MTH 383/683: Homework #9

Due Date: December 01, 2023

1 Problems for Everyone
( 1) Exercise on Ito’s Formula: Consider the process
X, = exp(tB:).

(a) Explain briefly why Z, = tB, is a Gaussian random variable and find its mean and
variance.

(b) Find the mean and variance of X;.
(c) Use Ito’s formula to write Z; in terms of an Ito integral and a Riemann integral.

(d) Find a compensator C; so that X, — C; is a martingale.

(e) Show that the covariance between B, and f()' e*B-dB, at time ¢ is

t t
Cov (Bt,f e“B‘st) / e 2ds.
0 [}

@Martingales and Ito’s Formula: Prove that
}" = 6”2 COS(B;)

is a martingale.

@Random Time Blowup: Consider the following stochastic differential equation:

dX = —%e‘zxdt +eXdB
(a) Use the substitution X = u(B) to solve this stochastic differential equation.
{b) Show that the solution diverges at a finite but random time.
< 4. )Solving an SDE: Solve the following stochastic differential equations
(a) dX = -Xdt+e~'dB, X(0) =0
(b) dX = -X/(1+t)dt +1/(1 + t}dB, X(0) =1
{c) dX =-X/(1—-t)dt +dB, X(0) =0
(d) dX = XBdt +dB, X(0) = zo.



Brownian Motion on the Unit Circle: Consider the following system of stochastic differ-
ential equations

dX =-1Xdt-YdB
dY =-1Ydt+ XdB’

{a) Show that for any solution to this stochastic differential equation, X2 + Y2 is constant
in time.

(b) Show that X = (cos(B),sin(B)) solves this system.



|

| Homeswork %9

%m

Cn.m.}Am_-kJa.c_pur es$

() Eind #he mean and_variance_of Xe

(c) Use IJ:QZL;EAMM&&M.LA:‘;@W

1 n_l-.c_}m.l_ﬁnd__a..mmun_lnﬂ;m L.

ia‘)_ﬁl&el_a__éo.m?{mﬂr_cx_s.z_%a (£ 15 - mnale.
() Show that the coviriance between Be and S.e sp,j ’Q,

4t tome £35S

Gorelilis Lcif’fm §Cestys

2l

|

(b) E:[X,rl EIP*B* Lt L

o p2Y

Elx,1=k F Z*B*T

=e**

Tk tre -Qr e,

\&fﬂfJMLEEXA

—

=
.
+

(¢) igr:-";(-lhg— il
%i*:'s: ‘ng&; S__E,As

(d) By I'h)S +o

T T

=5 * - Sch”als- J:S*Szcié_f' | ti se*UB.




_Il\!ig‘kr.g

___.S Sel C’Dals

LS.__a lvwrd-m, cale,
_(e) Cm podiay. w.C kagg_-tka+

Ce) (.j' Ster¥dp )= Coy (5743, 5 55 M dp,)
S CSBs]dé
="e % s

b A

b -

_Preve thatr Ye=c™cos(02) is a_martisyale.

_Selutien;
B]_.L‘b.s._ﬁ.n.md‘a_ms._hjuhaf il =
e [obLBj)—l—-i- .8-..445 B).a!s_:s _C_L.al B)AB.~ 21,
= e CoslB) =\ S ..__5.—,.413).45
Gnd_+hes_3s__a mam-mix.lt

=

3
C.O.!’J:d:ﬂr 'i'\!&__‘?.';l]b\vm _5"?0:1*14_‘15-);:4..0‘ ‘F‘Ftrm‘]' al_g.fw.'h‘
dX=-T e s hE, Ai%

Xlo)=x. . | s
() Vse 4he_sobstiaetion. X= v (B) Jm___l._s_ﬂ s SDE. |
() Show 4hat rhe soletien diverpes at o $ire bos|
Fime.




..

N = v)=e¢e

Mr

I Selotien

(a) A.m...-.:?, X =v (D) \;'c have +hat
= u(B)dB+ T (B)d+

-

=2 Ce:_glg_:-]
Aah

= X=1n(B+e*).

] (‘173 T\\c Selvdion JZVc?cs a4 -Hm 4ime When 53"6

1.

Solw rhe  follow! Stschasare diftoren +ial t?ya‘?‘hw’.
| (a) dX = -Xd+ +c'""olB, Xo)=0

(v) dX= ~Brtrdt + radp, Xlo)=|

(c) dX="F(-Ad+ +db, Xi)=0

() AX =XBd++dB, Xlo)=X,.

H
R [}

| (&) dX4+Xdt=e¢"dd
el et KAA =6l *)C‘?B
Therdineg, 15 Ale?PT)= 7 U g BEE A4 then
?/(7")31- COV\SQW*&\% }l»-f):;('
24 (e*X)=4dB
> e*X=p

= X=Be*

%
|



—(b) dX+ |\ Xd+=_1_ o
(1+4) 14 4
= &"dX+ e Xat= 2% Ay
L+t IEZ & f
Thorebee, 18 d(e?PX)=e? WX+ 7P UAY Todre it
— Follows +vat
pla=
| +4
%.;c/_;lﬂa_b.(.\&.d—).
= d4+DX) =dB
= ([+4)X- =B X

2X=_1_+ B .

—————a—

44  1+£ 4ﬂ,
L) AT + X _dt=dB
1 -A

= d[(1-4X)= (1-£]4D
= .L.l;.t.lX_-‘i..S;’:Ll',i.s_)‘.gl.&;
= X= |- $701-5Ydl Bs.

ld) _dX - Xpdt=0

I
|
I
= (¥ hdx)=¢ f*B’%séJ} ﬂ

V& = R
G i &34 :S;c“;"B“l‘,.d_Eu

<t # s i
=3 EP LTI WRAZOTY




3 T—— S

C_nnihl.:!‘_'l':h.:_&ﬂo,uan}« Sypshtem o4 _Stechastic_difberoatial ‘-'%J*hn-)_
dx_:zXAr -YdB - )

Y=-1¥d++XdB

(a) Sbvw that 'Fl!'__.ﬁ!y Selu +x_m,_+A_,+LL§_+Lﬁ&$.+J£_AJ_£‘an:tJAl__
_ Clvatiim, X iI 4% L.D,S‘I'abfhin,:l:nm,c

(1) Show that X=(cos(B), SnlBY) Sules Hals srstom.

= []

() dIT+Y") = 2XdT + 2T dY 4 T{( 24X 4247 il

—-lxhxgu-—mﬁ) +27(-3Yd4 + XdF)

Bt PRl

= 0,

( h)_l_z,«l:ks;flﬂ I),(.BJ.,_I:J:)@L.E)_AML_LQ;LLJM i

LAY =51 Pl B= T Cos[B)d

dz::,ﬁ os (B)AB~"T .S.-.u_&)fLi' o

_J.lalj' ~YAB=~ (e (B4 =52(B)dB

~3 T A4+ XdB =% Sn(B)d# 4 Cos! B)AB__A___

ﬂhd.:l'.\wi.i.ﬂ.(ﬁ) i 4551)_ 1s_a Selviion,

n




