i
MTH 317/617 Name (Print): _ & € ¥
Fall 2023 :
Exam 1
09/29/23

This exam contains 11 pages (including this cover page) and 12 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page. in case the pages become separated.

You are required to show your work on each problem on this exam. The following rules apply:

¢ Resources: You are allowed to use your text. .
Problem | Points | Score
notes, and a calculator. You are not allowed to
use the internet, software or any other external re-
source. ! 10
e If you use a “fundamental theorem” you 2 10
must indicate this and explain why the theorem
may be applied. 3 10
¢ Organize your work. in a reasonably neat and 4 15
coherent way, in the space provided. Work scat-
tered all over the page without a clear ordering 5 15
will receive very little credit.
¢ Undergraduate Problems: Questions labeled 6 10
as “Undergraduate problems” will only count
for undergraduate students. Graduate students do 7 5
not have to complete these problems. X s
¢ Graduate Problems: Questions labeled as !
“Graduate problems” must be completed by 9 10
the graduate students to receive credit. Under-
graduate students can complete these problems for 10 0
extra credit. = 1
. _— . | 11 10
e Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately 12 0
drawing a figure. No calculations are necessary or
expected for these problems. Total: 100

e Unless the question is specified as short an-
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported by substantially correct calcula-
tions and explanations might receive partial credit.

Do not write in the table to the right.
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1. (10 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

C (1) If 21, 2 € C then (21 22) = Im(z1)Im(z2).

@ I If 21,22 € C then arg(z;122) = arg(z)) + arg(zz).

C @ If z € C satisfies e* = —1 then z = iw.

C ®i<10i.

@ I If z € C satisfies |2 — 2| < 2 then |Arg(2)| < /2.

2. (10 points) Convert the following complex numbers z € C into exponential form, i.e. z = re®.
(2) (5 points) z = —/2i

-{Zi={7e%

(b) (5 points) = =1-1

l=i=J2 ™
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3. (10 points) (Short Answer) Match the following complex numbers with the points drawn
below on the complex plane C. If no points drawn correspond to the value of z. simply write
no solution.

(a) (2.5 points) 2z = 2i

(b) (2.5 points) z = —1 -

(¢) (2.5 points) z = —2v/2¢ o

Z

(d) (2.5 points) z = e

B

Im(2)
Q P O N M
® ® » ® ®
R E D C L
® ® 1’ o @
S F A B K
&9 —¢—t—2—Re(2)




MTH 317/617 Exam 1 - Page 4 of 11 09/29/23

4. (15 points) Find all solutions to the following equations for z € C. You can leave your solutions
in Cartesian or exponential form.

(a) (5 points) Ltz

=142

=D |+Z2=Z212.2

= 21 -—_4;, :
X4 2

(b) (10 points) z* = 8T .
= 2= 3 ikt
v neZ,
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5. (15 points) (Short Answer) For each of the following sets, circle which statements are true.

Then, determine the boundary of the set. You just need to list your results. no explanation is
needed.

(a) (5 points) A={zeC:2<|z-i <3}

e A is open
e A is closed
@ is connected

Boundary of A:

{ 2"\Z1=2 or 121233,

D

(b) (5 points) B = {z € C: Re(z?) > 0}

e B is open
e B is closed
e I3 is connected

e B is bounded

Boundary of B:
[ Z2=x4,€€) vz X

(c) (5 points) C = {z € C:|z| # 5}

e ( is open

o C is closed

e ( is connected
e (' is bounded

Boundary of C:

{zef z=5).
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6. (10 points) (Short Answer) Let S = {2 € C: |z| < 3 and Re(z) > 0}.
(a) (5 points) If f(z) = iz, then the image of S under f is which of the following sets (just

circle your answer):
o {z€ C:|z|] <3 and Re(z) > 0}
¢ {z€C:|z| <3 and Re(z) < 0}
@z € C: |z| <3 and Im(z) > 0}
o {z€C: |z €3 and Im(z) < 0}
o {z€C:|z| > 3 and Re(z) > 0}
¢ {z€C:|z| >3 and Re(z) < 0}

¢ {z€C:|z| >3 and Im(z) > 0}

¢ {zeC:|z| >3 and Im(z) < 0}

(b) (6 points) If f(z) = z~!. then the image of S under f is which of the following sets (just
circle your answer}):
o {z€C:|z] <1/3 and Re(z) > 0}
e {zeC:|z] £1/3 and Re(z) < 0}
o {2€C:|z|] <1/3 and Im(z) > 0}
e {z€C: |z <1/3 and Im(z) < 0}
@(z € C: |z| > 1/3 and Re(z) > 0}
e {zeC:|z] >21/3 and Re(z) < 0}

¢ {zeC:|z] 21/3 and Im(z) > 0}

o {zeC:[z] >1/3 and Im(z) < 0}
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7. (5 points) Write down Euler’s formula.

e = Cosbaasing

2
<~

8. (5 points) Write the function f(z) = j in the form w = u(r. y) + iv(z. y).

i

S5 B
Z-4 - L4
= ZE+Zatza-l
(2" +)
= (2] +i(Z42)-)
|21 +1

= |z)"+2iRe(2)-)
FYER

— 2. X
=Xl s2x

xzvlf ) x’*+/‘+j
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9. (10 points) (Undergraduate Problem) Do either part (a) or part (b). You only need to do
one problem to receive full credit. If you attempt both part (a) and part (b) circle or otherwise
indicatc which problem you want graded. You will not receive extra points if you do both
problems.

(a) (5 points) Prove that for all 6,8, € [0, 2%),
sin(@, + 62) = sin()) cos(62) + cos(;) sin(fs).
(b) (5 points) Prove that for all 8 € [0,27),

cos(20) = cos?(8) — sin®(6).

1 (#44,)
ay €77 7= Co3tery +8;) 453 (6, 44,

e J&\‘W’ﬂ: f"\-&‘c'}b‘
- (605_0 4"/1\6:/)‘0"\ (CDS'&;-&'A\S«A ﬁi_) !

~ (ost, £038, = §5149,5.08, +a (COSHS Yy § 5208, (058, )
= 5 4"‘9’)- Cos#'s wb- S ot oty

(k) Lf’_‘g') = ((m{%ws.,«&)
T o8 =5 Bt 2405 H5 b

(C .H})": e 14
= CVSZW;S-\AQQ'

=D (0324 = Cosp—st .4
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10. (Graduate Problem) Prove that if 2 = cos(8) + isin(#) then

= itan(8).

_Z_-:'_\__ = Cz“'-’
ZH A

= e et ¢**)
e ‘-#( e?re \b]
248 0%
2 (o5 P
A tand

It
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11. (10 points) (Undergraduate Problem) Do either part (a) or part {(b). You only need to do
one problem to receive full credit. If you attempt both part (a) and part (b) circle or otherwise
indicate which problem you want graded. You will not receive extra points if you do both

problems.
(a) (10 points) Consider the sequence z, € C defined by
e +in
—

Zn

Prove that

lim z, =i.
n—oo

(b) (10 points) Suppose that z, € C satisfies z, — 0 as » — 0o and 2, # 0. Prove that

lim z,e'<s(2nD = g,
n—oo

(a) lZ.““"A:l: A
n
— c;-n“'")
LY
=\
"
Tk‘f(/{—wlj
A -4\ =0
héoal’z A\'
and +hvs
A Z,.=
h->5%0

L\a\. ‘ ihc; tos( | Z2..4) \ =\2J
and s N |2 e destim)| =0 Therehure

a0

- ey (12,1
V\-Woz" 2 =0.



