
]\ITH 331/651
Homework #

Due Date: Septeiiiber 16. 2022

Problems for Everyone
1. (onshlei the follouiiig dviianiical ssteni

= (Ii —

where a is a real nniiiher that can he positive. negative, or zero.

(a) b,r all three cases find the hxe potts. classify thei stability. and skctci± the graph of
i(t) for difiereiu initial coiiditioiis.

‘1)) l:) all three cases. calculate awl plot the potetirial IIinctlo1I (a).

2. Tile simplest tiiodei of Itlalaria assuuie tiiiit tile iiiosqtiilo lJOptilatiOII is it it1iiilihriiiin and
models tie mtittl,er of humans infected ljv ntalara, 1(t). in the lolltuving differential equation:

1= (N—fl—il.
oI + c

where N > 0 is t he total population of heaR by and infected individuals and is assumed
constant and n . 3. r. I are posit he paranieters

(a) Det erm inc the units of n. . i and p.

(h) Show that t here exists a dimensionless change of variables in I and T such that this
system is equivalent to the following diiiiensionless s-steni

dr 4.r

v-acre A. B > 0 are dimension]ess c-ii])stalns.

(c) In this dimensionless s steni the rate of infect ion is given by

--‘a.

Calculate lini1,. fCr). [(0). and sketch a generic graph (if [(I). What effect does
changing t lie parameters A and B have on the graph?

(d) Calculate the fixed points for this system and analyze there stability.

(e) Determine the t lireshokl criteria for this model to have an endejmiic equilibrium.



3. For each of the following problems sketch all c1nalitativelv different phase portraits that occur
as •r is varied. Sketch a bifurcation diagram of fixed points .z versus r. In each bifurcation

diagram deteriiii ie what tvlw of hiftircat ion occurs.

(a) ± = 1 + rr +.r2.

(h) .t = r;r +
(c) .1 = r — cosli(a).

(d) ± = .r — rr(1
—

a).

(e) i = .rt

(f) .i = r — 3,.2

(g) .i =
—

(Ii) ± =
+ 2

1. Consider tue system i = ia + a3 —

aa. where c C is a parameter.

(a) Find algebraic expression for all of the fixed pants as r is varied.

h) Sket cli all possible phase portraits as r is varied.

(c) Ske cli t Lie bifurcation diagram for this problem. In tIps bifurcation (liagrani. (leteritl!t[e
what tv pes of hi fu rca t ions occur.

(di CalcuLi Fe lie explicit values for all of I he bifurcation points in this problem.

5. Consider a gene that is activated b the presence of a biochemical substance S. Let y(f
denote the concentration of the gene product at time t. and asunie that the concern rat ion of
S. deiioteu by ii is fixed A model (lescribi ig the dynamics of g is as follows:

d[) k3g2
-

where the ks are positive constants.

(a) ])eternnae the units of cmii of tt As.

(h) Show t hat this equal ion can be put in the dimensionless form

I—
= S

— 1,1’ —
cIT

where , > Ci and .c > (I are clititetisionless constants.

(c) In tILe case -lteu .s = 0. sketch a hi fi crcat ion diagram in the parameter r.

(d) In t lie ease tvlteu r = I, qualitatively sketch a bifurcation diagram in s. I-lint, plot vs
.r for s (1 and r = -I and think about how this plot qualitatively changes as .s is varied.

(e) Assume that iititiall there is ito gene product, that is r(O) = 0 .s = 0, p = .1, and s is
slowly increased front zero, i.e. the biochemical substance s is slowly introduced. \\‘Iiat
happens to x(r)? ‘Vliv? What happens if s goes hack to zero? Does the gene turn oft
again’?
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