
MTH ?nl/651
Honiework #8

Due Date: Novernlier 11. 2022

Problems for Everyone

Z 0F01 the following conservative systems find all t he equilibri nh points and classify them, find
a conserved quaiit its’, sketch the phase port nut. 1111(1 explicit fortitulas [Or filly llOnhOcliiihC or
heteroclitiic orl ats.

(a) ,i=,r3—.c.

= r —

2. The relativistic eqaat ion for t he orbit of a planet arouhi(i the sii” is

d2u
+ I’ = 0 1 EU.

where o = I/i and i’. flare polar coordinates of the hilallet in its plane of notion. Ti:. paraitieter
o is positive and P is Einstein’s correct ion. lien r isa Very siiiahl posa hVts hinlihoer.

(a) Rewrite t lie sst ciii in the (u. i’) phase plane. where i’ =

li) Fhid all the eqnilibrium points of the system.

(c) Show- that one of the equilibrium is a renter in the (0. u) phase plane. according to the
linearization. Is it a nonlinear center?

(d) Show that the equilibrium point found in (c) corresponds to a circular planetary orbit

Ille Duffing oscillator is described by the following differential equation

1: + .r + re2 0.

(a) Show that t his s-stem has a nonlinear center at tIle origin for > 0.
(b) Ii < 0. show that all trajectories near the origin are closed. What about trajectories

that are far from the origin?

For each of the following systems, locate the hxed points and calculate the index.

(a) I 2 i)
ih) I = ii — .r.

c ± = f/i,

I = = .r
-,-
p

A closed orbit in the phase plane encircles S saddles, N nodes. P spirals, and C’ centers, all
of the usual type. Show that

N + F + C = 1 + S.
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smooth vector field on the phase plane is known to have exactly three closed orbits. Two
of the cycles, say C1 arid C2. lie inside the third cycle C. However, C2 does not lie inside C2.
nor vice-versa.

(a) Sketch the arrangement of the t liree cycles.

(Li) Show that there must he at least one fixed point in the region botinded by C1, U2. and
U3.

7. COti5idtt a smooth vector field .1’ = f (.r. y). ) = g(.r. y) on the plane. and let C be a smiple
closeci curve that (toes not pass t hrongli an; fixed points. As usnal. let o tan L (u/i)

(a) Show that dø (fdg — gdf)/(f2 + g2).
(b) Derive the following integral Ibrinula for the index

1 f Mg — gof
f2-fg2

& Ci insider the following system of tlifierential equat 10115

±
—
y

—

v2 + 5y2).

,v * y — y(x2 + 2)

(a) Classify the fixed point at the origin.

(h) Rewrite the 535te111 in liOllir coordinates.

(c) Determine the nuaxinium radius centered at the origin snch that all trajectories have a
flu liallv ontward conuponent on it.

(d) Determine the circle of IluiIlirnnIn radins centered at the origin snclu that all trajectories
have a radially inward component on it.

(e) Prove that the system has a limit cycle.

Consider the system

± = .i(l — 1.r2
— y2) — y(1 + x).

u=.v(1 —4.P—y2)+2x(1+x).

(a) SIn nv that the origin is an tmst able fixed point.

b) By considering V. where V — (1 — ,.2
— u2)2 show that all trajectories approach the

ellipse -lu2 + /2 = 1 as t — x.

2



*1
FDr 4-ht $oII.wiy Conservatvt 7ftCw$ FS all hit t-1v Irv—. polnt

amA class;, f)ernj ct CDWcrwd qua+ty, skc4-ck itc pIiasc poNrat
F4 esphtt+ 42on,,uI’t for 67 kn,cc.hn;c or kc+cr’ocfinIc

(3x-Xa.

() Tkc. for tki

_____

? tj.r.pktd btIDv,:

_______

Coscjvty, to, o a (DnI.ct crnr),wc ± i,o) oct

fl441c5.

ThLLhnctc orf$

ECL,o= Yytyzf4t
p

‘7

6 -

______

a4 +-kv -flc Lwc pøt+rat ?5 g;yen ),,.
--

________

V I I -

A



L—
l
‘
-

•
r
t
’

K’
•
-s
-c
c
’

•
C -t

-
,

•
‘% -
I
n
—

.
—
a

•
V

-
,

H
fl

s_
-v

t
t
i
—
t
i___ S

V
C—

’
.4
-

:2
tt
:t

K t
’
.

><
u-
I

I 5-
.

ta
t

2’ p C— C
d
..
,

S 0 S -4 ‘
I *

S

n C

3; -4 b

‘
C
;

-
i
s
-
,

N
’
‘

LI

-t ‘S -p
I

_

V ( *1-4



S‘41Sv-sS

44—
.’

‘S*‘I
-a

0‘1

-tI
4.0V‘-S

‘a

Ca4



I
—

‘
-
p

x_
>(
.
>
-
,
-
,
2

ti
ll

14
i
i

•4
Lw’

we
-

N

S C F’ + r I 4’

-
t a RI S

IC
’
C
-
.

H S S. ‘C 11

I

it
fl a D r

+
r
b

¶-
4



44w_c C

C,.

______

LAY

_____

-

6; ?‘t r

LE . .:.

?j

*s - -

A c bit4 ‘n 44c. kasc tie 5 54441CS 14
V 57’r6iS 1ant C CC.t4-tfl, All e’ tic us”[ -fy,e SIaw’

FJi-F*C=lt3.
--

bt*tDa.

S’41L •I-’kL tJe .4— cipjsA ..‘V* ‘s t1)c4 Allows 444t
WjFtC-S-L-. --

NtF-i—c-l4—S. ç
;• • f*? -JLs jc

A 51nn.pi, Vecrtr Oht tt pk*sc F1” )ChPWn t’ hctvc

CxRc14’ tkyc isA erkt.s. ti.’ø o+ itc cycles, fl7 , anti CL,
\;e s;h ikc +trA cyi,Ic C3. l4tktcvr, C nøt l;. n4c ,
hpr V’ccVtr$G.

(4) 5)ccj-a 4$a crre9eintø4 ei tSc Cycle;.

( 5k0, 444- jjerc wstrSt be Ok Chit fixed f”nt -fLit

Ftp0,. \n1J11i k7 C., aa

,H•

- -



1-hc. ;‘6i(c)c .4-
44crt wtusj- ecj’.c&

0c c, a

_

- --

Cbns1cr tic

(&) 5laci.. 444f 44c N £k vn)P)( ftccL po;n÷.

(1) 137 ce,;4w:7 c”, wkcre \/tV ‘tx—yi, $tbl.. tsar nqccs-;r’cs
the e[hpsc ctc +yI “5

—

CA)

Li
O>% -->_Z
‘ >‘LL
‘

“ A

_____

I

(a ‘

c
C) 15 avbcj +i%c a.Jtjc •d- C. 4ns1 tt .rc

ap,of-t.sr Pxe4 sE- “nltA ‘1 nfl.”äe

D’) I 7€t,t

ii
Xk .2

Z iSA
2

wi4 fhiv +iiL an vnst&b(’c 5piraL



1

OQr)’

____

cE.L147t4721=A4’4u1q4?flttc’1a-t4ct1j

(tA-i
z-c/r--uz)Ay (1’z-X-3_I’-?=

(N+;/xhA1-4’t_(5c÷I)/xJ

4’1MMIMcc)


