Numerical Linear Algebra Name (Print): l_( e }’
Fall 2017

Exam 1

09/29/17

This exam contains 8 pages (including this cover page) and 8 problems. Check to see if any pages
arc missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

¢ If you use a “fundamental theorem” you Probl Poi S
must indicate this and explain why the theorem roblem | Folnts | Score
may be applied. ] 50

e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 20
tered all over the page without a clear ordering
will receive very little credit. 3 15

¢ Short answer questions: Questions labeled as 4 15
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately 5 10
drawing a figure. No calculations are necessary or
expected for these problems. 6 10

e Unless the question is specified as short an-
swer, mysterious or unsupported answers 7 10
might not receive full credit. An incorrect
answer supported by substantially correct calcu- 8 0
lations and explanations might still receive partial
credit. Total: 100

Do not write in the table to the right.
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1. {20 points) Let' A R3%3 De given by

-1
0
0

e I e T
=T

{a) (5 points) (Short Answer) What is the range of A?

el

(b) (5 points) (Short Answer) What is the dimension of the null-space of A7

1.

{(c) (5 points) Is A an orthogonal projection?

No, not 5ymmenic

(d) (5 points) (Short Answer) What is the sinallest singular values of A7

0’ Hre matviX 7S het £ol]l rank,
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2. (20 points) Let Q@ € R"™ be a unitary matrix.
(a) (5 points) (Short Answer) What do you know about =17

Q=q

(b) (5 points) Show for all F,7 € R™ that (QZ)7 (Q7) = &7 5

(@X)'Cex)=R" G Ry
...x;«’

(c) (5 points) Show for all £ € R" that |QZ||> = (|£]|2.

il =( (QRTQR Y =(FXY-= %,

(d} (5 points) (Short Answer:) What is ||Qf|2?

N QY. = wa “Qﬂ'—-ma ﬂzﬂ._.
Q' \\ilfi'*l TN I{I \xxh
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3. (15 points) Let &, b, 7,1 &€ R™ be vectors with components:

a by v wi
i=|a;|,.b=|b)|, 0= |v|, W= |w
| In | _bn_ | Un | K

Let A € R™*" he defined by 4 = @7 + b’ .

{a) (5 points) For 1 € j < n, what is colunn j of A?

A€;- = L’l‘vj HZWJ-

(b) (5 points) What is the rank of A?

2

{(c) (5 points) What is the range of A?

S?an fﬁ,‘FB.
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4. (15 points) Let
1 0
=11 ,C_l.g= 1}.
0 1

a1

Find orthonormal vectors §i, ¢ € R? such that span{q, %} = span{a;, @ }.

= _rzz_z u Q,_‘-Y‘n_?, n

[V

-1
2

S ————

!
Mt
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5. (10 points) Find the SVD of the following matrix:

[100]

A=10 3 0

0 o0 -2

=100 oolfo} O

A 1 00 210 00|
o010l el llloo

6. (10 points) The figure below is the image of the unit ball under a matrix A € B>

¥
fl

If the SVD of A is given by A = ULV*. Find possible mnatrices for U, ¥ and V or explain why
it is not possible to determine these matrices.

Z: 20 ) U= Vo \ V Cannor determinc,
o2 0\
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7. (10 points) For students who are not MST graduate students.

Suppose ¥ € R". Pick one and only one of the following statements to prove. Circle the one
you chose to prove.

o [IFll2 £ v Flloo-

o [[Flloe < JIF]l2.

IR, = (3 A2 Rl
01\3‘(]'-—“ 2\ 1‘1
LA 2KV > 2 Yo wm
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8. (10 points) For MST graduate students only. Other students can do this problem
for potential bonus points.

Let #@,7 € R" and define A € R*™*" by A = @i’ .
{a) (5 points} Prove that ||AF||2 < |||z ||7]|2]|F]}2-

AR, = g™,
=\1vTR|- (1o,
= ([, 11, s,

{b) (5 points) Prove that [[A]2 = ||&|l2||7]2-

LC-+ )T L Tlﬁfﬂ

wil

7

AR, =
o

= 1IN g = 119
Theredore i h/ i+ QA

axy WA = ol .
?&ll; Tl \ I \\Vll



