Analysis Name (Print): K ey -
Spring 2018

Exam 1

02/16/18

This exan contains 9 pages (including this cover page) and 4 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page. in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you .
must indicate this and explain why the theorem Problem | Poiuts | Score
may be applied. : o5

e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 25
tered all over the page without a clear ordering
will receive very little credit. 3 25

¢ Short answer questions: Questions labeled as 4 o5
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately Total: 100
drawing a figure. No calculations are necessary or

expected for these problems.

¢ Unless the question is specified as short an-
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported by substantially correct calcu-
lations and explanations might still receive partial
credit.

Do not write in the table to the right.
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1. (25 points) Do either part (a) or part (b). Circle which problem you want graded.

(a) (25 points) Let (X,d) be a metric space and let x, be a Cauchy sequence in X with
respect to this metric. Prove that x, is bounded. Note: You cannot assume that (X, d)
is a complete tnetric space. :

Les ) € be a Capch/ 557‘-’{“({ n Q<,0!)- Thffﬁ'&"?}
Yhere exis+s NEN Soch thet m,n:N% ol(xn,x,_)<l.
Th(rc{-vnj For all M2N v+ Lellows +Hhat

d (% xp) <1,
Ctm;t?wh-ﬂyj $or all neNd '
dlr, X ) 2 vnax((l;i;{‘d()‘,;)‘u)l \},

."ﬁl‘
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(b) (25 points) Let x, be a Cauchy sequence in a metric space {X,d). Suppose there exists
a subsequence z,, that converges to = € X with respect to this metric. Prove that x,,
converges to x.

d(x.,, X ) = 4 CX*J Yoe) +l ( Yong, X),

Since Yo is Cavchy, and Xneax it falows that
$or all (=0 there exists NemN svch +her KnEN
im}and

d( %o %)< & and oP(Xu,‘)x)<52/,
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2. (25 points) Do either part (a) or part (b). Circle which problem you want graded.
(a) (25 points) Let (X,d) be a metric space. Prove that (X, v/d) is a metric space.

Let Sx)=IX. Since S{6)=0 § s -‘n(rcas.‘?)
and § 35 Comcave down T+ Folows hat

Jd = $(d)

iS a metric.
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(b) (25 points) Let X be a vector space with the scalar field R, and let ¢ be a metric on X
satisfying d{z,y) = d(z - v,0) and d{ax, ay) = |a|d{x, y) for every x,¥ € X and every
a € B. Prove that ||z|| = d{(x,0) defines a norm on X.

\. Suppese Wxll=0, Then,
d(x,0)=0
= X=0
15 x=0 hen |ixli=d (% 0)=0.
2. Ixt=d(x, 0) = p.
3. laxl}= d(ex 0)=\ x| d (% 8)=lxl-\xil.
4, Ix+1= d(x+y, 0)
= dx,~y) C
=d&x,0)+d(o,-
= d(x,ﬂ*—dl—)«,:o)y)
= dly,0) +dly, o)
= lRI +Hiy 1,
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3. (25 points) Do either part (a) or part (b). Circle which problem you want graded.

(a} (25 points) Let (X,d) be a metric space, and let f : X — R and g : X — R be continuous
mappings with respect to this metric. Let h : X — R? be the function

h(.r}m = (f(.r?{,?)ﬂ)
Prove that I is a continuous mapping from (X, d) to (R2, || - ||;2).

Surrp_sc, o= K tn (_X’d)' Thtre-pof‘f,
| $2) - ${)) 2 and l;—(b)-}(&ll*‘zra.
ConSC,UCnvﬂ/,

(5= 500 + () - 3x) > 0.
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(b) {25 points) Let A € R"*™ be an n % n real valued matrix and p € (1, 00). Prove that the
mapping f: R® — R" defined by
f(x) = Ax

is continuous with respect to the [P metric on R".

Sur?pjc Koo X in the £P wesere Therefore,
L A~ Axlly, = D AC-X0M, <A [\

a“f .
Consequently, \| A, _Axl] >0
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4. (25 points) Do either part (a) or part (b). Circle which problem you want graded.

(a) {25 points) For 1 < p < oo and & € {0,1,2,...} let I»*(N,R) be the set of sequences
x = (x,x2,...) satisfying

o0
Z(1+a”+e“” ..1“) lril? = oo,

i=]

This is a normed linear space with metric:

o
% = yllpe = (Z (1 +if 4 "”) iy — y.l”) -

e Prove that I"F(N,R) c IP(N, R).
e Find a sequence that belongs to {»!(N,R) but not {>%(N, R).

4. Let x 6LV, R), Then,
flx,. V< 5(\+~al’+ F )G P <00,

=y

2, Lex XEL'INR) be oetird by

Thevefore, o

“X”,. ‘ZU’M)—L{ ;-234;-=f.}?=§_.4m

g 4}

UXIy =2 L% ") L= oo

A
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(b) (25 points) Let X be the set of all sequences with only ﬁnitel@onzem terms. (X,d)
is a metric space with the metric d : X x X = R defined by

d(x,y) = llx = ylle=.
e Prove that X C I®(N,R).
e [s (.X,d) a complete metric space? Prove or provide a counterexample.
v Let X EX Since X has Folutl, mmary nonzecs tevms 0t
is ohvievs thar Xl =<#<.

» No, let XeX Vbe dedincd b/

Em:z Vw5 isn
- I n
Conjel’btu-ﬂ;{) $or \mn e 841-1:-&.‘7 m=n 1+ Lfollows that

]\ b )@“h
Henee, X7 3s Cm::)‘/ Htwcw» XN C, /z _,} )fX
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