheses of Theo-
rem 1.1. By Definition 2.1 and Theorem 2.3, a straightforward calculation reveals that

(2.9) (=) = e(t) (Gu(£,p)O(2)) | UW) | (U(0) + LV (D)),

where for d > 1 the operators U(d) and V (d) are defined on formal power series by
(2.10) (> atma") 1Ud) =Y aldn)q",

and

(2.11) (Z a(n)q") V()= a(n)g™

It is well-known (for example, see [8, 12]) that V(p) maps Ge(f, z) € M3 (I'g(4()) to
the space M3 <F0(4p£), (E)> Since O(z) € M, (T'p(4)), it follows that G(f,pz)O(z) is
in My <F0(4p€), (1—3))

Now, we apply the operator U(2) twice to G,(f, pz)O(z). Since 2% | 4pl and (5) has

conductor p, Lemma 1 of [9] implies that (G¢(f,pz)©(z)) | U(2) is in M, <F0(2p€), ( ))

v
Since the non-zero coefficients of Gy(f, z) are supported on exponents n = 0,3 (mod 4),
it follows that the non-zero coefficients of G,(f,pz)©(z) are supported on exponents
n=0,1,3 (mod 4). In particular, the non-zero coefficients of

(Gu(f,p2)0(2)) | U(2)
are supported on exponents n = 0 (mod 2). Lemma 4 (i) of [9] then implies that
(Ge(f,p2)0(2)) [ U(2) | U(2) = (Ge(f,p2)0(2)) | U(4)
is in My (Fo(pﬁ), (5)) The theorem follows since it is well-known that U(¢) + ¢V ({)

maps (Go(f,p2)0(2)) | U(4) to My (Fo(p€2), (;)).

Remark. Strictly speaking, Lemmas 1 and 4 of [9] are only stated for integer weight cusp
forms. However, it is simple to check that their proofs also hold for weakly holomorphic
integer weight forms.



TRACES OF SINGULAR MODULI ON HILBERT MODULAR SURFACES 11

3. THE SPECIAL CASE OF Ji(z) = j(z) — 744

Here we examine the modular forms @&{’}1(2), the trace generating functions for

Ji1(z) = j(z) — 744 on the Hilbert modular surface X,. In particular, we prove The-
orem 1.2 which describes these forms in terms of the classical Weber functions, and
Theorem 1.3 which relates these forms to products of Hilbert class polynomials.

3.1. Proof of Theorem 1.2. To prove Theorem 1.2, we work directly with Zagier’s
identity (2.4). We recall the following classical theta function identities:

n(2z)° 2 4
3.1 OFR)=—F—F— = ¢ =142q+2¢"+---,
) &) = emar ~ 2
_n(z)2_ _1\z2% 1 4 _ 9.9 ...
and
162)?
(33) @odd(z) _ 7]( ) Zq (2z+1)? _ q+q —I—q25 —I—q49 +.

( ) >0
Proof of Theorem 1.2. By (2.4), (2.9), and (3.2), we have that

B, (2) = = (91 (p)0(2)) | U(4)

@o(pz)E4(4pz)

By the definition of U(4), it is stralghtforward to rewrite this expression as
(p) _ _1 Oo(pz) E4(4pz) ) 1 v
W), (2) = Z (P o) | (5

1 Oo(p z+1//4)E4( (z+v))
N Z( (p(z+v))°

-@((z+u)/4)) .

Using the fact that Ey(p(z +v)) = (pz), and that
n(p(z +v))° = n(pz)°,

we obtain

(p) _ Eu(p2)
(I)I,Jl (Z) - 477 pZ)G

By (3.2) and (3.3), one finds that

Z IOy (p(z + v)/4)O((z + 1) /4).

v=

3

(») _ E4(p2) (px?+y?)/4 x pra?+ylv—v
(bl,Jl(Z) - _47](]92)6 ’ Z qp Y ’ (_1) le Y :

T,YEL v=0
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Since we have that

iipymz_l_yzy_y o 0 ifr=y (mod 2),
|4 if 2y (mod 2),

v=0
it follows that

_ Eu(pz) . "
(I)%L)h(z) _ . Z q((2y+1 +4px? Z q (4y%+(2z+1)%p) /4

7(pz)® ~ 2
_ n(pZ)G . (@(pz)(_')odd(z/ll) — ®<Z)@Odd(p2/4)) .
The claimed formula now follows easily from (1.7), (3.1), and (3.3). u

3.2. Proof of Theorem 1.3. Here we prove Theorem 1.3, the description of N;(2) in
terms of products of Hilbert class polynomials.

Proposition 3.1. If p =1 (mod 4) is prime, then
(3.4) Ny (2) = Eg(2)"® - A(2)W) - B (j(2)),
where F,(x) € Z[x] is a monic polynomial with

(5p —5)/12 ifp=1 (mod 12),

deg(Fp(z)) = {(5p —1)/12 if p=5 (mod 12).

Proof. From Theorem 1.1 one easily sees that Ny(z) € My,,2(SLy(Z)). Lemma 2.34 of
[10] then implies that N;(z) has the desired factorization (3.4). Since

o) ) € Mi (1ot (2) )

Lemma 3 of [3] implies that

1
(3.5) 02 [ W, = =5 215,(2) [ U )
This implies in particular that N(2) has integer coefficients with leading coefficient one.
Since j(z) has integer coefficients with leading coefficient 1, it follows that F,(z) is a
monic polynomial with integer coefficients.

To complete the proof, it suffices to compute the degree of F,(x) which is equivalent
to computing the order of N,(z) at z = co. For this notice that (2.4) and (2.9) give

(p) _ _ -p _ ) -0(z2
sy WO =—(-20)00) U
- _ (q—p — g Pt 4 ) | U4) = 2~ P/ 4o

We now use as a set of representatives for the coset space I'g(p)\SL2(Z) the matrices

(O B R
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0 -1\ 1/p s/p
(1 s)_WP'(o I
Therefore, by (2.4), (2.9), and (3.5) it follows, since U(p)U
1

Moreover we have

—~

4) = U(4)U(p), that

2
o) W, = — - o) U e
1 (2) | 7 1y (2) [ U(p) = 7
Together with (3.6), this implies that
* —(p—1)/4
Np(z):q(p )/ 4.
Using (3.4), we get
—(5p=5)/12 4 . .. ifp=
‘ q + ifp=1 (mod 12),
EGE) =T o i tp=1 (mod12)
q~ P +-- if p=5 (mod 12).
The conclusion about deg(F},(x)) follows from the fact that j(z) = ¢ '+ 744+ ---. O

To prove Theorem 1.3, it suffices to compute the factorization of F,(x) over Z|z].
Loosely speaking, F},(z) captures the divisor of the modular form N;(z) in . To compute
the points in the divisor, we shall make use of Theorem 1.2. Since 7(z) is non-vanishing
on b, the factors of F,(x) only arise from the zeros of the “norm” of E4(pz) and of

f1(42)*2(2)? = 11 (4p2) fa(p2)*.

To determine these zeros and their corresponding multiplicities, we first recall some
classical facts about class numbers. Let h(—D) denote the class number of primitive
positive definite binary quadratic forms with discriminant —D. These class numbers
have the property that h(—D) = deg(Hp(z)). The following well known fact shall play
an important role (for example, see page 69 of [7]).

Proposition 3.2. If =D, is a fundamental discriminant and f > 1, then
g2
( Dof):h fH G
w(=Dof?) plf b

prime

where w(—D) is half the number of units in the imaginary quadratic order of discriminant
—D.

We shall require the following class number relation to prove Theorem 1.3.

Lemma 3.3. If p=1 (mod 4) is prime, then

s2—4
2. h<16f2p)_p—5
<52 4p) o127
—-2/p<s<2yp W | 162
f1t(s,p)
where t(s,p) =t is the largest integer for which t* | (s* — 4p) and (s* — 4p)/t*> = 0,1

(mod 4).
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Proof. We use the Eichler-Selberg trace formula (for example, see [5], [11]), giving the
trace of T,, where T, is the usual Hecke operator, on S3(I'z(16)). This trace is zero, since
S2(Tp(16)) = 0.

The Eichler-Selberg trace formula for this case gives the identity

(3.7)

p+1——1f2_1¢>((p—1)/f) (p+1,£,16,p) - 5 Z b(s, f,p)e(s, £,16,p) = 0
flt(a.)

where ¢ is Euler’s totient. The number b(s, f,p) = h((s* — 4p)/f?)/w((s* — 4p)/ f?),
and the c(s, f, 16, p) count solutions to quadratic congruences modulo powers of 2 (these
are explicitly given in [11]). It is straightforward to prove that c(s, f, 16, p) is equal to

2,6, 8,4, 6if 52;24” =1 (mod 8),4 (mod 32),16 (mod 128),80 (mod 128),0 (mod 64),
respectively. Otherwise it is equal to 0. From this it is straightforward to see that

—— 3" 6((p—1)/Pelp+1,£,16,p) = 6.

fl:n 1
Hence, it suffices to consider the third term of (3.7). We have that
> b(s. f.p)e(s, £,16,p) = 2(p — 5).

s2<4p
f1t(s,p)

From the consideration above it follows that ¢(0, f, 16, p) = 0. Also,
b(S, fa p)C(S, fa ]-6ap) = b(—S, fa p)C(—S, f> 16,]9) and hence

S° b(s, fop)e(s, f,16,p) = p— 5.
0<s<2\/f9
flt(s,p)

Now, if we write t(s, p) = 2°(*)m(s) where m is odd and a > 1, we have

> D bs,2'g,p)e(s,2'g,16,p) = p — 5.

0<5<2,/p 0<i<a(s)
glm(s)

It suffices to prove for all g that

s —4p

Ifi<a- 3, we have that that c(s, 2g, 16,p) = 6. In this case, Proposition 3.2 implies
that b(s,2'g,p) = 4h (%) Jw (ﬂ) This gives

9221 22292

; ; 52 — 4p 52 — 4p
b(s,2'g,p)c(s,2'g, 16, p) = 24h ( GE ) Jw < o7 ) :
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Hence, it suffices to consider &« — 2 < i < a. These may be argued on a case by case
basis. We give the argument when D = (s? — 4p)/(2%¢?) = 1 (mod 8). The other
cases are similar and slightly simpler. Suppose that D = 1 (mod 8). If & = 0, then
s2 —4p =1 (mod 8) and hence s is odd, so s> =1 +4p = 5 (mod 8), a contradiction.
If « = 1, then s> —4p = 4D = 4 (mod 16). Thus, s> = 4 + 4p = 8 (mod 16), a
contradiction. Hence, a > 2. Now, we have that c(s,2%g,16,p) = 2, c(s,2%71,16,p) =
6, and c(s,2%7%g,16,p) = 8. We also have by Proposition 3.2

h t b(s, 29, 16, p) —
b(s,2°71g,16,p) = h(—D)/w(—D) and b(s, 2% 2¢,16,p) = 2h(—D)/w(— ) Thus,
2Uh(-D) §2 — dp
Z;f %2'9,16,p) = w(—D) 24h(16 920~ 4)/ (16 920 4)’
as desired. 0J

Now we determine the factor of F,(z) arising from FEy(pz).
Proposition 3.4. If p =1 (mod 4) is prime, then
Fy(x) = Hyp2(2) - (),
where 1,(x) € Z[x] has

_Jp—1)/12 ifp=1 (mod 12),
deslh() = {<p 512 ifp=5 (mod 12)

Proof. Since Ey(w) = 0 for w = ™3 = 1¥=3 it follows that Ey(pz) is zero for 2, :=
w/p. Since z, has discriminant —3p?, by the integrality of F,,(z) and the irreducibility
of Hz,2(z), it follows that Hs,2(z) | F),(z) in Z[z]. By Proposition 3.2, we have that

—-1)/3 ifp=1 (mod 12),
ey p(a)) = P11 mod 1)
(p+1)/3 ifp=5 (mod 12),
and so the claimed formula for deg(/,(x)) follows from Proposition 3.1. O

In view of Proposition 3.1 and Proposition 3.4, to prove Theorem 1.3 it suffices to
determine the polynomial I,(z). To this end, we begin by observing that I,(z) is the
polynomial which encodes the divisor of the norm of

f1(42)*2(2)? = F1(4p2) fa(p2)*.
To study this divisor, we first recall the following modular transformation properties.
Proposition 3.5. If (¢%) € SLy(Z) with b= c =0 (mod 4) and g(z) := f1(42)*f2(2)?,
then g (253) = 9(2).
The proof of Theorem 1.3 is complete once we establish the following lemma.

Lemma 3.6. Ifp=1 (mod 4) is a pm'me then we have

I,(2) = Hy(a)"® - Hy(a)® [] Hole

—DeD,
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Proof. By Proposition 3.5, z € H is a root of g(z) — g(pz) if 2% = pz for (24) € SLy(Z)

with b = ¢ =0 (mod 4). This leads to the quadratic equation

pe 5 pd —a b

4 4 4
In view of Lemma 3.3 and since the Hilbert class polynomials are irreducible, we simply
need to show that for a negative discriminant of the form —D := ””126—}%1’ with z, f € Z
there exist two integral binary quadratic forms

. pa 22 pdi — _ ﬁ 2
Q1 = 7" +t T 1Y
N 22 pda — as _ b_2
Q2 = 7" +74f zy 4fy,
which are inequivalent under I'y(p) with discriminants —D such that (2 Zi) : (‘Zs fé)
€ SLy(Z) with by = by = ¢; = ¢ = 0 (mod 4). We can easily show that there exist
ai,as,dy, and dy such that a;d; = asds = 1 (mod 16f?) and pd; + a; = —(pdy +

ay) = x. Moreover we can choose ay, as,d;, and dy such that pdy — a1 = pdy —as =0
(I'IlOd 4f) We let bl = bg = —4f, cCl = (a1d1 — 1)/(4f), and Cy = (a2d2 — 1)/(4f)
Then ay,ag, by, by, ¢1,c2,dy, and dy are integral with by = ¢ = by = ¢ = 0 (mod 4)
and ai;d; — bic; = asdy — bacy = 1. It is well-known that if o2 4+ aszy + asy? and
Bra? + Bowy + Bay? are two integral primitive binary quadratic forms with as, 35 > 0,
which are equivalent under I'y(p), then ay = (B2 (mod p). This fact implies that Q)

and @)y are not equivalent under I'g(p) since pdil—f‘“ = —4fz (mod p) and pdz 2 =4 4fx
(mod p). Here 4f denotes the inverse of 4f (mod p). O

4. TRACES OF J,,(z) FOR p = 5,13, AND 17

In this section, we give formulas for the K,(ff)(z) and prove Theorem 1.4. For p = 5,13,
and 17 and m > 0 with (%) # —1 there is a unique

kD) =0+ 0l < M5 (Tuto, (£)).

p
Let

L( )+; Zd<) "

be the two Eisenstein series in M, (Fo(p), (E)> corresponding to the cusps 0 and oo.

Here L(s, x) denotes the usual Dirichlet series with Dirichlet character . Then, we can
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express Kép ) as a linear combination of these two Eisenstein series.

2 p p
m (E§ )(2) + EY )(z)) .
(p)

In addition, for p = 5 and p = 13, we can express K"’ (2) in terms of Efp)(z) and Eép)(z).
5B (2)2 = 55E7 (2)EY)(2)

(4.1) KD (z) =

4.2 K9 (2 :
(4.2 O(2) o
and
E(13) 2 E(13) E(13)
s () - B2 =3B B
Ey(2)

For p = 17, we need

Miz(z) =14 =) (01(n) —1701(n/17))q"

n=1

the Eisenstein series for Ms(I'y(17)) and

Sin(z2) =g —q" —2¢" +---,
the cusp form associated to the elliptic curve X((17). Then,
CEPMu() | EYV(:) 17ET()

(4.4) K (z) = ERE 1 .

All the K¥)(2) can be expressed in terms of K }p )(2) using Hecke operators. For this
description, suppose that m > 1 and (m) # 1. Let

be the unique form such that a,,(n) = 0 if (%) = 1. It is straightforward to verify the

following facts about the Kr(,f)(z) and K}(,f)(z).
Lemma 4.1. If gcd(m,p) =1, then

1 (p) = K,(ﬁ)(z) (%) '
o (KPG) 1 T) = {_k£f><z> ) =-1

where T, is the usual Hecke operator on Ma (Fo(p), (§)>

Lemma 4.2. If ged(m,p) =1 and b > 1, then

~ O
5 (KL = RO, - {K~ 7



18 KATHRIN BRINGMANN, KEN ONO, AND JEREMY ROUSE

Lemma 4.3. If ged(m,p) =1 and b > 1, then

1 p ~(p Ky(,f)(z) (%) =1
(o i) 10w - (£ D21,

Using these lemmas, one can determine the g-expansions of all the K% (z) and K® (2)
in terms of the g-expansion of K fp )(z) Now we prove Theorem 1.4.
Proof of Theorem 1.4. From (3.5) it follows that a weakly holomorphic modular form
f e MF(To(p), (E)) is holomorphic at infinity if and only if it is holomorphic at zero.
Since S (T'o(p), (E)) = 0 for p = 5,13 and 17, this implies that f € Mg (To(p), (E)) is
determined by its principal part and constant term.

The principal part of (IJ% }7n(z) comes from that of Ag’j ?,m(z) by (1.5). The definitions

of J,,(z) and Ag’}(z) imply that

1 £2—d2p £2—d2p
A%}n(z) _ _igd Z . 24d2 + Z . 24d2

z2=d?p (mod 4) z=d (mod 2)
z2<d?p z2<d?p

_ d Z q1274d2p.

dlm z=d (mod 2)
x2<d?p

It coincides with the principal term of the right hand side of the identity in Theorem 1.4.

Similarly, the constant term of <I>§’,’ }m (z) comes from that of Bﬁ’}m(z) and is clearly
201(m). Again, this coincides with the constant term on the right hand side of the
identity in Theorem 1.4. This proves the theorem. U
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