MTH 317/617
Homework #6

Due Date: October 27, 2023

Problems for Everyone

. For each of the following curves give an admissible parametrization that is consistent with the
indicated direction.

(a) The line segment from z =144 to z = —2 — 3i.

(b) The circle |z —2i| = 4 transversed once in the clockwise direction starting from z = 44 2i.
)
)

(c

(d) The segment of the parabola y = 2 from the point (1, 1) to the point (3,9).

The arc of the circle |z| = R lying in the second quadrant, from z = Ri to z = —R.

. Using an admissible parametrization, verify from the arclength integral that

(a) The length of the line segment from z; to z5 is |21 — 23].
(b) The length of the circle |z — zo| = r is 27r.

. In class we showed for n € Z and C' a circle of radius r > 0 centered at zg € C that

0 n# —1
— 20)"ds = .
/C(Z 20)"ds {2m’ n=-—1

Utilize this fact to evaluate the following contour integral

/c{(z(soﬁzzfz“—?’(z—i)ﬂ dz,

where C is the circle |z — i| = 4 traversed once counterclockwise.

. Let C be the perimeter of the square with vertices at the points z =0,z =1, 2 =1+ and
z =1 traversed once in that order.
(a) Show by explicitly parametrizing C' and computing the contour integral that |, c 22dz = 0.

(b) Show by explicitly parametrizing C' and computing the contour integral that f c Z2dz # 0.
Why does this result not violate the independence of path theorem?



5. Let 7 be the semicircle from 1 to —1 that passes through i and 5 the semicircle from 1 to
—1 that passes through —i.

(a) Compute fﬂﬂ zdz and f72 zdz. Why are these results equal?
(b) Compute f,“ zZdz and fw Zdz. Why are these results not equal?
6. The contour I' drawn below starts at z = 7 and ends at z = i.

y

Calculate the following integrals

(a) /F (322 — bz +i)dz

(b) /F e*dz

(c) /Fsin2(z)cos(z)dz
(d) /Fezcos(z)dz

7. Compute the following integrals
(a) f7 zdz, where 7 is the semicircle from ¢ to —¢ which passes through —1.
(b) f,y e*dz, where 7y is the line segment from 0 to z.
(c) [, |2[*dz, where ~ is the line segment from 2 to 3 + i.
(d) f,y 1/(4+ z)dz, where « is the circle of radius 1 centered at —4, oriented counterclockwise.
(e) fv Re(z)dz, where v is the line segment from 1 to i.
(f)

f f,y(z2 + 3z + 4)dz where « is the circle |z| = 2 oriented counterclockwise.

2 Graduate Problems

1. Let z = 21(t) be an admissible parametrization of the smooth curve . If ¢(s), c < s < disa
differentiable function satisfying ¢'(s) is continuous, and ¢(c) = a, ¢(d) = b, then the function
29(8) = z1(¢(s)), ¢ < s < d is also an admissible parametrization of . Verify that

/ " eh )t = / " 245l



_ BHowesyiprk L 00000000 _ N P

oL 5. e oy A

Eva\wu:e +he -Fb)hwa Centovr ln'h:«?r’al

S o T, 4_4-_1 -3(z-i)} ]Ja_ T T
(2-4) EA

v e e p— —_— e e——

WL\C_PC _C _(j._tk_(.__c.'_tﬁk_-tﬁ_._-‘:lﬁ 4 dravers<d ence Covmberclockwise.

]_(i el ¥ LLjLz-d )i Aij __J__.!z._t_ 2
.LE_'LL-_Z:A._'_; _______ L (Z Y B
- -l:f.'_d;_-.___J (2-dz
B "
. =04 %ws +0-0
3] AT oot o o9
£ gtk v )
ll L_ﬂrj:_c_b_c_‘t‘.\v\.{,__‘?jf-h_t tor ot :l-.h.e_s.1unr_c_uith_y_c_r_4:j_acs
ok the peiers 2=0 E=l, Z=lad 234 treviesed onte n Fhak

6rder

{ ﬁ)ms.l\t\v_,.\y_.t.)(,?_l 4 Li:e\f.._F_llltamL'i:r 1.9;)0?,_ £ and Cp.mPﬂn y?f__-l-hc__.

Contour \wi-c! ral L _4hat SLJ“.Q‘L

L(p) Show +hes S, Zde0.




n 1
\OW .

_L,Cs.\_WgQ__'F.Lr:S.+__FA.r:am.om’uz'f_thé_ég.n:kw.r_.usI\.-r_.ﬂ'_g\zr.vg

2= 4 decol  =SF/[)=[

Z A= ki, 46Lo)] =2([#)=4

Z )= 14a-A 4elo (1 =22r)=~) |
SRR . 2 S F Y7 U TAVANE ¥-1/) 2V ML R

T herehr, |

o

S‘.Z.A.&__S,.zt.zfé i S Lkt =S, (i) db=iS, (Yt
=5 At 445 (10 204 A4 =S Un i )Mt 45, (V268U

= 35, U240 4 - ) (e Yt +25 U ) d

=0
_{b) We_alse_have thar
( 2dz=8 £t i S,(mit Mo S, (b=t Y g =a 5o (- 4ie )t
¥ = i}:s_+__1;_(la;l-.)/3 l,jJLu~£iL“[_m_t)KL NN
= = (-aVh4 Y 4% (= i) = w_u-_(_;,-_) A
"’/3 t 2*/3_/ (=2
=% g T




B
s { B ——— = e e e

Le+ U, Yo be semicieeles From | 4o =1 passi +Iqmu7-_k 4_and
A Tespectively,

(Cc) Com e SZJ& and g;g Zd2.

“’) Calmyu{-c. Sr,iﬂlﬁ and Sx}_ ZdZ.

i s

e ———————

CM State the antiderivative st Z is /221‘ we have that
Sy 2dz=S, 2 de=120 =
(\P) WC Lan Pﬁl"ﬁm‘hrlﬁf .’l)_ 2 %}' z;[f)'—e‘j;iz”ﬁar ‘-tﬂ:ﬂ'll’,u
rcjyaci— iy, Thr.rc-f—orc
Sy Zda= ST 4e it
yli = /‘CH. - #F=Ta
SwlZ-at'Z ‘-F e e df=~Ta.
TlﬂCS(. Valves ave wet t‘lu.a\ Sinle -?—(%)=E iS5 not ana\/-l"ac.
[ |

o
e

—

e —

iy mf . T

i

e

The contour ' starts at 2= aud_ends a+ Z2=4, Calcfate
the -FouDWw)/ ntearals

(a]S (32*-Sz+i)dz

(b)S, eZdz .

| () 532 ost2)dz

(4) § e2cos(z)d2

e e e s

s

e gl e s



(o) S (32 -524i)dz 2’ T2tral =iy ho L owl e Entean)
(b) Spc2dz=e®lp=ct-c™ : _
(c) i.&iﬁ[ﬁ&&[ﬁ)pfa = T5.2(2) IT; =¥ inla). I
™

() cZostz)dz=7 e2(cos(2)4sial2)e =T (ostd ksiali)- e
Y

#/

C empuie. the ‘EO;th‘lﬂ.}{ ‘l.zt__tc?m.\é

(%) S-). ¢Zdz —ehere W1y the liac Seyminy. from 0 +o 2. I
(.C).S?J.E:.lzalz;, wheee T 05 the line Jepmont from 2 4+ 314
(€)y Rel2)dz, wheee ¥ 35 ne e Segumont:_Erom._) _+6 4. I

(‘H. y.(iiz-!'}E%"lMZ.,, wheee ¥ D _the cirole VZ1=2 opicannd cosnfhweloiewise.

Sv,l Y j:.‘i‘bn.; . i}
(%) Sy eZdz= _ﬁé‘:’" = e® -
[C) We parambi ze the corve ). ZIA)= #(31) +(1-4)2 for Melon.

Thees fore, (2065 (0:ba) k2" = 244200 and 204 bedy Therckun,
Splz)dz =5, (24344 )0 )d 2
z(%_i-Zr“!)(lHJ

=20 ¥20,
29

() We_ paramessize_the_cveveoy 2(O=05) 4 tor #€L0,1, Therbtace,
SyReleddz=S, #0leddt=EL1+),

(5")...5@.“. -f-[,g)z Ezﬂ.ﬁvr"[ LS r.i.b.@l]-f-?g we have +hat i
Sy-LZ 324 d2=0,




R € oradvate Problem
E— L ! . .
L Let 22ZZUP e on admissevle pagamctrization of the Simoeth
Copve B T4 ls), cassd is a dittommpiokle Function satisdin,
. ‘}'_’[S) s continvovs, and. dlc)=4, dld) b then the Eunction
L (5)=2, (#s)), ¢s s<d s also_an admisiable Pammzi—.ﬁ%‘ad—ien

_ __ ax" . Vm{7 +hat
I S i zatde=S 2s) ds.

i S”Lfﬁlu.szilifd’(sﬁui S

- Le H...;_ _—‘f'_C_)__uc_ksu +_l\rad- Ai=eUNds and o

e —— J__iti cu’)‘é_ i e i
= =  4s  dsdrx 4t

T - C_,Hit%yﬁ:ﬂ']-x et R S

. 5 _lz,_.(s)\ds-—g l e de
. 4 $ls) §

e ,.,__ - "Sa_\i,[f)‘s;niﬂs)“f

ASSL&Mm’z 1‘ 15_monotone_e _obtain the pesult,




