Numerical Linear Algebra Name (Print): Key
Fall 2017

Final Exam

12/13/17

This exam contains 16 pages (including this cover page) and 13 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you Probl Points | S
must indicate this and explain why the theorem LT | el b
b lied.
may be applie ] 20
e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 20
tered all over the page without a clear ordering
will receive very little credit. 3 20
s Short answer questions: Questions labeled as 4 20
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately 5 20
drawing a figure. No calculations are necessary or
expected for these problems. 6 20
e Unless the question is specified as short an-
swer, mysterious or unsupported answers 7 20
might not receive full credit. An incorrect
answer supported by substantially correct calcu- 8 20
lations and explanations might still receive partial
credit. 9 20
Do not write in the table to the right. 10 20
11 20
12 20
13 0
Total: 240
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Stress Relief Page: If you get stressed out during the exam just look at these cute baby hippos.




Numerical Linear Algebra Final Exam - Page 3 of 16

12/13/17

1. {20 points) Let 4, B € R¥*! and suppose
range(A) = null(B).

Prove that (AB)? = 0.

AB)e,= ABARE:

Where X e€range (A), Therefore,
(AB)E,=0

and thus all o+ the colomns of

(AR) are O.
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2. (20 points) Prove or give a counterexample: If A € R?*" and || Ae;|} = 1 for each e;, then A is
unitary.

Counkwcxam’)\c: [l :) .
o
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3. (20 points) (a) (10 points) Determine a singular value decomposition of the matrix
‘7 0 0
U 3 0

)2 Lo ]
AR

(b) (10 points) Determine a singular value decomposition of the matrix

2 =2
B =221 w415
-1 4

Hint: What do you notice about the columns of B?

L et az[%])"c"; = _:'-Zl-

=L =0, \aN=3, lell=6

V=0 | :_3
|o]’ /q 6%
Wi
;B:]?‘/?’ii]_"o |
,’/7’33% | 03 I:




Numerical Linear Algebra Final Exam - Page 6 of 16 12/13/17

4. (20 points) Recall that for A € R"*" with entries a;; that the Frobenius norm is defined by

1
n n g

1AlF= [ D lagl? ] .

i=1 j=1
(a) (10 points) Prove using the SVD that
: 3
IAlF = (o +...07)%,
where o, are the singular values of A. Hint: First prove that ||A||r = /Tr(AT A).

The 4.1 entry 5% ATA ¥ given by.
fa\(u QK

—Trim=3 s QreOee = 1 AIL

2=\ K=l
Letr A= UZV* be yhe SVD of A. Therctore,

WA ={Tr (VZ2 V9,

=NTr(z Z)

Where L \f\uvc vsed Yhe fact that VI*I Vs
Swlar to gH*S

(b} (10 points) Prove that

IAllF < v/rank{A)[| All2.
l\AI\ = e b T X
= Q\a—( R orseg) )
2r (V4 1+ S
= vlhmkz(f’f)

’> “A‘ < {rank(A) I\ A“z.
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5. (20 points) Let

1 0
61= 1 ,Eg: 1f.
0 1

Find orthonormal vectors §i, @ € R3 such that span{q), &} = span{a, &}.

5715
=T s K
4, %\ =/
Ley V:: —5L—@'1T "?T)‘zﬁ

(il
(74

-0
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6. (20 points) Consider the following Matlab code provided below. What is this algorithm com-
puting? Find an asymptotic formula for the number of flops in this algorithm. Feel free to
use a separate piece of paper.

- W N =

- s

10
11
12
13
14
18
16
17
18
18
20
21
22
23
24
25
26
27
28
26
30
31
32
33
34
35
36
7
38
39
40
41
42
A3
€4
45

function [y] = FinalExam(A, x)
B R e R et s e e T s T s e LTy
This algorithm outputs a vector y.

%

%

%

% Inputs:

% 1. A {(nxn} full rank matrix.
% 2. x {nxl) vector.
%

%

%

%

%

Quputs:
1. ¥ (nxl) vector.

FEEEEAE R LA AL AL E AR AL R LA H AR LR AR E SR LA LA R LA AELLLLLLHL LTSS

%% Extracting information from A and allocating space for matries
[-,n]=size(A);
B=zercs{n,n);
C=zeros(n,n);

for j=1:n,
v=A{:,3);

for i=1:3j-1,
bi=B{:,i});
aji=Af{:, 3);
c(i,j1=bi'saj; ~v 1 £{ops

ST

end

C(j, J)=normiv);
bij=v/C(j, 3):
B(:, j)=b3j;

end

for j=n:=1:1,
ylir=x(i);

for k=j+1:n,
y{iy=y(j)—=C (3, ki+yik};
end
yiii=y(3)/C(3,3);
end

end

So\v"n

-

3

Ay =X by QR factoriZation o VNowed By back
SULS-H vtion

¥'l°'>5 ~ f ,i‘ Yn :’ﬁ' ‘l‘nll‘-l)"' i th\)' =2n"
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7. {20 points) (a) (5 points) What does it mean for an algorithm to be backwards stable?

_S-An al7,or'.+\nm ts  backwards S+abl¢ TF gCX):';(;(v)
°T Sowme X 5&4—{‘5&.\
W = O £,

x|
{b) (15 points) Consider the following problem:

92

fla) =
and the following algorithm for computing this problem on a computer:
f(z) = fi(z) @ i(z).

Is this algorithm backwards stable? Is this algorithm stable?

§00= Ku+5)) @(xCv5)
= XO+E ) (1+8,)
=§(X),

W\'\Cr‘c,,

X=Xk, ) 143,)4

-_.X[( |+'{')(| -l--"i-zz)_\ _*_o-cgz)]

..:X L 2%
=> ll l [2 E) 4‘6‘ + UCZMCL"“)]
2"‘)( l —-— .
X1 ZOUeitine)-
Therc%rg T U5 backwayds stablc and hence stable.
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8. (20 points) Let A,84 € R"*" be full rank and b, z,6z € R". Prove that if
Az =band (A + 6A)(z + bz} = b,
then

ISA]
AN

where £(A)} is the condition number of A. Note: The specific norm for this problem doesn’t
matter.

AX+SAX +ASx +5ASXx =)

SAX +ASX+5A X =0
GSALREGX)=A X
~ATVSALx+SX) =8 X

= AT A sl =N EXN
=5 115t = WA W SA ) x+ex]
- Nzl < AN SAY

Wl

= N 5xl] = WA NSAIL
Wx+sx)l [} All

|||
< -
[z + 0z = w(4)
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9. (20 points) {Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

C @ Let A € R"*™, The eigenvectors of A are orthogonal.
C ® Let A € R™*". The eigenvalues of A are real.

@ I If two matrices are similar then they have the same eigenvalues
C @ If two matrices are similar then they have the same eigenvectors.
C (1) Let A € R™. If all of the eigenvalues of A are zeto then A = 0.

@ I Let A€ R™", If all of the singular values of A are zero then A = 0.
]

© I Let A€ R**™ be symmetric and f\ an eigenvalue of A. |A| is a singular value
of A.

C @ Let A € R"™" with all real, positive and distinct ‘eigenvalues. The largest
eigenvalue of A is equal to the largest singular value of A.

C @ Let A € R**", If all of the eigenvectors of A have geometric multiplicity one
then the eigenvalues of A are distinct.

I Let A € R™™"™ with eigenvalue A. If v| and vo are linearly independent eigen-
vectors corresponding to the eigenvalue A, then v; + v» is also an eigenvector

of A.
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10. (20 points) Suppose A € R™*",

(a) (10 points} As illustrated below, show that A can be bi-diagonalized by an appropriate
sequence of multiplications on the left and right by Householder reflectors:

[Xx X X -+ T X [x x 0 -~ 0 0]

X X X -z T 0 x x -« 0 0

X X X -+ T T 0 ¢ x --- 0 0
A= — | .

X X X r o 0 0 0 T

[x x X A ¢ 0 0 0 =

A '/ the Séme Of?cra‘hlpns 0o
s Sobwmatr i X, THe vesol ¢ Follpwss
b)’ indvcton,

(b} (5 points) Does this transformation preserve the eigenvalues of A7 Explain.

NO, Ol;-r’{tr(n-l- Uh,‘-}-af/ ﬂycrq,‘,"‘qu are UICJ ovi the
lef+ and \"'-7\n1—

(c) (5 points} Does this transformation preserve the singular values of A7 Explain.

chJ UV\‘-Hr/ alotro’ri‘ans Frcserw, lc,y-l—\n.
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11. (20 points) In class we discussed the QR algorithin and simultaneous iteration. For A € R**"
a symmetric matrix, these algorithms are given below:

Simultaneous Iteration:
G0 =1,
Z = AQH-1),
Z =W pRp*,
Alk) — (Q(L-))TAQ[L-J__
P — pRY plk-1) . pl1)

QR Algorithm:

AO = 4
Alk=1) _ Q(k)R(k),
A = gk
O® = QligR ...gH),
R*) = pk)glk=1) | p(1)

{(a) (5 points) Explain what simultaneous iteration is computing.

T‘r\(, b}m VEeclors,

{b) (5 points) Explain what the QR algorithm is computing.

The -t??cn valves.
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(c) (10 points) Prove the following theorem:
Theorem: For simultaneous iteration and QR factorization the following properties hold:
AF = QR Rk
A®) = (Q(k))T AW,

'
Yoo f indur Hpw /

K=1, 5iwmul+aneoos
AK: A Ak—\
=A @UC-\\ —R-'llt—\)
. ZEU&\\
- Q’LMRu;\EtM)
_=plegta

K=l QR
4, AK= A-AF!

=A -QLY-")R(k—I)
Q‘lk-w:r\)ﬁ lE-)
N otk Ly p L)
QG RPR
Q R™
1A AL kAY_ an R(k,)
=}@u—.) )'"-Acpn-___ R(P

Therefore,
ALF)f RLK)C;E;)
_..(QU-} Am—t) Q N
-—@m T@k\ @UGDQM
_(Q(M)TA th)
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12. (20 points) For students who are not MST graduate students.

Suppose A € R"*" is a symmetric matrix with all of its eigenvalues A; satisfying |A;] < 1.
Prove that

lim ||A™}z = 0.

TI=300

Yince A s 5ywmmetrie T+ T un]hr‘-\y_ di'a;oMIi.ZtLla'.
A:QAQ’" : N
AN, =l AT,
)t

Th(l"ﬂ{-ﬂfﬁl ]
S AN, =0
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13. (20 points) For MST graduate students only. Other students can do this problem
for potential bonus points.

Prove that diagonalizable matrices are dense in R"*" with respect to the norm || - ||2. That is,
prove that if A € R®*" then for all € > 0 there exists diagonlizable A, € R**" such that

4 — Adlls < &
Let 'Q T be Unituty and +hans vlar matrices 5» That
the der Factovization ofF Al ;""" b,

A=QTA"
LC'}‘ Tg be, a l}&r"h)rba-hon s ¥ T' 561*':5(7

iTia ‘—°—T;‘, ‘“-F 1#} 0

Te,4; —-T +8 TF 4
h ¥ 7
Where |8:l<§ and J;.r all <& and 1 Ttg; 2T +5

The al;ebn..¢ lmvlhphcﬂy o+ Tgi s 4 $ur all/tjznwlw.s

nd Hos T ahﬂ;m al\zoblz Marcavcr)
T Tell =max| ;< €.

= NA- QT o=l (T “To) @),

= “T"Tg I\,
=7,



