CHAPTER 17 HINT FOR EXERCISE 4

Use w = 27 f to find the angular frequency and v = w/k to find the angular wave number.
The position and time dependent terms in the expression for the displacement must have
the same sign since the wave is traveling in the negative x direction. Take the displacement
to be parallel to the y axis.
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(a) through (f) The amplitude is 6.0 cm, the angular wave number is k = 0.0207 rad/m, and
the angular frequency is w = 4.0mrad/s. Use k = 27/ to find the wavelength, w = 27 f to
find the frequency, and v = Af to find the wave speed. Look at the signs of the two terms in
the argument of the sine function to determine the direction of travel. The transverse speed
of the point at x, at time ¢, is given by

dy

u(z,t) = 5 (6.0 cm)4.07 cos[(0.020 rad/m) 7wz + (4.0 rad/s)t]

and its maximum value is
U = (6.0cm)(4.0s™ M.

Evaluate this expression.

(g) Evaluate
y = (6.0 cm) sin[(0.020 rad/m) 7z + (4.0 rad/s)mt]

for the given values of the coordinate and time.
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(b) Read the period T" from the graph, then use v = A\/T to find the wave speed. Here X is
the wavelength, which is given.

(c) Write
Y = ymsin(kr — wt + @),

where y,, is the amplitude, k is the angular wave number, w is the angular frequency, and
¢ is a phase constant. Notice that a minus sign was used because the wave is moving in the
positive x direction. The amplitude can be read from the graph the angular wave number is
given by k = 27/, and the angular frequency is given by w = 2 f = 2n /T, where f is the
frequency. You can find the phase constant by observing that y = 0 when x =0 and ¢t =0
and that the string velocity is positive at x = 0 and ¢ = 0. The first condition tells us that
sing = 0, so ¢ is either zero or mrad. The second condition tells us that — cos ¢ is positive.

(d) Evaluate
_ 9y

=5 = Wm cos(kx — wt + @) .

u
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(a) The phase is given by kx + wt, where k is the angular wave number and w is the angular
frequency. The difference in phase of two points separated by Ax is k Ax. Set this expression
equal to 7/3 and solve for Az. You must first find the value for the angular wave number
k. Use v = Af to find the wavelength A, then use k = 27/ to find k.

(b) Now, Az = 0 and the phase difference is given by w At. Evaluate this expression. The
angular frequency is given by w = 27 f.

[ans:  (a) 0.117m; (b) 3.14rad |
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(a) Use v = w/k to find the wave speed v. Here w is the angular frequency and k is the
angular wave number. Remember that the displacement in a wave is written

Y = Ym sin(kz — wt + @) .

Compare this form with the equation given in the exercise statement to find the numerical
values of k and w.

(b) Solve

=
v=,/—
W

for the linear mass density u. Here 7 is the tension in the string.
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The wave speed is given by

p=
v=4/—,

I

where 7 is the tension in the wire and g is the linear density. The stress S is the force per
unit area on a cross section of the wire, so the tension is given by

T =nR*S,
where R is the radius, and the linear density is the density times the cross-sectional area:
w=rmRp.

Substitute these expressions into the equation for the speed. Your answer should not depend
on R. Evaluate the result.
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(a) and (b) First find the tension in each string. Because the pulley is in rotational equi-
librium the net torque on it is zero. If 7 is the tension in string 1 and 73 is the tension in
string 2, then (13 — 75)R = 0 and 71 = 7». Since the pulley is in translational equilibrium
the net force on it is zero: Mg — 11 — 75 = 0. The solution to these equations is 77 = Mg/2

and 7, = Mg/2. Substitute into

T1
v = —
H1

T2
Vg = — .
V Ko

(c) and (d) The tension in string 1 is M;g and the wave speed is

and

Mg

V1 = .
1

The tension in string 2 is Myg and the wave speed is

Mgg
Vo = .
2

Since the wave speeds are to be equal, M;/u; = Ms/us. Solve this simultaneously with
M1 + M2 = M for Ml and MQ.
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(a) The wave speed is given by

F
v = R
mu
where p is the linear density. Use
F=kAl
and
_m
SN
to write v in terms of m, k, £ and A/.
(b) The time is given by
U+ A C+ AL

t

v VEAL+ A /m

If A¢ < ¢, then ¢ + A¢ may be replaced by £. You should obtain

‘s ‘m
“Vkae
If A¢ > ¢, then you may replace ¢ + Af¢ with A¢. You should get

it~

SE
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The average power is given by

1
Pavg = §Mvw2y$n )

where p is the linear density, v is the wave speed, w is the angular frequency, and y,,, is the
amplitude. Substitute p = m/L, v = \/7/u, and w = 2x f, where m is the mass of the

string, L is its length, 7 is the tension in the string, and f is the frequency of the wave.
Solve for f.
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If the two waves are
Y1 = Ym sin(kz — wt + @)
and
Y2 = Ym sin(kx — wt) ,
then
Y1 + Y2 = 2ym sin(kx — wt + ¢/2) cos(¢/2).
The amplitude is 2y, cos(¢/2) ad you want this to be 1.50y,,. Solve for cos(¢/2), then ¢.

In terms of the wavelength A\ the phase difference can be written (¢/27)\, where ¢ is in
radians.
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(a) The angular wave number % is 20m~! and is related to the wavelength X\ by

_27r

k N

(b) The phase constant of the resultant wave is half the phase difference of the two constituent
waves.

(¢) The amplitude of the resultant wave is y,,, = 3.0 mm and is related to the amplitude yi,,
of either of the constituent waves by

Ym = 2Y1m c08(4/2) ,

where ¢ is the phase difference of the constituent waves.
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Write
Y = Yim sin(kx — wt) + yo, sin(kr — wt + @),

where y1,,, is the amplitude of the first wave, ys,, is the amplitude of the second wave, k is
the angular wave number of both waves, w is the angular frequency of both waves, and ¢ is
the phase constant for the second wave. Draw a phasor diagram and use the law of cosines
to show that the amplitude of the resultant wave is

Yo = Yim + Yam + 2Y1mYam COS ¢ .

Solve for ¢.
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The wave speed is given by
e JT.
I
where 7 is the tension in the string and g is the linear density of the string. According to
the diagram there are three half-wavelengths in the length of the string, so L = 3)\/2, where

A is the wavelength. Solve for A. Finally, use v = f to find the frequency f.

[ ans: (a) 140m/s; (b) 60 cm; (c) 240 Hz ]
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The resonant frequencies of string B are given by

nv
an_ 8_L,

where v is the wave speed and n is a positive integer. The resonant frequencies of string A

are given by
v

ﬁ )
where m is an integer. Find values of n and m so that the frequencies match.

fAm:
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(a) Write
y = (0.050) [cos(mx — 4mt) + cos(mz + 47t)] .

Use the trigonometric identity

cosa + cos 3 = 2cos (#) COS (Q;B> ,

which can be found in Appendix E of the text. Let @« = mx — 4nt and B = 7z + 4nt and
show that
y = 2(0.050) cos(mzx) cos(4mt) .

Nodes occur for mx = nmw/2, where n is an integer. You want the smallest possible positive
value for x.

(b) The string velocity is

u= % = —8m(0.050) cos(mx) sin(47t)

and at z =0
u = —8m(0.050) sin(47t) .

The velocity is zero for 47t = nm, where n is zero or an integer. You want all the values of
t such that 0 >t > 5.0s.
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(a) For the second harmonic the length of the rope is equal to one wavelength. You can find
the wavelength by observing that the angular wave number is k& = 7/2 and the wavelength
is A =k/2m.

(b) The wave speed v is given by

w
v=—,
k
where w is the angular frequency. For this wave it is w = 127.
(c) Use
p=
v=,/—,
1

where 7 is the tension in the rope and p is the linear mass density of the rope. Substitute
p= M/L, where M is the mass of the rope and L is its length, then solve for M.

(d) An integer number of half wavelengths must fit along the rope, so possible values of the
wavelength are

For the third harmonic n = 3. Calculate T3.



