Homework 4

Analysis

Due: February 12, 2018

1. Linearity:

{a) Let V be the set of continuous real-valued functions on [0, 1] satisfying ful of{D)der =0, IsV a
linear space?

Let V be the set of real-valued, twice differentiable functions on [0, 1} that are solutions of the
differential equation

y"(z) + zy(x) = 0.

Is V a linear space?

Let V' be the set of real-valued, twice differentiable functions on [0, 1] that are solutions of the
differentia! equation

y'(x) + zy(x) = sin(x),
Is V a linear space?
2. Completeness and Compactness:

@ Show that R" is a complete metric space in the I? metric for p = 1 (including p = 00).
@) Show that I'(M,R) is a complete metric space.
@ Show that the set {= € I'(N, R} : [jx|; < 1), is not compact with respect. to the {' norm.

3. Minimization:
@A function f: R™ — R is coercive if

lim  flx) = oo,
zl|—oo

Explicitly, this condition means that for any Af = 0 there is an R > 0 such that |z]| > R implies
f(z) = M. Prove that il f is lower semicontinuous with respect to this metric and coercive, then
f is bounded from below and attains its infimum.

Let p: R* = R be a polynomial function of two real variables, Suppose that p(a,y} = 0 for all
z,y & R. Does every such function attain its infimum? Prove or disprove.

4. Matrix Norms:

(a) Let A € R"*". Prove that the following definitions of a matrix norm are identical:

1
T —
xR |||
o 4| = e flAx]|.
1
o 14 = max 12X
ixt<s x|



Note: The norm on R™ does not matter.

Suppose D € R"™" is a diagonal matrix with diagonal entries dy,...,d,,. Prove that for all
p € [1,00}

ol = e e .

@Show that for all 4 £ BR"*" {hat
lAllee < VallA|.

@I-’m a matrix A € R""" with entries «,, show that

n
o |l < nm.\'z i,
i =

n

o |4 lm\xz a5
J

1=1
¢ Show that there always exists # € R® for which |4, = max,z;;l la;;|. Deduce that
[Alloe = max; Z:=1 lai;)-

n
¢ Prove in a similar way ||A|; = mzyxz |l
7
i=1

. Sequence spaces: cp C RN is the set of real valued sequences {zy} such that lim z, = 0.
n=300

Il' T, ¥ € cg, show that x + y € cp.
m Show that {P(N,R) C cq for all 1 € p < 20 and that the containment is strict.
@ Show the cp is complete in the °° norm.
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d.) For a matrix AER™ wirh entrics Gy Show that

/
~||An,o=w£‘|a.--
- NAD, = e Zla 51

ad
4&4'
2

1. MAH”— bex lleH,o—-'hax]Zq x)|< Ma)tz Ia, \: \)Slcwm)cz_lﬂ E

= ) U
J= /=
Let Kk denote the valve 5a-h3-l>n?_ z'km_( l__ Mn)c j]a,ﬂ and et
"Dl
Then,

“A/upa—- ma)‘l ﬁ_a, ); l"-hna)t Zlac -
i=

2. _
"A".-mf_, WAX) = 'MG\)( ‘ZJ;%X;I :

“,'l;,,“z, 2 3 10,115

WifIa %]

<hax F g, i\
To Show eq ua“y |e.3 =
)/) V=K

. 0 o.w,
Where Satisdies

h\ax f-la l ﬁ-‘a.g‘
Lt {-‘.n»ws 4—m+
N AV, = max ) \a, 1

] =



Bo.

C.) Show that C, is Comp \lete in the £ norm,
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