MTH 351/651
Homework #7

Due Date: October 21, 2022

1 Problems for Everyone
1. Consider the system & = y* — 4z, § = y* — y — 3z.

(a) Find all the fixed points and classify them.

(b) Show that the line @ = y is invariant, i.e. any trajectory that starts on it stays on it.
(c) Show that |z(t) — y(t)] = 0 as t = oo for all trajectories.

(d) Sketch the phase portrait.

(e) Use the StreamPlot command in Mathematica to plot an accurate phase portrait on the
square domain —20 < z,y < 20. Notice the trajectories seem to approach a curve as
t = —oo; explain this curve intuitively and find an approximate equation for the curve.
You do not have to submit your Mathematica code or any output of your code.

2. In this problem we study the competing species model:

T = ax + bry
y=cy+dzy
where a,b,c,d € R. In the following cases, sketch the phase portrait, analyze the stability of
any fixed points, and give a biological interpretation for each case.
(a) a,b,e,d > 0.
(b) a,b,c¢>0and d < 0.
(¢) a,b,d>0and c< 0.
(d) a,b>0and ¢, d < 0.
(e) b.c>0and a,d < 0.
(f) a,c>0and b.d < 0.
(g) b,d > 0 and a,c < 0.
(h) 6> 0 and a,c,d < 0.
(i) a>0and b,¢,d < 0.
() a,b,c,d < 0.
3. Consider the following model for the interaction of the population of deer N, and rabbits Na:
Nl =7‘1N1 1— % —aN]N2
Ny =r13N; (1 - L) — BNIN,

k)

where 71,79, K1, K2, @, 3 are constants.



(a) Give biological interpretations of each of the parameters.

(b) Nondimensionalize this system. There are many ways to do this. You should do the most
natural one that makes sense biologically and makes the problem as simple as possible.

(c) Classify the fixed points for this system and sketch the phase portrait. Be sure to show
all the different cases that can occur, depending on the relative sizes of the parameters.
. Consider the system z = zy, §y = 2% — y.

(a) Show that the linearization predicts the origin is a non-isolated fixed point.
(b) Show in fact that the origin is an isolated fixed point.

{c) Sketch the phase portrait for this system.

(d) Is the origin repelling, attracting, a saddle, or what?

. Consider the system & = —y — 23, § = z. Prove that the origin is a spiral, although the
linearization predicts a center.

. The system & = zy ~ 2%y +y°, § = y® +2° — xy? has a fixed point at the origin that is difficult
to analyze. Sketch the phase portrait for this system. Converting to polar coordinates could
be useful.



Homework, 7
L Considen +.h:.,vs,*s.+.¢-~‘._)§i/ "'"’(X, );=-" ys"y- >} 1A
L (a)Ead agll_+he 'Eix(A_P.oinﬂ::_ana[_cia.ssiffrJ_hm.,
| ._(,‘0) Shew +hat Yhe lac YR I _iavariant.
L L) Show  thet IX[#)-ybeM—>0 a5 f>00 for all 4rejecimries.
1 (d)_&(ﬁ:g&_fh{,_pka s pottrait.

—+

ﬁ_S_OltLﬁm'.
| L&) Fixed Fa;MA_S.af:a{}z-
i y’**X':O Gnd ys‘f";'-_b‘_'-’_O

| =» X= y%t and yg_-y-»'%r:O

L x4 and 'y}~ '1'7_‘_3/3?0

T x=ylt gud  y=o%2 |

L Thepe foce_4he Sixed peinxs ave (0.0) (-2-2),(2,2). The
L Daceblan_i5 givem by

£ Z
.| ch//]; ==F 3;«{

| B o T VLS S
- thmz{'t 0 ,112.,;).=I:_‘t_12 ,’J(—z;z)z[-‘r 11]
! (eo=) =5 e

1 Thﬂ“_d:tnc ,,7@#’1 ‘\q}, ,&l}uuglwi )&s,:.: “11',:1 am‘ thos (O,Q). 15.Q
L Stable wede,

Fbr 3($2,x2) the_tiscavalues Satisfy
i Mtr, =8 an=-8

. Con S,cgsv,mt\/ s +he c?_}m valves_eof arc o Ppﬂa;l'_t__ﬁ_pné and thus
(tz) tl)__an_baﬂ, saddles.



(DTS we ler 2= KX then A Cen i SRR M SR | w5 T
S L e E,—7y_ 35,083 Y 7-3} -y Pedx = x—;-_-z e SR e S
s ,_Tl\e_nchrc aE E.= )/,:)(. =0 Hhen 20 and._thvs SZX T amvevigny.
() For all 2, Lo (=0 5laie 2=0 D 4 plebel snble $ixcd Pnurb
_,,_,AL{ 2.-' 1‘...@1&&.:1"":1:195 »L—- Zl#’)—# /[*l“)(Lt)-"'DL PR L b

e ——d rrﬁw.vﬁ—‘ L L —

ﬁ(ﬂD T_L{ Mn(\wti aft_jl.\ua_;/_;;A 2% el ,_*i____*,,w*

X Z - T NS T SR e B

x—VZt_.. g allabe o 00§ Lo o AT S e s < S e pe i | e M)

ETE S i Y




2

| T _this preblom we stody the Somprdtey, s,oc(..e:.,mda\
Il )‘SZGX\"\Vy
)7267-!-4)&/

L Where @b, ¢,4 Gﬂ’\, Th tae -Enl\.a.wl.?/ Case$, Skerh M phasc proetait
i ,am},z.: +he Sk&hlli*} ot any £ixed ?,&"A!'S.,_ﬂnd,, }»‘ﬂJJ hl:y?zal
Y krprcﬂ.dﬁm for eack Case.

(b) a,b,c70, d=<0
() akdz0, <0

($)ad>0, bd=<o

(?) b,d20,_9,.c<d
I Solgt,‘gn\,

Foe all of +hes ¢ preblems +he £ixed peints ave [,0,4)‘,(',};!,“/4'
The Tacshian o+ +he Fixed fbwb S Sivin b

, v
Jlo,0)=["a 01 ,D'(:f/d,%)s'[o "%]
0 ¢ %4, ©
les the ﬁdcnwlws o€ Tl(?,l)) arc )h,a,:QJC while +he t:}{uﬂ/ﬁlvc)

ot -b-(”%(,'%) are N, ),_’-‘-"\l. ac. . Fw«k‘nwmoa) Simee this 575kt

L 15 comsevvative all of Phe ‘FTch_Ppind—s_ are Saddles and hm“qgar-
. Centers.

| (b) This case corrcs,o..m.l.s ko the tnteraceon betrween Gn Smnivere

dlﬁl herbavare,

Tn Vs Case the ommivires dawinede,



(C!) This case 6@1'.!:45,?»:.{5 o G [)tc.o(.aﬁgr and owncvere,
7't e .

LR
W

MRS

Tw +his case bow, species thrive. 1]

i

('S') T cdels tae interdction berween +we fLwDawrc} toh-fc-k:w}/ Lg,r YeSoupee S,

-+

+4

-

“

e

l‘ +
T s cuse, d‘})tnﬂl.\? on initial Conditions, OMC species dowmdmtes] sver Hac
other, , I

-+

$ casc +here are fwe pa&ahr& Who daye cms«m-f\?/ caclh ather,

C? ) }n th:

|
l
1
|

IV\ ‘H\:S ,Ca;(} dt’)ﬂncn?, own_tnitial (Onﬁ?‘}';vw}/ Lo% 5_?“;5) +hyiv < QY'
‘an), beth 70 extnct i



iF -4

| Consider the ﬂlls‘wlny_ wmedel R +he inderachon of deer N, anred

. rabbi#s N,°

L R=eN, (M)~ NNs

L NN O-N ) - BN

1l [ﬁ.)_GEu bi OI%MI_‘M})I!_&Aﬁan of tach pevameter,

LB Nendimensionalize thid 5,6 4em.

| Y Clgssﬂy Bixcd peirts Grd skerch the phase portonit For coda casc.

i Solgt:bn’,
L (a) ryr- 9rowthn Lates
H., H,,“' Com/."?,, Capacitics
! o, o= Combpetition tepms.
() Let
D= N/, R= NN, Y=r 4
=» D= P(1-D)-abdR
I R=b R (-R)-CDR
L Mehere @ =‘°‘“/r.,' b—"-’PZI:,, €= FK%;.
(e) The_nellelines sakish,
Ny (f=0)
| D=0
N2 (p=o).
R=0-DVa
=0}
R=0
P=b(1-RY/C



- Thercher, $heee ape fixed points _at (00, (1,0),(0,) and potmtiall,
_ When
bét=(=D)a)-¢D =0
=ba-~(|=-N-cald=0
= ba-1Hl-ca)D=0
= D=]-ba_ R"LL_IZI“‘(._J_-_LM =b-c_

i |-Ca a : l-¢ca [-ca
, Tl\.crc-f:-n, lc‘l--h?, d=a +his fixed poier T3 ;'vxn by
D::. d-h . R=d b-c .
d-C d-¢

i Comu‘ o»}-\; ths fixed ?’ et exieds in the $is 1uA.~nm- 5
~d>b 42c, and b>C =34=V>¢
—~d<) d<C, and bh<C=>d<b<(

1 The -Jaz_bmn._m.}.vm_lnf

ToR)=[1-2-aR  -ad ]
L “CR b=2bR=-cD

jazzg,olaf'.l Oz\ﬂl(l,omz[‘ ,3le,1)= I-q 0 'l
L0 b “b-¢

Therehoee, (o,6)_73_always unsiable, (] 0) Py swble 3£ c2b and (1)
s shsble i a>\ Theretorr, we hive e %llm,._}v cases’




— ——— — b————
— — ——— —
— — — s e—— e



An4|7.zc The 8y5im
i )\‘zii/
| JEA =

The Jacobion ar (b 0) 1S 7H!Ch..~}/

JLo,6)= [ ]

- Whith Lorra?m«ls Yo & bine of £ived P)jn&-s. Nowever i+ s
_Clewr thay ((9,0) 15 the '»\7 £ixed Fo?n‘l‘.n(. phase porsyait s

wven b )
i Y ‘If ;o .
, P
\\\ l /
[FRE L et Sy

Cbnsw‘m_ﬂu- S)'S‘htm..)(r- 7— .,y =X, ?rwc +hat +.\\<_on7«_wal 5y8 ti
15 @ 5}:‘.“,\,.

i Th‘ X“LLL._A\__Q'}' l(’o) ls.._@tv.‘&“ b)'
I, o)—-[o -1

e

i \whion Pn)tu—s H___Cenen, How,vm,



< 3
..: - Lo g% B2 % - 40
= Y\’a 7 r +':’ ra.s{e

tngd s +raj,cchr?,cs 7..0 +o 0. |l

SKctc\c\ a_j)\na.sc Ppr-t-m.l- -Fv,r the Syston 1l
-"r’xy *7 -
y= 7 nt-xy. I

Co,nw/r&-&), 12 'L\nr Covrdinates

= Any = A+:a$¢zﬁty_rw o) = it

§= w*y Mty e xy iyt = x-z L =r_(caw-sm-9)

r r |

T‘\trc&rc, !
Y‘SmO' i
9"-!‘.[»5 18, i

Ond  thvs we. \hgmoé-l‘ﬁé; %‘?‘l?;? ?l«uc n;mﬂ-. 1
,.\\ [~ _ / :

'. e : [ ’ 6‘70 1l




