
?\ITH 383/683: Homcwm’k #1

Due Date: September 08. 2023

Problems for Everyone
QBasic properties of probability. Let P I,e a probability on L Ise :w basic pr()j)ettieh of

probability to nrove the following

(a) Ethitc .1d41t,c’fq: If A. B are dir.oiiit events then J’.4 U B) = FL-i) + I’( 13).
(b) For any event 4. P(.4) 1— P(A).
(e) Fur any events 1. 13. [‘(AU B) P(:l) + P(B) — P(.1 fl B).
(d) Aloootinicitq: If A C B. P(.-l) < P(B).

2. Distribution as a probability on R. Let PA he the clistri)ntl(nI of a random variable
X on sonic probability space (P. F. F) . Show that py has the properties of a pro1 )ahility
dist ribut ion on H.

istributioii of an indicator function. Let (P. F. P ) he 1 11101 )al ilitv Spate aiid 4 and
vtilt in F with I) < i’(_4) < 1. What is the chistritmtion of the reiiiihi>in xniiibIe lj?

Q Constructing a random variable from another one. Let A’ he a random variable on
(P. F. P) that isiinifornilv disrrihnted on [—1. 1]. (oi:sitlir = V2.

(a Fird the CUE of F and plot its graph.

(b) ViEd the P1W of F and plot its graph.

0Memory loss property Let ) - he an exponEntial random varial ,le with parainet er A > U.
Show that for any s. I > I)

P0 > I + slY > s) P0 > I).

Recall that the conditional prohahilit of 4 given the eveiit B is

P(A n B)
P( 4 B’ —

_______

P(B)

Independence Decal] that two events .4 and B ii’ some probabil±ty space (P. F. P) are
independent if

P(rl fl B) = P(A)P(B).

Consequenth if .4 and B are independent it follows that P1.4 B) = P(I as expected.

(a) Prove that if .1 and B are tidepetvlenr than .-V and Bare also independent.
b) Prove that if .4 and B are independent then Ac and B are also imlependent
(c) Prove that if .1 and B are independent then P(A U B) I — (1 — P(A ) ) (1 — P( B)).
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2 Graduate Problems (undergraduates can complete for ex
tra credit but your homework score cannot go above 10
points)

1. Suppose A,. :12 are events in a probabilit space 1f2. F. P).

(a) Prove I liii

ñ U A,, = {w E P w belongs to infinitely ]IlaIlV A,, }.

The event fl= UN A,,, is called ‘A,, infinitely often” and is abbreviated ‘A,, jo.’
(b) Prove that if P(A,, ) < t I1(’[i

P(:l,, jo.) 0.

(c) A, . :1’ . are (‘ailed nut uallv independent if every A1 is independent of any intersect ion
of the other 4 for j 1. that is, for every finite subsequence :l, of events

=flPA1,).

Pr,’’’ that if A1 ._4n an’ ninttiallv itldepetide1it events then

P (,, .4k) 1
—

(1—

(d) Pane that for all a’ e 1W, 1— i < c’ and use this to prove that for nmtuallv independent
events .1’ . .4, it follows t lint

‘

(e) If A’ late mat uallv iiidepen lent events, prove that if P(A,, ) = then

P(.-t,, i.o.) 1.

f) Suppose that the events A,, An are nn,tt,allv indepeinleiit with

(u A) 1 and P(Aq) < 1

for each ii. Prove that P( A,, jo. ) 1.

2. Let P he alt’- set and A any collection of subsets of P. Show that there exists a uniqne smallest
a—algebra F of subsets of P containing A. We call F the a—algebra generated by A. Hint:
Consider the inersection of all a—algebras containmg A.
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