MST 352/652
Homework #1

Due Date: January 22, 2019

1 Problems for everyone
1. pg. 8, #1.5-8, #1.10, #1.11
2. pg. 13, #1.19, #1.20, #1.22, #1.24-1.26

3. For what values of a and b is the function u(z,t) = €® sin(bz) a solution to the heat equation:

Uy = kugy.

2 Graduate Problems

Undergraduate students can complete these exercises for extra credit The goal of these ex-
ercises is to introduce the notion of dispersion relationships and linear superposition. Namely,
you will learn how solutions to linear partial differential equations can be built up out of a linear
superposition of plane wave solutions.

1. (Dispersion Relationships Linear, homogeneous partial differential equations with constant
coefficients admit complex solutions of the form

u(z, t) = Ae'kT—wt)

which are called plane waves. The real and imaginary parts of this complex function give real
solutions. The constant A is the amplitude, k is the wave number, and w is the temporal
(angular) frequency. When the plane wave form is substituted into the partial differential
equation there results a dispersion relationship of the form

w = w{k)

which states how the frequency depends upon the wave number in order for the plane wave to
be a solution. For the following partial differential equations find the dispersion relationship
and determine the resulting plane wave:

(a) u; = uyy (heat equation)
(b) uy = ugz, (wave equation)

(¢} us = tuy, {Schrédinger’s equation)



2. (Superposition of Solutions) For the dispersion relationships determined above for the heat
and Schrodinger’s equation, show that

o0
u(z,t) _/ fk)etkz—wb)) g
-00

is also a solution to the partial differential equation for any function f(k) that is bounded
and continuous on [0, 00). This exercise illustrates that more complicated solutions to partial
differential equations can be built up from plane waves.

3. Backwards Figures (a-c) below are contour plots for the real component of plane wave solu-
tions u(x,t) = e!**~w(®**) t4 an unknown linear partial differential equation.

{a) For each figure determine the value of ¥ and w. Hint: Think about how k and w are
related to spatial wavelength and temporal period.
(b) Make a conjecture of the dispersion relationship w(k).

(c) From this dispersion relationship determine the partial differential equation these plane
wave solutions satisfy.
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Historical note: This particular partial differential equation was derived by physicists in
this exact manner. Experiments could measure a relationship between spatial wavelength and

temporal frequency which when combined gave a dispersion relationship and equivalently a
partial differential equation!
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Show that +the Following Funcrions Uy) define Classical

selutions +o Laplaces equarion Uxx+u,, =0
a.) 6’((05(/)
b t4xy®
C.) X ";Xyl
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e.) +qn"(>'/x)
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U= xCo.s(/)
Uxx = eX¢osty)
U)'y: "‘CxCDGL)/)

Therefore, on all 0% R* Ulx,y) satisfies Laplace’s CGoukisnm,
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Dyy = 2x%2,°
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TMN‘CF«:N, on \R’“/Q(b,p)“s vlxy) satisties Lay\acc‘s etﬁua-l-ion.



€) Let vlxy)=tax (%), T+ Holews +heat
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Find all real Solutions to Laplaces equation Ugx +ly, =O of
the Fivum U(x,y)z\“(P(X,/)),W"\C”‘ F(,)/(,y)' IS a. 1ua¢lm+ic Pol,noumalo

Soluﬁo.n:
Les

r( 7) CH’hH-C)H-dX ~I—cx)«+-?)r‘ T+ follows +hat
lh(f(x,r))" _L..,.LF(
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Gokhen‘m)f Coefficients we obram +he -FD"°W\"’7 JARadia
2ad-%' +la$-c"=0
~2bd +2bf~2¢e =0
2¢d—2be-2c£=0
24 +2d¥-e =0
~2de-2e+=0 (%)
2d%-¢"-24%=0

From (&) i+ Bollows +hat eithen e=0 or d=-%,

Case 4 (g=b)
2 a4~ by 2a4- =4
~2bd+2b4 =p
2¢d -2¢£=0
—2d*+2d$=6
24§ -25°=0
= Lad- b"i-Ja-F-c":o
b ($-d)=0
2¢ (d-5)=0
2d(¥-d)=0
25 (d4-%)=0
Case 4.a (d=5)
2 ad- b?42ad-c"=0
So f b"+ Cz__:__ ‘Tad, e=0 and J=¥-Con$c1wn’r’)5,
: pyy)=a +\ax+cy+alb(‘+7‘)
Wirh i =Yad.

Case 4.% (4#5) v 3 !
b.‘:OJ C::O,d:.'o) £=0.
Consct‘ucn*%
P(x))/)z a.




Case 2 (2=-%)"
2ad=b-20d-c*=0
-2bd-2bd-2ce=0

2cd-2%e +2cd=0
~2d%-2d™-¢"=0
—20%-e=24"=0
=> -b>-c=0  (x¥)
- Ybd ~-2ce=0
Yed-2be=0
~4d*-e*=0
-24%¢*-24"=0
(%) imP\?cs b:c::o.‘l"kwoFonc,
_ "fo\i"ez'; D
wWhich Tmplies d=e=0. and +hvs $=0. Lonsequeat),, +he
only Sulurion in +his cuse 1§

P(x,y)‘za,

In suy{nmar// £rom all of +he cases we £iad
POyy)= a+bxsty +d (KCer)
With  brict=Wad.
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Find aly Fol/mmlal Selubions pEX) o the wave equation Upe=Uxx With
ade Pé?.
b) clc; P:'S.
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the solutiem s U4 )= 534 (0228) + Y4 5inlx), Find @ solubion When the
'goV‘C\m is

A (%) = (o5 (0) = 5 5imt)
bOF (£%)=5n(x-3)
olution:
AYF4)=FEX) =55 (42) and hence ;
U, %)= Cos (R-Z¢) + Yt Cos 2 )= S&nlr-24)~ 74 Sinix).
Solves  Dpp=tty,, 5 4 )+ e (£x)
b Felt )= F, (4, %-3). Consequently,
()Li] *)= A %-3-24) ""‘#5?0(}(‘3)
SolVES e = Moy + Rl X-3),
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Find ¥he dispersion Pelationshp For +he Followis, PDES
G.) U= uyy
17\ Vi =Wy
C.) Up= AUy
Selution,
SU‘)Si';M?w), in A Lk-wi)
A) -iw=-k*
= W= Kz (Heat+ Etlna#.m)
b )-wi=- k2
= w=xx (Wave El‘ug+u‘on)
C.) —Aw=-4 kl
= w=k" (Sc\wbdh’ er’s El‘ow:m)

into the PDEs we obtanm’
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'S Al a Solvtion for any F Yhot i bevnded and conhnvovs pn (-29,%0).
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3.
Based on the Fi}on@ dettrmat A Viatar PDE Satighd by +he plane Waves,
SD!UH ony -
Iw -?I7wc$ A-C, ¥he valves o K and w ace,
() k=123
(i) w= \, “kj 9
There fore, +he J‘nspcrs:on relationship IS w=k? which corrlﬁfmJS to
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